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Abstract 

 

    In this paper, we will construct a weak 

solution for the heat flow associated with 

certain quasiconvex functionals from a 

Euclidean domain into a homogeneous space 

with a left invariant metric. In particular, 

p-harmonic heat flow for any p > 1. 
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���CD�E�FG���H�ID�JD�KL L$H�ID�JD�

MGNO#%�N#�#$O�PD�QLR�� H�N$�SEKMQTH�

UL$VF �UF�O�W�#X�VL��FNL$V�YL �FG��G�#F�

Y�LW�#VVLUN#F�O�WNFG� ��#Z�O��$� %N�V�

YL �G# [L$NU�[#-V�\�FW��$� 3B �#$O� 2S D�

]D�KG�$�#$O�JD�QF �W�H�N$�SK^T�#$O�SKQTH�

VF�ON�O�FG���ZNVF�$U��LY�#�W�#X�

VL��FNL$�YL �FG��G# [L$NU�G�#F�Y�LW�

N$FL�#$R�V[LLFG�UL[-#UF�[#$NYL�O�#$O�

- L_�O�#�-# FN#�� �%��# NFR� �V��F�+V���

#�VL�SK`^T2D�ID�a���� H�ID�b�\N$VF�N$�

#$O�cD�QF� $\� %�+SabQT2�#�VL�- L_�O�

FG���ZNVF�$U��LY�#�W�#X�VL��FNL$�LY�

G# [L$NU�G�#F�Y�LWD�CL ��!G# [L$NU�G�#F�

Y�LW�WNFG����H�FG���ZNVF�$U��LY�W�#X�

VL��FNL$V�N$FL�V-G� �V�W#V�- L_�O�\R�]D��

KG�$H�JD�KD�`L$%�#$O�dD�`�$%� \�G�� �

+SK``T�V���#�VL�S`^T�2�#$O�\R�eD�KG�$%�

+SK`fT2D�b�U�$F�RH�JD�"N+S"JfT2- L_�O�

FG���ZNVF�$U��LY�#�W�#X�VL��FNL$�YL �

p !G# [L$NU�G�#F�Y�LWV�N$FL�

GL[L%�$�L�V�V-#U�V�WNFG� 21 ≤< p D�

���gG��\#VNU�FLL��N$�S"JfT�NV�FG���V��

LY�`# OR�V-#U��L$� 1+mR �#$O�FG��X�R�

N$% �ON�$F�FG� ��NV�YN$ON$%�#�UL  �UF�

Y�$UFNL$�G#_N$%�FG��W�#X�O� N_#FN_��

V�UG�FG#F�FGNV�Y�$UFNL$��N�V�N$�FG��

�LU#��`# OR�V-#U�D�h$�FGNV�-#-� H�W��

WN����V��#$����[�$F# R�[�FGLOH�WNFGL�F�

�VN$%�̀ # OR�V-#U��F�UG$Ni��H�FL�- L_��

FG���ZNVF�$U��LY�#�W�#X�VL��FNL$�YL �

G�#F�Y�LW�#VVLUN#F�O�WNFG�U� F#N$�U�#VV�

LY�i�#VNUL$_�Z�Y�$UFNL$#�V�N$FL�

GL[L%�$�L�V�V-#U�VH�#$O�FGNV�N$U��O�V�

FG���!G# [L$NU�G�#F�Y�LW� 1>∀p �#V�#�

V-�UN#��U#V�D�gG��- LLY�W��%N_��G� ��NV�

_� R�U�LV��FL�FG��- LLY�LY�FG���ZNVF�$U��

LY�#�G# [L$NU�Y�LW�\�FW��$� 3B �#$O� 2S H�

N$�SEKMQTj�$LF�L$�R�FG��UL$VF �UFNL$�LY�

#-- LZN[#FNL$�VL��FNL$V�+UYD�S`aT2H�
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\�F�#�VL�FG��W�O%��- LO�UF�[�FGLO�+UYD�

SK^TH�SEKMQTH��FUD2D�gG��L$�R�

ONYY� �$U��NV�FG#FH�N$VF�#O�LY�

UL$VNO� N$%�FG��$L [#��_�UFL VH�WG#F�W��

WN����V��NV�FG��aN��N$%�F#$%�$F�_�UFL �

YN��OV�UL$VF �UF�O�\R�̀ ���N$�+UYD�S`^T2D�

gG��[#N$�NO�#�LY�FGNV�[�FGLO�NV�\#V�O�

L$�FG��L\V� _#FNL$�FG#F�W��U#$�F#X��

�N[NF�Y L[�+kDk2D�l$�R�#YF� �W��G#_��

L\V� _�O�FGNV�Y#UFH�ONO�NF�\�UL[��

-LVVN\���FL�V#R�VL[�FGN$%�\R� �W NFN$%�

FG���i�#FNL$�+kDm2D�

�����"�F�������\��FG��-LVNFN_��N$F�%� VH�

O�$LF�O�\R� KmM × �FG��V-#U��LY�#��� �#���

Km × [#F NU�VH�#$O�V�--LV�� KR⊆Ω �NV�

#�\L�$O�O�L-�$�V�\V�FD�"�F� ),( gN �\��#$�

�!ON[�$VNL$#��V[LLFG�GL[L%�$�L�V�V-#U��

WNFG�#���YF�N$_# N#$F�[�F NU� g D�n��

#VV�[��FG#F� ),( gN �NV�NVL[�F NU#��R�

�[\�OO�O�N$� KR D�"�F� RMF Km →×: �\��

%N_�$��#$O�UL$VNO� �FG��Y�$UFNL$#��

∫
Ω

∇≡ )()(         F(1.1) vFv ���

YL � KRv →Ω: D�n��V#R�FG#F�C�NV�

	
��
������H�NY�

∫∫ +≤
UU

DAFAF )()(        (1.2) ϕ �

YL �#���V[LLFGH�\L�$O�OH�L-�$�OL[#N$V�
mRU ⊂ H�#���[#F NU�V� KmMA ×∈ H�#$O�

#��� );(1
0

KRUC∈ϕ D�gG��YL��LWN$%�

FG�L �[�NV�O���FL�PU� \N�#$O�C�VULD�

�

��
��
��
������
���
���

RMF Km →×: 
������
�
�
������
Kmp MAACAF ×∈+≤≤     ),||1()(0   (1.3) �

������������������������ ∞<≤ p1 �������

C�
�����������	
���
�����������

���
 ����
�
�
���������!�"�����������

),(,1 Kp RW Ω �
�����������
��C�
��

	
��
��������

�

����nG�$� ∞<< p1 H�FGNV�FG�L �[�#$O�#$�

#OONFNL$#��UL� UN_NFR�#VV�[-FNL$�LY�

FG��YL [�
Kmp MACACAF ×∈>>   ,0    ,||)(    (1.4) �

N[-�N�V�FG���ZNVF�$U��LY�#F���#VF�L$��

[N$N[No� �LY���YL �%N_�$�pN NUG��F�

\L�$O# R�UL$ONFNL$V�+UYD�JL  �R�SJKETH�

S�^T2D�

�����gGL�%G�L�F�FGNV�-#-� H�W��WN���

#VV�[��FG#F���NV�i�#VNUL$_�Z�#$O�

),||1()(||     (H1)
21

pp ACAFAC +≤≤ �

)||1(|)(|             pACADF +≤ �

1 and >∀ pA �#$O�VL[��UL$VF#$F�

.  , ,
21

CCC 


,||||||                  

)(  (H2)

222
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ζζξξ βα
βα

−≥
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∂

p

ji

j

A

A
aa

F

Km RRA ∈∀∈∀≠∀ ξζ  and  , ,0 �

YL �VL[��UL$VF#$F� 0
0

>γ #$O� 1
0

>p D�

���QN$U��W��VG#���VF�OR�FG��[#-V�N$FL�

#�F# %�F�[#$NYL�O�N H�W��$��O�

#�GR-LFG�VNV�FG#F� ��#F�V�F �FL�N q�

 0    )()(    (H3) ≠∀= AAfADF �

WG� �� mmKm MMf ×× →}0{\: �NV�#�[#-�

V�UG�FG#F�NFV�� ),( ji �UL[-L$�$F� 0
,

=jif �

YL �#��� ji ≠ D�

���gG��GR-LFG�VNV�+`k2�[�#$V�FG#F�YL �

)(  ,: vDFNv ∇→Ω ��N�V�N$�FG��F#$%�$F�

V-#U�� NvTan �#$O�X��-V�U� F#N$�

���N-FNUNFR�YL �FG����i�#FNL$�LY�

U NFNU#��-LN$FV�LY� )(F ∗ D�dLFNU��FG#F�W��

OL$rF� �i�N ��FG#F� f �NV�[�#V� #\��H�

VL�NF�NV��#VR�FL�YN$O��Z#[-��V�WGNUG�# ��

[�UG�[L ��%�$� #��FG#$� pA || D�

���s$O� �FG��GR-LFG�VNV�+`k2H�FG��

U NFNU#��-LN$F� ),(,1 NWu p Ω∈ �LY� )(F ∗ �

NV�FG��W�#X�VL��FNL$�LY�

)),(,(A))((div     (1.5) uDFuuDF u ∇∇=∇ �

WG� ��P�NV�FG��V�UL$O�Y�$O#[�$F#��YL [�

LY�#H�#$O�ON_ )(∗DF �[�#$V� )( α
α e

a

F

i

i ∂
∂∇ �

WNFG� }{ αe �O�$LFN$%�FG��VF#$O# O�\#VNV�



 3

LY� KR D�

���n��$LW�UL$VNO� �FG��G�#F�Y�LW�

#VVLUN#F�O�WNFG� )(F ∗ H�ND�DH�YL �

NRu →×Ω +: H�VF�OR�FG��- L\��[�

)(,(A                             

))((div2        (1.6)

uDFu

uDFu

u

t

∇∇=
∇−∂

,   ),()0,(     (1.7)
0

Ω∈= xxuxu �

,,0   )(),(    (1.8)
0

Ω∂∈>= xtxutxu �

WG� �� ),(,1 NWu p Ω∈ �NV�%N_�$D�

�

�����������	
	������� NRu →×Ω +: �

��������	
����	
��������
��	�
��
��

���������������� u ����������������
��

+×Ω R �� ))(;,0( ,1 Ω∞∈ ∞ pWLu ��

),(2 K

t RRLu +×Ω∈∂ �����
�	
�	� u �

��	����������������	
�����������������

����������������	
��	������������

����

���gG��[#N$� �V��FV�W��L\F#N$�O�# �q�

�

����
���	
����������C����������
� �!�

��	���"��#�̀ ^H�̀ f��$
���	
�����!��	����

������
��	�
��	
������������D�

�

���h[[�ON#F��UL$V�i��$U�V�LY�FGNV�

FG�L �[q�

�

����
���	
����������C����������
� �!�

��	���"��#�`^�����`f���������

RMG Km →×: ���������
� �!������
��

pp <<1 ��

 ),||1()(||    (1.9)
21

pp ACAGAC +≤≤ �

)||1(|)(|   (1.10) 1

2

−+≤ pACAG �

�
������ KmMA ×∈ ��$
���	
�����!��	����

������
��	�
��	
�	
��
��	���
��

���
���	�����	
�	
������#"�����	�
����

∫
Ω

∇+∇≡ )()()(I      (1.11) vGvFv ��

���n��WN���- L_��gG�L �[�^Df�\R�

UL$VF �UFN$%�#�V�i��$U��LY�

#-- LZN[#FNL$�VL��FNL$V�UL$_� %N$%�FL�

#�[#-�WGNUG�F� $V�L�F�FL�\��FG��W�#X�

VL��FNL$�LY�+^Dt2!+^Du2D�gG��- LLY�LY�

gG�L �[�̂ Dk�NV�FG��V#[��#V�gG�L �[�̂ DfH�

FG��L$�R�U# ��W��$��O�FL�F#X��NV�FL�

UL$VNO� �VL[��$�W�F� [V�N$�FG��

�i�#FNL$D�

���gG��FG�L �[�\��LW�YL��LWV�

N[[�ON#F��R�Y L[�FG��- LLY�LY�gG�L �[�

^DfD�

�

Theorem 1.4 Assume ∞
=1}{ llu  is a sequence 

of weak solutions of (1.6)-(1.8) such that 

ltu∂  is bounded in ),(2 KRRL +×Ω , and for 

any 0>T , liu∇  is bounded in 

,   ),),,0(( iRTL Kp ∀×Ω  then there is a 

subsequence which converges to a weak 

solution of (1.6)-(1.8). 

 

2. Construction 

 

In order to construct a weak solution to 

(1.6)-(1.8), we proceed as K. Horihata, N. 

Kikuchi in [HK] and F. Bethuel, J. M. Coron, 

J. M. Ghidaglia,  A. Soyeur in [BCGS]. For 

)1,0(∈h , we define the sequence }{ ku  as 

follows. We assume that 
1−ku , 1≥k , is 

known and define ku  to be the minimizer of 

the functional 

∫∫
Ω

−

Ω

−
+∇

h

uv
vF k

2

1
||

)(      (2.1)  

under the constraint 0

1  ),,( uvNHv =Ω∈  

on Ω∂ . Since F is quasiconvex, ku  exists 

and is the weak solution of the equation 

below: 

))((A                   

)(div)(
2

  (2.2)

,

1

kku

kkku

uDFu

uDFuuD
h

k

k

∇∇=

−−Π −  

where div )(∗DF  means ))(( α
α e

a

F

i

i ∗
∂
∂∇  

with Ke
1

}{ =α
α  the standard basis of KR ,  

Π  is the nearest point projection from some 
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uniform tubular neighborhood of N  onto 

N , and yDΠ  is the orthogonal projection 

of KR  onto NyTan  for any Ny ∈ . 

  Define Nuh →∞×Ω ),0[: and 

Nuh →∞×Ω ),0[: by setting for 

khthk ≤<− )1( : 

)(                             

)(
)1(

),(     (2.4)

)(),(          (2.3)

1
xu

h

tkh

xu
h

hkt
txu

xutxu

k

kh

kh

−
−+

−−=

=

 

With these notations, we can write the 

equation (2.2) as 

)).(,(A          

))((div)(   (2.5)

hth
u

hhtu

uDFu

uDFuD

h

h

∂∇=

∇−∂Π
 

We have the following energy inequality: 

)(I||))((    F(2.7)

)(I
||

)(     F(2.6)

0

2

0

0

2

1

1

uuhku

u
h

uu
u

h

hk

th

ll
k

l
k

≤∂+

≤
−

+

∫ ∫

∫Σ

Ω

Ω

−

=
 

which implies 

.0   ),(I))((F          (2.9)

)(I||          (2.8)

0

0

2

0

≥∀≤

≤∂∫ ∫
∞

Ω

tutu

uu

h

ht
 

Therefore, up to the extraction of a 

subsequence, we may assume that for any 

0>T , uuh →  weakly in 

)),,0((,1 Kp RTW ×Ω , uu tht ∂→∂  weakly 

in )),,0((2 KRTL ×Ω , uuh →  strongly in 

)),,0(( Kp RTL ×Ω , and ϕ∇→∇ hu  weakly 

in )),,0(( Kp RTL ×Ω . Since 

)(I||    (2.10)
0

0

22∫ ∫
Ω

≤−
T

hh uhuu , 

we see that uuh → strongly in 

)),,0(( Kq RTL ×Ω  with )2,(min pq = , 

therefore u∇=∇ϕ  and Ntxu ∈),(  a.e.. 

We will show that u is the weak solution of 

(1.6)-(1.9). 

 

3. Compactness 
 

   We now prove Theorem 1.2. In [H1], 

Helein proved the existence of certain vector 

fields on homogeneous space and use them to 

rewrite the weakly harmonic map equation to 

induce the regularity. In [TW], T. Toro and C. 

Y. Wang used these vector fields and the 

Hardy space to prove the compactness of 

weakly p -harmonic maps. Helein's work 

tells us that there exist d  smooth tangent 

vector fields dYY ,,
1

⋅⋅⋅  and d  smooth 

Killing tangent vector fields dXX ,,
1

⋅⋅⋅  on 

N  such that for any tangent vector field V  

in TN , we have 

∑
=

><=
d

l

ll YVXV
1

,       (3.1)  

In particular for )( huDF ∇ , we have 

∑
=

><=∇
d

l

lhlhh YuXuDFuDF
1

)(),()(  (3.2)  

We can rewrite the equation (2.5) as follows. 

For any )),,0((
0

RTC ×Ω∈ ∞ς , we have 

∫ ∫

∫ ∫

∫ ∫

Ω

Ω

Ω

>∇<=

∇∇−=

∂Π

T

lh

T

lh

T

hlhthu

dxdtXuDF

dxdtXuDF

dxdtuXuD

0

0

0

)),((div

)(

)()(2

ς

ς

ς

 

Therefore, for each l , 

.)(),(2               

))(),((div     (3.3)

>∂Π<

=>∇<

hlhthu

hlh

uXuD

uXuDF
 

Let 0→h , we have 

.   ,)(,2               

)(),(div     (3.4)

luXu

uXuDF

lt

l

∀>∂<
>=<

 

Thus, 
.   ,0)(),(div2   (3.5) luXuDFu lt ∀>=∇−∂<  

This 

implies
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0         

,))(div(2         

))(div(2  (3.6)

1

T

T

=

>∇−∂<=

∇−∂

∑
=

d

l

llt

t

YXuDFu

uDFu

 

Therefore, )(div uDFut ∇−∂  is orthogonal 

to the tangent space, and u  is the weak 

solution of (1.6)-(1.8) by the standard 

argument. Of course, we need to check (3.5). 

This can be done by using lYϕ  as the test 

function in (3.4), and it follows 

)()(),(2         

)(div  (3.7)

uDYuXuDFu

uDF

llt >∇<+∂
=∇

 

which says that )(div uDF ∇  has meaning 

and so (3.5) follows from (3.4). 

 

Proposition 3.1 For the map 

NRu →×Ω +: with 

)),(;,0( ,1 NWLu p Ω∞∈ ∞ , 

),(2 K

t RRLu +×Ω∈∂ , the equation (1.6), 

(3.4), (3.5), (3.6) and (3.7) are equivalent. 

 

   To pass from (3.3) to (3.4), we need the 

fact that uuh ∇→∇ a.e. on +×Ω R . This is 

actually proved in [HLM] for pAAF ||)( = . 

For the general quasiconvex functional F, it's 

not clear whether we have this fact. However, 

in our case, from the hypothesis H2 and H3, 

it is still true that uuh ∇→∇ by a slight 

modification of the proof about a 

compactness assertion in [HLM] (see also 

[E3], [CHN]). 

 

Remark: From (3.3), we may also rewrite 

the equation as 

)()(),(2         

)()(),(          

))((div   (3.8)

hhhthu

hhh

h

uYuXuD

uDYuXuDF

uDF

>∂Π<

+>∇<

=∇

 

and try to pass to the limit, which should be 

(3.7). However, since ht u∂  does not exist, 

we can not prove the first term on the right 

hand side of (3.8) lies in the local Hardy 

space. The technique used in [LM2] is to 

prove that )()(,( hhh uDYuXuDF >∇<  lies 

in )( 11

loc

+mRH . 
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