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Abstract

We show that there is no unaccounted energy
loss for blow-ups of a solution of Yang-Mills
flow equationin 4 dimensiona manifolds.
Any energy loss corresponds precisely to the
product of bubbles, that is, nontrivial Y ang-

Mills connectionson  §'. Our result is

similar to the evolution of harmonic maps of
Riemannian surfaces into spheres.

Keywor ds. compact Riemannian manifold,
Y ang-Mills heat equation, weak
solution

1.Introduction

Let M be aclosed, connected Riemannian
4-manifoldand P :h ® M asmooth vector
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bundle with fiber P @/, fiber metric
é><>ﬁX and compact structure group

Gi SOn). Thereisthe group

G = Autth) = u Aul(hx) of gauge

transformations, where Aul(hx)l' G are

automorphisms of the fiber hx. The group

G actson G by conjugation. We denote by

ad(h)=UJ ad(hx) the adjoint bundle
A M

whose sections s \\ (ad(h)) may locally
represented asmaps s: [/, ® g, where g
istheLiealgebraof G . G actson ad(h)
viaadjoint action. Denote \\f(ad(h)) (or
simply \\f), the spaces of g -valued
p-formsand D, the affine space of
connections, D= [)_+ A, Al \\J.

For DI D,F(D)= F,=DoDl \\f isa
O-order operator called the curvatureof D.

The Yang-Mills action of a connection D
with curvature Fis
defined by

YM(D) :% 3 F[ ax
M

where dx isthevolumeformof M,

|F|2:éF,F|1 and &ef} isthe Cartan-

Killing metricon g . The Euler Lagrange
equationsis



D F=0
where D* isthe adjoint operator of D

with respect to the Riemannian metric of
M.

M.Struwe, in [Strul] showed the existence
and uniqueness of the weak Y ang-Mills flow
in four dimensions:

T~
@) 0=- D,
(12)D(0) = .

. Concerning the blow-up analysis and the
long-time behavior of the

Y ang-Mills flow, Struwe claimed and proved
in detail by A.Schlatter in [Sch].

In this paper, our purposeisto study what
happens to the solutions near these singular
points. The result we obtain as follows:

Main Theorem
Qippose D(t) isa solution of Yang-Mills

flow equations and (x,f)1 S, the set of
singular set of the D(t) attime t .
Then there exists finitely many nontrivial

Yang-Mills connections { D,} le over §
such that

limQy,,| Fo0f ax=, I F [ ax

+<'§ YMD)
for any disk - B.(x) = B, with
B,.(X)1 S\{(x,f)} =f .

2. Solutions of the heat equations

In this section we study the local behavior
of the solutions for the Y ang-Mills equations
near asingular point. In particular, we prove
what is needed for the proof of our main
theorem.

By using the local version of the
monotonicity formula (see Lemma 2.2 of

[Sch]) we have

Proposition 2.1
Sipposethat D(t) isa smooth solution of

Yang-Mills flow equation, and that
(x.D)1 S and B, aregivenasinMain
Theorem. Then

limay | Fof Gxoax

exists.

Proof: A straightforward computation with
the help of the local monotonicity formula
(seeLemma 2.2 of [Sch]) .

With regarding the blowing up sequence of
rescaled connections, we have the following
more general result:

Proposition 2.2

For any sequence

(D} .1 H*(BW with
YM(D) <¥
and

* . 2

D,Fp,® 0in [ (R).

Then thereis a family of gauge
. ¥ oo 32-e

transformations {g } 1 H"°( R.6
such that

D,=s(D)® D,
wesklyin H> (W) . D, isa

nontrivial smooth Y ang-Mills connection
over FU{¥} @S sothat

\ 2 .

%o |F D¥| * @,, aconstant independent
of J.
Proof:
Using exactly the same arguments of [Sch]
(See pp. 17--20 of that paper) with necessary

notational modification, we have the
assertion.

3. Sketched proof of the main theorem
First of all, by the global monotonicity
formula (see [Strul]), Proposition 2.1 and 2.2



we know that YM(D(f)) isanonincreasing
functionof ¢ thelimit. ¢), | 7, (¢0) [ ax

existas t® f and it sufficiesto show that
we may blow the first bubble to compensate
the loss of energy as time evolves, because
we can keep blow bubbles within finite steps
until the energy loss are captured by the
bubble we blow near the singul arity.

Wewrite

limay | Fof Croax

® ¢
N 2
SLrglFpla
where B, asdefined in the main theorem
and L >0 isapositive constant. For any
[ ; O.thereare x ® Xt - t suchthat

for some ,l% >0 we have

e° =g | F(t)[ ax
(3.1)

F()|d
iB, (x)ttffﬁt%(x) ()|2x

where N isapositive integer to be chosen
later and @, isthe positive constant stated in

Theorem 1.1(9) of [Sch],
. - erR
I ANYMD,)
X! Br(®,
and that the bundle h istriviaized over
B ™.

Now we do the scaling procedure by setting
D,(xty=d+[ Ax+[ x-[t+t)
We note that D,-(t) isaclassical solution

of (1.1) on B/%.(F()’ [£,.0] = Bj’ [,
wherethe * -operator istaken with respect to
=

the rescaled metric and tO = W .
6]

By the conformal invariance of the [ *-
norm of the curvature [,

el FOf o

<’L_‘<,J A
<oy A 1,

£Q,lFOf=e

Fix x1 [J.Since /|, 70, BX B
for j> j ,and [ (£)isdefined on
B.(¥ foral j> | .Bychoosing

sufficiently large N, by (3.1), we may apply
Theorem2.1of [UlJto D .(5), j> jx,

t / , to get asequence of gauge
transformation {g N}i C (B, G) such
that the transformed connection

D=5 ,(D,®)=d+ A®
satisfy

0 d A®=0;

@ W Al+ECYMD)ECe,

We notice that

é%,lﬂfA/rdth: (‘é{tjmﬂt%\rdxdt@ 0
thereis a sequence {S,-}/. S,-T /. such

that

(3.2 I ﬂ, A,(S/) | |L2(K) ®

as j® ¥ forany compact K1 FJ.

s C(BO.G).

Weadlsonoticethat g |

Define
D,0=s

which satisfies

1 (D) =d+ A (D

with /:—j = Fp,-By(32



—~* _ d —_~
”D,- F/||L2<K) _”ED/”L%K)
zllﬂtAj(Sj)HLz(K)@ 0
as j® ¥ forany compact K1 FJ .

—~

Now we may apply Proposition 2.2 to D,-
to obtain thefirst bubble [, = [, with

< 2 =3
%2(0)| F¥| dx3 N

4 Someremarks

In the case of the heat flow of harmonic maps
from surfaces into spheres, much moreis
known about the structure of the bubbles (see
[Q]. Inour case, the space of connectionsis
an affine space and they are invariant under
gauge transformations, so we have to
construct various time-independent gauge

transformations to blow our - &' -bubbles.

This difficulty make it more challenging to
find similar convergence results asin the
harmonic maps case.
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