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1. Introduction

The scattering characteristics of plane waves by rough surface have attracted
continuous attentions for many years. Various numerical and analytical methods
were studied to resolve this problem. For example, since the dimension of sea-wave
is larger compared with electromagnetic wavelength, many high frequency asymptotic
methods based on ray-tracing method could be applied, such as: GO, GTD, UTD.
However, at a low grazing angle incidence, these methods have some problems that
have been reported in literatures.

On the other hand, recently some numerical methods were utilized to resolve the
scattering characteristics of sea-wave, in particular for the case of low grazing angle
incidence. For instance, many researchers use method of moment to investigate the
validity of approximate electromagnetic rough-surface scattering theories. However,
the commonly used method of moment can only handle a finite dimension of structure
the introduction of artificial edges on an infinite structure will result in spurious edge
diffractions. ~ Although the periodic-surface moment method was developed to
improve this drawback, so far the finite conductivity of seawater cannot be well
treated. In the traditional formulation, sear water are always regarded as a perfect
conductor or modeled as a perfect conductor covered by a surface-impedance with
complex number. In fact, the surface impedance is dependent on polarization,
frequency and angle of incident wave and even is a tensor instead of scalar, therefore,
this approach should have some problems in approximating realistic cases.
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In this research, the sea wave is considered as a one-dimensionally periodic structure
with complex dielectric constant. Under these -assumptions, the artificial edge
diffraction and finite conductivity of sea water can be modeled more realistic. Thus,
not only the scattering characteristics but also the absorption by sea water could
exactly realized. Since sea wave may has any arbitrary profiles of distribution, we
have employed staircase approach to discretize them into rectangular ones, thus it will
be changed into a multiple 1D periodic structures. Although the periodic variation is
along one dimension, however, the scattering and guiding characteristics of periodic
structures is inherently a three-dimensional boundary value problem that requires
vector field representation to satisfy boundary condition at the interface.

In this research work, the method of mode matching will be employed to tackle the
problem. There are two important steps: (1) the determination of a set of



characteristics solutions for each constituent part including uniform and periodic
regions, and (2) the imposing of boundary conditions requiring continuities of
tangential electric and magnetic fields at each interface. Through the previous two
steps, we could immediately determine the input-output relation of each layer
containing periodic and uniform layers. The input-output relations of periodic or
uniform layers can be considered as a building block and then the transmission line
network representation will be employed to cascade them. Finally, the input-output
relations as well as the scattering characteristics of overall structure could be easily
determined by solving cascaded transmission line network. As we have described in
the previous section, such a class of irregular shape of periodic structure should be
taken into account to approach the realistic case. Based on the staircase approach, an
irregular one can be partitioned into sufficiently thin layers as illustrated in attached
figure, so each layer is characterized by a piece-wise constant permittivity. Thus a
periodic layer with irregular profile can be considered as a cascade of rectangular
shape periodic layers with the same period but different aspect ratio between
constituent media.

The organization of this report is described as follows. The first part is the
characteristic solutions of periodic medium, especially for the class of finite
conductivity material, such as sea water. In this part, eigen-values and eigen-vectors
of periodic waves, that is Floquet’s solutions, in 1D periodic medium are derived
rigorously.  Since the relative dielectric constant involves a considerable
conductivity, the concept of metal modes is taken into account to search the
eigen-values for the dispersion relation. The second part is the electromagnetic
boundary-value problem for the tangential electric and magnetic fields at the
interfaces between adjacent constituent regions. Through this procedure, we could
have the input-output relations of 1D periodic layer as well as uniform layers. In
fact, these can be regarded as modules or building blocks for the overall structures.
As long as these modules were well defined, we could deal with any arbitrary profiles
of multiple 1D periodic structures with the same period. It is not necessary to
reformulate the problem. That is the building block approach that will become clear
later. The final part is the network representation of the problem. In this part, we -
will change the overall field problem into a cascade of transmission line network.
"And the basic transmission line circuit will be demonstrated to calculate the
input-output relation of the overall structures. As it is done, the scattering
characteristics of periodic sea wave will be totally determined.

2.  Method of analysis

Characteristic solutions in one-dimensionally periodic medium

‘As we have described in previous, we would like to employ the mode-matching
method to carry out the calculations of scattering characteristics of plane waves by 1D
periodic structures. Before dealing with the boundary-value problem, we should
have the characteristic solutions in periodic medium. According to the literatures
there are two methods could be employed to deal with this problem: one is that of
Fourier Method and the other is that of Modal Solution Method. The Fourier
method is to utilize Fourier series to expand the periodic variation of periodic medium
and also expand the general field solutions in such medium by using Floquet’s
solutions. ~ As this is done, we could derive a dispersion relation of modes in such
periodic medium. This dispersion roots usually could be considered as an



eigenvalue problem and could be easily determined by commonly used subroutines.
It is noted that the matrix is infinite in its size, however, in numerical computation,
due to the finite source of memories we should truncate it into a fine one. In view of
the finite truncation process, the eigenvalue of dispersion relation is no longer a
rigorous one.

However, this method is not always valid for arbitrary number of relative dielectric
constants. For example, if medium having high relative dielectric constant is
considered, the Fourier series should include a large number of terms to ensure the
convergence of Fourier expansion. It will lead to a convergence problem in solving
the eigenvalue problem for a large size of matrix.

In this research work, we employed the later method, that is Modal Solution Method
to deal with this problem. Here we consider a case of two-tone periodic medium as
an example, however, for the other complicated case, this method is also available but
with a slight modification.

As shown in attached figure, the periodic medium is infinite extension along x and z
direction, and we assume there is no field and structure variation along y direction.
The periodic medium having two relative dielectric constants €1 and €2, where the
width of them are d1 and d2, respectively. In fact, the overall structure could be
regarded as a multilayer structure with infinite number of layers. The characteristic
of waves in such as a periodic structure can be analyzed by that of a unit cell
imposing on a periodic boundary condition. This is a starting point of analysis for
this problem.

The input-output relation of a finite thickness of uniform laver

For a periodic medium, the spatial variation of electric and magnetic field along z
direction should be the same for each constituent region, which is exp(-jk,z).
However, for x direction, we could have a transmission line in each region. For each
uniform transmission line, the input-output relation of a finite length of transmission
line can be formulated in the transmission matrix or ABCD matrix, which could be

given as:
v(x)| [ coskx  —jz sinkx)(v(0)
i(x) ) \-~jy.sinkx  coskx i(0) (D

where kx is the propagation constant along x direction, zx (yx=1/zx) is the
characteristic impedance (admittance) of the transmission line. The above equation
describes the input-output relation of terminal voltage and current of a finite length
transmission line.

As we have described in the previous, a two-tone periodic medium contains two
different dielectric media in a unit cell. The input-output relation of such unit cell
can be regarded as a cascade of two sections of transmission lines. Thus, we could
have the ABCD matrix of the unit cell as follows:

wd)) _ w0)) . (%0)
(i(d)]_];(dz)];(dl)(i(())}_T(d)(i(O)) (2)



L= KPd,  -jzPsink?d, (3)
= pyPsink®d,  cosk®d,
ray=| K, - jz0 sink®d, (8
= Wsink®d, coskVd,

Here, since we assume that the periodic medium is infinite extension along the
periodicity, the relationship between the input and output terminals of a unit cell for
the voltage and current waves just only differ by a phase shift for a periodic wave

travels in a distance of one period, which is given as follows:

D) O e
i(d) i(0)
where ky is the propagation constant of a periodic wave in such periodic medium. It
is noted that the above equation can also be referred as periodic boundary condition in

the literatures. ~ Substitution of (5) into (2, we could have the dispersion relation of
waves in periodic medium, which is equivalent to an eigenvalue problem in the

following form:
v(0 0
r@| "] (6)
i(0) i(0)
therefore, the eigenvalue can be obtained by: ‘
det[T(d)-AI]=0 (7)

where [ is the identity matrix, A is the eigenvalue of the dispersion relation in( 7), A
represents exp(-jkxd) and exp(+jkxd) for forward and backward propagating waves
respectively. After some mathematical derivation, we could have the explicit form
of the dispersion relation as follows:

22 =Ly + Ty ) A+ (BT =TTy ) =0 (8)
the sum of the two eigenvalues could be expressed as trace of matrix T, that is:
A+, =1, +T,, =2cosk,d (9)

after substituting the elements of matrix T into ( 9), we could have the dispersion
relation as follows:

1AL AR
coskPd, coskPd, — 5 -2{5 + E%’—) sin k{d, sink®d, = cosk,d (10)

where the characteristic impedance of transmission line of TE and TM waves in each
region could be written as follows:
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KD = ke, ~ K (12)

it is noted that the unknowns in ( 10) are kt and kx, thus we could look for kt for a
given kx or look for kx for a given kt.

So far, we have derived the dispersion relation of waves in periodic medium. As
long as we have the value of kx, we could determine the values of kt through a
iteration procedure by using computer program. At the same time, we could also
have the eigenvectors in ( 6), and then the distribution of current and voltage waves in
such unit cell could be totally resolved.

Returning to ( 5), we could extend this equation to a more general form, that is:

p(x+d)=e"p(x) (13)

where the scalar function ¢ represents either voltage or current waves. To satisfy the
above equation, the scalar function ¢ should have the form follows:

g

(x) =e /5 Z v,e

n=—

(14)

here, it could be easily proved as long as substitution of ( 14) into ( 13).

After having the voltage and current waves along x direction, we could determine the
electric and magnetic field distributions in such periodic medium, and each tangential
component in the (X,y) plane may be written as:

E/(x,7,2)=0 (15)

Ey (%, 3,2) = =), | che o 4 dle™ o S I/;’(’”)e_jn%”x - (16)
H(x,3,2) ==Y | che™" —dje e TS [ -( 17)
Hy(x,7,2) ==y 1, [ che™ —d e |3 Gme e (18)

The above equations are those for TE* modes, where the tangential components for
TM™ modes are given as:

27
o e - jn=—x
El(x,2)= Y| che ™ +dye o |3 e (19)
m n
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H(x,,2)=0 (21)
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m

n

In the above equations, the summation could be interchanged, thus we could
expressed each equations in the matrix and vector form according to the order of
Fourier components (or space harmonics), which are given as:

E, =P[emegraenigr] (23)
B, =P[R e e g+ G +e5fk22d_"] (24)

H, = F[e g - _d_] (25
H, =G Mg g [ e hg - g (26)

where ¢’s and d’s are the vectors, which elements are the Fourier amplitudes
corresponding to each space harmonic. k] and 4! are the diagonal matrices of
propagation constants along z direction for TE and TM modes, respectively. V, I and

G are the coupling matrices which elements are similar to those from ( 16) to ( 22) but
with coordinate transformations, which are given as:

7= (V™) (27)
F=(1m) » (28)
G’ =(,G") (29)
P =(V:(m>) , (30) '
I =(ug,I;™) (31)
G = (u;mG,f(m)) (32)

Here, we could express the tangential electric and magnetic fields in terms of super-
matrix and vector forms, which are given as:

E =P(c/cted) (33)
H, =Q(e ™ c-ed) (34)
where matrix ¢ and d are the forward and backward propagation vector with their -

elements represent the Fourier amplitude of each space harmonic, including TE and
TM modes. Where the coupling matrices P and Q are given as:
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Input-output relation of 1D periodic layer

Q

So far, we have derived the general solutions of electric and magnetic fields in the 1D
periodic medium. The tangential electric and magnetic fields including TE and TM
modes are also expressed in a super- matrix and vector forms. For a finite thickness
of 1D periodic structure, the input-output relation of electric and magnetic fields can
be obtained as the termination conditions is determined, which can be given as:

E(0)=Z,H,(0) (37)
Z,=P(1+I,)(I-T,)" Q" (38)

I, =T, /" (39)

T, =(Z.Q+P)" (Z,Q-P) (40)
EW0)=1,,H,) _ (41)
E(0)=P(I+T,, )¢ (I+T,) P E(®) (42)

3. Numerical Results and Discussions

In this research work, based on the theoretical formulation in previous section, we
have developed a program to analyze the scattering characteristics of plane wave by
an arbitrary profile of 1D periodic structure. Here, an arbitrary profile of 1D
periodic structure could have spatial variation along the direction perpendicular to the
periodicity. We have utilized staircase approach to model it as a multiple 1D
periodic layers with rectangular profile. On the other hand, to approach the realistic
case of sea-water, the relative dielectric constant of sea-water is assumed to be 23-j32
(in 20° C). The frequency of incident plane wave is 1GHz.

To realize the basic physical picture of waves scattering by sea-wave modeling by
periodic structure, we have modeled sea-wave by a rectangular profile of periodic
structure with the aspect ratio between sea and air is 0.5. The period of such
periodic structure is assumed to be 600cm, where the height of it is varied from 5 cm
to 80 cm in our simulation to observe the physical meanings.

Before doing extensive numerical simulations, we have carried out the convergence
test for this problem. In principle, there is no limitation of the period, however,
based on the basic characteristics of periodic structures, we know that the number of
propagation modes will increase as the increasing of the ratio between period and
wavelength. In our case, the ration between period and wavelength is up to 20, that
i1s, we should have considerable number of propagation modes to ensure the
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convergence for the numerical computations. Figure 1 is the varnation of diffraction
efficiency of space harmonic n = 0 versus number of space harmonic (N) that we have
used, for TE and TM polarization both. It is noted that the indices of space harmonic
used is from —N to +N; that is, the total number should be 2N+1. The height of such
periodic structure is assumed to be 80 cm. The plane wave is normal incidence with
the frequency 1GHz. From the results in figure 2, we have observed that the
convergence rate is excellent for both TE (in solid line) and TM (in dash line)
polarizations. It is noted that as the number of space harmonic is greater than 20, the
variation of result is less than 1%. To obtain a accurate simulation result, we have
utilized 101 space harmonics for the ensuing numerical examples.

Figure 3 is the variation of reflection efficiency of space harmonic n = 0 versus
incident angle for various height of sea-wave. We have changed the height from 5
cm to 80 cm to see the variation of reflectivity for space harmonic n = 0. It is noted
that this space harmonic (n = 0) is reflected return to the incident direction, which is
similar to the mono-static RCS in radar detection. We have observed that the
diffraction efficiency will have large variation as the increase of the height. Based
on geometric optics, it may be concluded that as the increasing of height, the multiple
reflections will dominant; therefore, the diffraction efficiency will experience a large
variation for the changes of incident angle. On the contrary, the result of the case of
smallest height has no damping, which approaches the case of scattering by flat plane.

As depicted in Figure 4, we have compared the reflectivity of sea-wave by TE and
TM incident plane waves. In general, we have found that these two polarizations of
incident plane waves share the similar reflection characteristics. However, the
reflectivity of TE wave is larger than that of TM one. Since the rectangular profile
of sea-wave is similar to a parallel-plate waveguide, meanwhile, the real part and
imaginary part of relative dielectric constant are not small, thus the field hard to
penetrate into such medium. The wave in air region is similar to that of
parallel-plate waveguide modes. As we have known, the lowest TM mode (TMj)
can exist in PPWG without cutoff frequency but the TE is not. This will result in the
reflection of TE mode is obvious than that of TM mode, as shown in this figure. On
the other hand, it is noted that since the incident of TM plane waves can have the
characteristics of total transmission, the reflectivity will vanish at certain incident
angle. In this case, the total transmission angle will be given approximated as:

0=tan'1—\/—g2——ztan'1 %z78°. (43)
81

i

As shown in this figure, the total transmission angle is located around such angle as
expected in the above equation. It is noted that the reflectivity becomes a large one
at large incident angle (low grazing incident angle) for both case of TE and TM
polarizations, as shown in this figure.

Figure 5 indicates the absorption efficiency of plane waves by such sea-wave versus
incident angle. As we have described in the previous, the TM waves can propagate
through the PPWG without cutoff but the TE wave can’t. Thus, the absorption of
incident plane wave will be obvious for TM wave than that of TE one.

4. Conclusions

In this research work, we have modeled sea-wave by a one-dimensionally periodic
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structure. We have repeated the waveform of a sea-wave to a periodic structure of
infinite extension. As long as the period is large enough, this will approach the
realistic case but without the artificial edge diffraction obtained by the other methods
proposed in the literatures. Moreover, since the complex relative dielectric constant
is utilized in this research work, the absorption of plane waves by sea-water could
also be figured out correctly. We have employed the rigorous mode-matching
method to analyze this problem and extensive numerical results have been shown and
explained in the previous section. ~ Since the profile of sea-wave is changed randomly,
it 1s important to analyze the scattering characteristics by statistical method.
However, this research work has build up the bases for numerical computations for an
arbitrary profile of sea-wave.

Appendix

Since the structure is uniform in (y,z) plane, there are two uncoupled complete sets
denoted by TE* and TM™. The field components of these two sets are given as:

- TE*
E=xy(xy,2) (44)
where the scalar function y satisfies the wave equation as follows:
(V2 +Ks )y =0 (45)
E=-VxF -~ (46)

after the electric field is obtained by the cross product operation in the above equation,
we could determine magnetic field by Maxwell equation.

VXE=-jou,H (47)
Since we have assumed that there are no variations on the field as well as structures

along y direction, the scalar function is independent of y and the scalar function can
be defined as follows: '

p(x,2)=e " g(x) (48)
TEx TMx
Fn=0 El(n2)=——i'(x)
we,E(x)

! k;’v i " ky "

Ey(xaz)z“;?v (x) Ey(x,z)z—?t"v (x)
k! k!

E.(x,z) =—'(x) E(x,z) =——%v"(x)

: k! k,
H (x,z)=- k V'(x) H,(x2)=0

ou,
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' ky .
Hy(x,z)z—?z(x)

t

n

" kz ]
Hi(x,z) =%;1 (x)

t

H;(x,z)z-—%i'(x)

t

Hj(x,2)=-—

ky .

k (%)
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Figure captions:

Figure 1:  Structural configuration of a sea-wave which is modeled by a multiple 1D
periodic layers. ,

Figure 2: Convergence test for reflectivity of space harmonic n = 0 versus number
of space harmonic. The dash and solid line are that for TE and TM polarizations,
respectively.

Figure 3: Variation of normalized reflectivity efficiency of space harmonic n = 0
versus incident angle for various height of sea-wave: TE polarization.

Figure 4: Comparison of reflectivity efficiency for TE and TM incident plane
waves.

Figure 5: Absorption of incident plane waves by sea-wave: TE and TM
polarizations.
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