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Abstract

Let M be a Willmore surface in the 3
dimensional unit sphere. Using the Willmore
equation and a formula related to the trace
free tensor of the second fundamental form,
we find certain integral identities and
inequalities. It follows from these identities
and inequalities and well known lower bound
estimates for the Willmore functional, we
obtain certain estimates for the Willmore
2-functional. On the other hand, we improve
a pointwise estimate for classification of
Willmore surfaces.
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1. Introduction

Let M be a compact surface in the

3-dimensional unit sphere S°. Denote by [ A;]
the second fundamental form of M, and the
mean curvature of M by H =X h;. Let

H
fy=h -~ d; andF =4 f, the square

length of the trace free tensor. Then the
Willmore p-functional is given by

VVP(M) = (‘)M F7.

When p = 1, this functional W(M) = W3(M)
is invariant under conformal transformations
of S, which is the Willmore functional. The
Willmoe conjecture says that W(M)=4 7 2
holds for for all immersed tori x : M — S,
A surfacein S is called a Willmore surface if
it is a critica surface of the Willmore
functiona; A surface M in S* is a Willmore
surface if and only if

DH + HF =0.

It is obvious that al minimal surfacein S° are
Willmore surface. Pinkall constructed many
nonminimal Willmore surfacein S°( see [P] ).
Weiner conjecture says that the only closed
orientable immersed surfaces in S° whose
centroids is 0 is a minimal surfaces in S
(see[W]).

In the case of minimal surfaces, it is well
known that if 0= @ <2, then M is either the



equatorial sphere or a Clifford torus (see
[CCK] ). This result was extend to class of
Willmore surfacesby Li (see[L1] ): If M isa
Willmore surface in S* with 0= ® <2, then
M is either totally umbilic or a Clifford torus.
On the other hand, Topping proved that if M
is a immersed torus in S with K 0 (i.e,
4+ H?=20), then W(M) =4 7 2 (see [T] ).

Our first result is a improvement of a
result of Li (see[L1])

If M isaWllmoresurfacein S with 0=
@ =< 2+H/4, then M is either totally umbilic
or a Clifford torus.

In fact, we have an analogue result for higher
codimension case.

In the case of minimal surfaces, we proved
that if theL?normof @ satisfies the global

pinching condition |F|, £ 2J2p , thenM is

either the equatorial sphere or a Clifford torus
([H]). Herewe consider the Willmore p
functional inthecaseof p=2. Themain
step of thisreport isto find the following
identities for Willmore surfaces

. H? NH|?
O:d:(2+7_|:)_| 2| +f/,2'k'
M

0F° = CRF +7 i
M M
H2
=16p(g- 1)+ c‘)?(2+7)+f,f»k,
M

where gisthegenusof M. It follows that
corresponding to each lower bound estimate
of the Willmore functional, thereis alower
bound estimate of the Willmore 2-functional.
There were many lower bound estimates of
the Willmore functional ( Li and Yau,
Montiel and Ros, ...€etc). As applications, we
have

If M is a Wllmore surface in the 3

dimensional unit sphere, then |F|, * 4\ pg,
where g is the genus of M. Moreover if
IF|l, £ 4y pg, then M is totally umbilic.

and

If M isa WlImore torus in the 3 dimensional
unit sphere, then |F|,3 /I, A, where |,

isthe first eigenvalue of the Laplacian and A
isthe area of M.

In general, one believes that the Willmore
eguation does not appear to encode enough
information since the class of al Willmore
surfaces turns out to be rather large and
difficult to control. However, we see that the
Willmore equation plays an important role
when we consider Willmore p-function.

2. The Willmore Flow

In this section we state some basic
equations by the notation of moving frame.
Let M be a compact surface in the
3-dimensional unit sphere S*. Denote by e, &,
x and N, where e, e, are tangent to M, X is
the position vector of M and N is the unit
normal of M in S°. Let Uiz and U, be the dual
coframe. Then the structure equations are

ax=Sw,e,

dw, = Sw; Uw,,

. 1 .
aw; =Sw, Uw,; - > Rjuw, Uw,,

Ry, =dyd; - d,d +hh, - hyhy.

Suppose that the evolution equation for
the Willmoe functional is given by x;= f N.
Then we have



x, = fN,
(), =Sa;e+ 1N,
N,=-fx-Sfe

i~

w,), =Sa;w, - fhw,,
where g; are skew symmetry. It follows that

(w, Uw,), =- fHw, Uw,,
(h), = f; + fd; - hyay - hya, + fhhy

ki

Thus if x(.,t) is the gradient flow of the
willmore functional ,then

f = - (2DH + 2HF ).

We need the following Lemmas. Lemmas
1 and 2 are straightforward computation.

Lemmal.

1 _ H? 2
EDF —Sf,jH,j+F(2+7- F)+Sf,".

Lemma?2.

H, H .
f i =f,‘kj+7jdki_ de,j forall i,j,k.

The following Lemmais the Gauss-Bonnet
theorem.

Lemma 3.

g2+ F)=8o(g- 1.

We can check that
Lemmad4.
FSf,’ = SINF[ +ZF|NH] - Sf,HF |
2 2
It follows from the Willmore equation that

Lemmab.

G = O
M M

Using Lemma 2, we have the following
inequality

Lemma 6.

ST %|NH|2.

The following relations are crucial which
follows from the above relations.

Lemma.

2 KA
O:(‘j:(2+H—-F)-| stz
C 2

Lemma8.
o 2= lo%a +Sf,./2.k
M M

oy H?
=160(g- D+ 2+ —) + ST .
M

Lemma9. If &>00on M, theng=1.

Lemma 9 follows from Lemma 4.

3. Proofs.

We provethatif M isaWillmore
surfacein S® with 0= @ <2+H%/4, then M is
either totally umbilic or a Clifford torus.

Proof. It follows from Lemma 1 that
N H2
0= OSf,jH,j+F(2+7- F)+Sf,’
M

2

\ H
=0 SfyH +F@+—-- F)+Sf, .
M

Since

Sf.=Sf. =Sf,  +—L =—L

U U y/

Lemma 6 implies



2
0=¢§ HNH +F@+ - F)
073 2

=(3C(2+HT- F).

If 0< @ <2+H¥4 theneither ®=0or
DO =2+H?%4.

If ©=0, then M is totaly umbilic. If O
=2+H%4, then®>0 on M, Lemma 9 implies
that M isatorus. Furthermore, Since

2
0= 2+ - F)
G

H2
:c‘)_’
v 4

M is a minima surface. Being a minimal
surface with the sguare of length of the
second fundamental foom S = 2, M is a
Cifford torus. ]

Since
oF ° = OpF +Sf
M M
3 C‘)’ZF’
M

the lower bound estimates for the L? norm of
@ follows immediately from certain well
known estimates of Willmore functional .

Asafina remark, we must mention that
alower bound estimate without using any
estimates of Willmore functional is more
interesting.
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