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Abstract

Boyle and Vorst (1992) work in the framework of the binomial
model and derive self-financing strategies perfectly replicating the
final payoffs to long and short positions in call and put options,
assuming proportional transactions costs on trades in the stock and
no transactions costs on trades in the bond.

Even when the market is arbitrage-free and a given contingent
clam has a unique replicating portfolio, there may exist
super-replicating portfolios of lower cost. However, Bensaid, Lesne,
Pages and Scheinkman (1992) give conditions under which the cost
of the replicating portfolio does not exceed the cost of any
super-replicating portfolio. These results were generalized by
Stettner, Rutkowski and Pamer to the case of asymmetric
transactions costs. These results have the consequence that there is
no super-replicating portfolio for long calls and puts of lower cost
than the replicating portfolio. However, that is not true for short cals
and puts.

In the joint work with Ken Palmer and Guan-Yu Chen, we first
determine the least cost super-replicating portfolio for any
contingent claim in a one-period binomial model. Then we prove the
existence of a least cost super replicating portfolio for any
contingent claim in atwo-period binomial model and show that there
are finitely many possibilities for such a portfolio. In particular, for
short positions in calls and puts, we show that there are just five
possibilities enabling the least cost super replicating portfolio to be
easily determined. It turns out that such a portfolio is, in generdl,
path-dependent.

Keywords. binomia model, call option, put option, replicating
portfolio, super-replicating portfolio.



1. Introduction

Black and Scholes introduce their option pricing model in 1973,
and show that in a complete, continuous-time financia market
without transaction costs, every contingent claim can be replicated
by starting with a certain initial capital at time ¢t =0, and investing
thereafter according to the Black-Scholes hedging portfolio. Under
the assumption of no arbitrage opportunity, the initial value of the
hedging portfolio is the price of the contingent claim at time =0.
They aso give an explicit formula for the price of any contingent
claims, but few of them, such as European put and call options, have
closed forms. There are some numerical procedures that can be used
to value derivatives, such as binomial trees, Monte Carlo simulation,
and finite difference methods.

However, the Black-Scholes hedging portfolio requires trading
at all time instant, and the total turnover of stock in atimeinterval is
infinite. Therefore, in a model with transaction costs proportional to
the amount of trading, the Black-Scholes hedging portfolio is
prohibitively expensive. Many authors have attempted to develop
the models with transaction costs since 1973. The groundwork of
modeling the effects of transaction costs was done by Leland (1985).
H. M. Soner, S. E. Shreve, and J. Cvitanic (1995) show that there is
no nontrivial hedging portfolio for option pricing with transaction
costs. Here we consider the binomial model given by Boyle and
Vorst in 1992.



2. Terminologies
We consider a discrete-time model of a financial market with
the set of dates 0,1,2,---,n, and with two securities. a risky asset,
referred to as a stock, and arisk-free investment, called a bond. The
stock price process Ssatisfies

S+1’|‘
s {ua

for t=012,---,n-1, where 0<d<u. The bond yields a
constant rate of return r over each time period [¢,t+1], meaning that
Its price process B equals

B=(1+n) =R

where R=1+r.
We assume that proportional transaction costs are / S and
ns, while buying and selling one share of stock, where

/30, 0f nK],

and no cost while trading in risk-free bonds.
As usua, we make the following assumption throughout the
report.
Assumption A. There are no transaction costs when a portfolio is
established at time 0.
Assumption B. The no-arbitrage condition

O<d<R<u



3. Resultsfor One-Period Cases
We suppose the current stock priceto be S>0 and at the next
period is either S/ or Sd. We also suppose that the contingent claim
Is settled by delivery and corresponds to stock and bond holdings at
the end of the period of (D,,B,) and (D,,B,) in the up and
down states respectively. Let (D, B) be the current holdings. In
order that the claim is replicated, the self-financing equations

DSu+ BR=D,Su+ B, +[mD- D,)" +/(D- D,) |Su

must be satisfied, where

X" =max{x0, x =max{- x0}.



Theorem 1 /f

m<1
then the self-financing equations have a solution for D and B, which
IS unique when

D, D,
or
D,<Dg, dd+/)<ul- m,
or
D,<Dy,, d@+/)3 u@- m, a,a,>0,
where
a, = (Dd B Du)SL(l' m + B,- B,

and

a;=(Dy- D,)Sd1+/)+ By - B,.
If a,a, <0, there are three solutions, if one of a,, a, is zero
there are two solutions and if they are both zero there are infinitely
many solutions.



A self-financing trading strategy is called a super-replicating
portfolio of a contingent clam if the termina holdings of the
portfolio hedge the contingent claim. In arbitrage-free markets, even
when a contingent claim has a unique replicating portfolio, there
may exist alower-cost super-replicating portfolio.

Consider an arbitrary contingent clam X =(g,,h,) and
denote a self-financing trading strategy f to be (a,, b,) for
t=01...,n. Let \,(f) betheinitial value of the trading strategy f .
Then under the consideration of no arbitrage opportunity, the
reasonable price of the contingent claim is between p3(X) and
pe(X), where

Py (X) =inf{V,(f)|f is sef - financing, a,3 g, and b,3 h}

pé’(X):- inf{\,,(f)|f is sdf - financing, a,2%-g, and b,3 - h}

In financial markets without transaction cost, p5(X) = pé’(X).
But thisis not necessary truein markets with transaction costs.

Theorem 2. Consider a one-period mode with contingent claim
(D,,B,) in the up state and (D, B,) in the down state. Then a
least cost super-replicating portfolio exists and it is ether a
replicating portfolio or a super-replicating portfolio with holdings
ather (D,,B,/R) or (Dy,B,;/R).



4. Resultsfor Two-Period Cases

Consider atwo-period model with parameters S u, d R, /, and
m We assume that
O<d<R<u, O£/, OE m<1
Theorem 3 For any contingent claim in the two-period cases with
holdings (D,,,B,,), (D, B,),and (D, B,), thereis always a
least cost super-replicating portfolio hedging the contingent claim.

Theorem 4 Consider a two period model with parameters S u, d, R,
m and | . For every short put option with exercise price K satisfying
Sd” < K < Sud, there exists a least cost super-replicating portfolio
which is one of the following five types:

(1) the initial holdings are (0,0) and there are no other
transactions additional to the terminal transactions

(11) the initial holdings are (1,-K/Rf) and the only additional
transaction is selling the share in state u;

(111) the initial holdings are (a,B/R), where (a,B) are the initial
holdings in a replicating portfolio for the two-period portion
{d.ud,dd}, and the only additional transaction is selling the sharesin
State u;

(1V) the initial holdings are (d,B), where (d,B) is such that BR is
just enough to buy back the shares held short in state u and also
such that the terminal holdings in state dd are (1,-K),

(V) a replicating portfolio for the whole two-period model.
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