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A Study of Dual Pairs of Set Systems

Tayuan Huang and Jiahsian Wang

Abstract: Each (0,1) matrix is associated with adual pair of set systems. Some
classical combinatorial structures including 2-designs, symmetric designs,
guasi-symmetric designs are represented in this way. In terms of union or Boolean
sums, some xondition were posed over adual pair of set systems, so that it provides a
way for pooling designs, i.e., non-adaptive group testing.

1. Preiminary

For agiven (0,1)-matrix M of order t° n, two set systems with ground sets
{1,2,....,4 and {1,2,...,8 respectively, can be associated with rows aswell asthe
columnsof M naturally. Some combinatorial structures can be defined over these
set systems by posing some conditions over those rows and columns of M . For
example, theinner products among pairs of rows and pairs of columns were used in
posing those conditions for 2-designs, symmetric designs and quasi-symmetric
designs. On the other hand, Boolean sums among columns were used to define for
digunction, which lead to the notions of d-digunct, d-separability and used for
non-adaptive group-testing and pooling designs as well.

Let M bea (01)-matrix of order ¢ n,let T, bethesubset of {12,...,1}
withthe /-throwof M asitscharacteristic vector, and C; be the subset of
{12,...,} withthe j-throwof M asitscharacteristic vector. We consider the
following properties over thefamily C={C,,C,,...,C,}1 219 and their dual

2o,

families 7={7,,7,,..., T}, where O(D)={]J, ,C, for DI §d+'
@
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() |ccol<—lcl i,
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iy ¢ Ec(D) if ji D,DI E&’]S
dy
(i) c(D)* (DY wherever D, DA 8{32]2 are distinct,
a
i.e., the d-term union are pairwise distinct.

Definition Let M bea (0.1)-matrix of order " n andlet C; be the subset of

{12,....,} withthe j-throwof M asitscharacteristic vector. Then the matrix M

iscaled d-disunctif c={C,...,C,}i 21 satisfying the condition that

cElJ.C.

iD !

2.  ddigunct

A d-digunct matrix M of order t" n, M provide astrategy for a
non-adaptive group testing which can identify to d defects. Thus form the above
discussion we have sufficient conditions for digunctness of matrices : If

c

0

o d .
>4"|c,cc,| since

c.clUsc)=lUsc cclearje.cal<lc) ¢ eU.c, then m
iscalled d-digunct.

In particular, let T, bethetest consisting of {/|M(i, j)=1, and

r=(x,%,....x)" bethe corresponding outcome vector. Suppose DI [n] isthe set

of d defects, then x, =1 if andonlyof 1 C(D). Thisgroup testing reports
support(;) astheset C(D), consequent -ly, jT [n] isadefect if

C i support(;): c(D).

Thus form the sufficient conditions for disjunctness of matrices, if M isa
(0.1)- matrix of order ¢ n suchthat JV = kJ and the off-diagonal entries of

M'xM areatmost a.let d=¢glay- 1. Foreach D={j,...,i,}1 [n],then



‘A- C (Ule/\.j) £ &°JACA|LdaLk. ltfollowsthat A E(J7 A . This
showsthat M isa d-disunct matrix of order t” n.Therefore an interesting

problem in extremal set theory isthe following: Find F i E —I 210 with |F| large

aspossiblesuchthat |[AC B £1 whenever A Bi F aredifferent.

The following two theorems show that the relation between the family
c={c.c,, ...,C,} anditsdual family when they satisfied the above properties.

n

Theorem If C={C,,C,....,C,}i 2! satisfying the conditionthat C(D)* (D9

for distinct D, D8 a{an] , then the dual family 7= { LTH 2 satisfying

ﬂ

the following condition that for each xi {0}, there exist k: such that

IDC T|=0 ifandonlyif x =0.
Theorem Let DI aé’;]g it c={C,,C,,....C,}1 21 satisfying the condition that
C,EJ, ,C .thenthedual family 7={7,,7,,..., T} i 2l satisfying the following

condition that Uﬂ. C(D)E = [n] D, and vice verse.

3. Some connections with combinatorial designs

Afamily {7, T,,.... T} 2" iscalled ad-complete design if

U;|'c(p)77=[”]' D where DI g i 2 Notethat if /i c(D) then M(i,a)=0 for

dl al D,ie al T foral al D.Hence ;C D=4, ie T i [n]- D.For
example,

hence {7,,7,,...,T.} is (k- 1)-complete.
2.1f {C.,C,,...,C,} isandffineresolvable2-(v,k,/ ) design, then
2

|C. C C.| £k—, hence M, is 8"1( 19-disjunct, and hence
i v Vb &v 7



{71,7'2,...,TV} is gi( lg-complete.
ev g
3.1f {C,C,,...,C,} isany affine resolvable incomplete block design with

|C|=k and ‘C,(;Cj‘quor g, then M is t-digunct,

3 K l'J,and hence {7,,7,,...,T,} is t-complete.

v

t=a————
&max{qt, g2} 4

Theorem If M isthe point-block incidence matrix of a2-(v, k1) design and

D1 Eéz]g then D =[r]- | J{T; |for each iwith M(j, D) = 0}.

Example:
A (16, 4, 1)-BIBD is presented by
{1234,5678,9101112,13141516,15913,281015,361116,47 12 14,
161014,27916,351215,481113,171115,261213,38914,4510 16,
181216,251114,371013,469 15}.
The blocks of the dual incidence structure are as follows:
A;={1591317} A, ={1,6,10,14,18} A3={1,7,11,15,19} A,={1,8,12,16,20}
As={25,11,16,18} As={2,7,9,14,20} A;={2,8,10,13,19} As={2,6,12,15,17}
A ={35,10,15,20} A1p={3,6,9,16,19} A;; ={3,7,12,13,18} A;» ={3,8,11,14,17}
A13={45,12,14,19} A1, ={4,8,9,15,18} A15={4,6,11,13,20}
A16={4,7,10,16,17}.
Suppose we obtain the following result vector:
RU)=(0,1,0,0,1,0,1,1,1,0,1,0,1,1,0,1).
When we carry out the algorithm identify with input RU), we compute the following:

J M
1111111111111 1111111
1101110111011 101110111
3/01110101010101010101
4/011101000100021000100
6/00110100010000000100
100001 000001000000OO01O00O0
1210001 000001000000O0100
150000000001 000000O01O00O0
(Note that boxed entries are used to indicate when a“1” ischangedtoa“0”.) The

positive set Uisthus U= {10, 18}.



4 Some Classes Based on Ranked Posets

A few classes of non-adaptive pooling designs were proposed by Du and Ng,
Macula and Weng and Huang . Thefirst oneis guaranteed to be d-error-detecting and
thus @d/2{-error-correcting, where d, a positive integer, is the maximum number of
defectives (or positives). Hence, the number of errors which can be detected grows
linearly with the number of positives. Also, this construction induces a construction of a
binary code with maximum Hamming distance of at least 2d+2. The second design isthe
g-anaogue of aknown construction on @-disunct matrices.

For 1£ d<k<n,let J(n d,k)bethe(01)-matrix of ordergd gk_WIth rows
2

and columns be indexed by respectively we definethe matrix J' (n, d, k). Initially, we

definethe by letting its represented by the members of ?n]o and ?Z]o
2
respectively in the following way: for DI ?%]9 and K1 ?%]9 the (D,K)" entry of
2 2

thematrix J(n d,k) islifandonlyif DI K.Wethendefine J (n d k) of order

6, a8
the 8@&;9+ nz &Zg obtained by row augmenting the matrix J(n, d, k) with
g g €Kg

d°(nl k).

For gbeing a prime power, let £, denote the Galoisfield GF(q) of g

eFu

elements. Let a 7 denote the set of all /~-dimensiona subspaces (/-subspaces for short)
é

o\

of the mdimensiona vector spaceon F,. For m*® k>d?3 1, Let Mq(m, k,d) bethe

eF"

0,1-matrix whose rows (resp. columns) are indexed by elements of é 2’ (resp.

oOCN C)

3) We also order elements of these set lexicographically, i.e., the (i,j) entry of the
a



matrix M q(m, K, d) is1if and only if the /-th dtsubspace is a subspace of the j-th

k-subspace of F".

Givenintegers m?3 k> d3 1. An [-matchingisamatching of size/(i.e. it has/
edges). Let M(mk,d) be the (0,1)-matrix whose rows are indexed by the set of all
a-matchingson K,,,, and whose columns are indexed by the set of al kmatchings on
K,,,- All matchings are to be ordered lexicographicaly, i.e., M(mk,d) is 1 if and only if
the /-th dtmatching is contained in the j-th ~-matching.

Theorem For m3 k>d3 1,

7 _ d\
1. M (mk d) isac-disunct matrix of order vxnwith row weight g: dz and
ek- du,

rk\
column weight g E .
b,
2. M(mkd) isa ddigunct matrix of order vxnwith row weight g(m-d k-d) and

: ak o
column weight gd:
2}

Let Vbe an n-dimensional space over afinitefield of order g. Let M be the
incidence matrix with row entries indexed by the set of al 1-dimensional subspaces,

columns entries indexed by the set of all kdimensional subspaces of V, where a, ; =1 if

and only if the /-th row is a 1-dimensional subspace contained in the kdimensional
subspace corresponding to the j-th column.

Theorem

1. Both J(nd,k) and J (nd,k) are d-disunct; moreover

2. d,(B,(J (ndK))? 4 if k-d*3,

Corollary  Givenintegers m> d 3 1, the following holds:
1. M(m, k, d) is d-error-detecting and  gd/ 2(j-error-correcting ; moreover
2. M(m, k; d) is (2d+1)-error-detecting and @ error-correcting if the number of positives



if known to be exactly d

Theorem Let Vbe avector space of dim nover afinite field GHg), and let M be a

A/ A/
(0,1)-matrix row-indexed by gdg’ column-indexed by gkg such that M(A,B)=1 if
ol C

exu
] AV
Al B, and 0 otherwise. For asubset D of Skg, let L(D) be the Boolean sum of those
efu
columns corresponding to those k-subspacesin D. Then
e, = ,min d, (L(D), L(D9).
D,D4 gkg\ D|=| D¢=m
1_, ék- mq
2 & e itmed,
=1 e&d-my,
L) otherwise,
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