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ABSTRACT :  In this paper, the stabilization problem of two classes of nonlinear singularly perturbed
systems via dynamic output feedback is investigated. First, we consider the nonlinear singularly
perturbed systems in which the nonlinearities are continuously differentiable. The theoretical result
demonstrates that, using the factorization approach, the dynamic output feedback controller
designed for the reduced-order model of the linearized system is a stabilizing compensator for the
original nonlinear singularly perturbed system, provided that ¢ is sufficiently small. Second, the
nonlinear singularly perturbed systems in which the nonlinearities are not necessarily continuously
differentiable but satisfy the global Lipschtz condition are examined. Combining the dynamic output
feedback controller that stabilizes the reduced-order model of the linear part of the nonlinear
singularly perturbed system with the quasi-stability result of Persidskii, a two-step compensating
scheme is proposed to stabilize the original nonlinear singularly perturbed system under con-
sideration for a sufficiently small ¢. Copyright © 1996 Published by Elsevier Science Ltd

1. Introduction

Most physical systems contain some small parameters such as small time constants,
masses, capacitances, etc. These small parameters increase the order of dynamic systems
and then complicate the system analysis. Furthermore, they introduce the multi-time-
scale property such that these systems simultaneously possess both slow states and fast
states. Coupling of these states with each other makes the system analysis much more
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complex, and hence convenient methods to check stability have long been sought.
Fortunately, singularly perturbed models for these systems give us a powerful tool for
order reduction and separation of time scales. This singular perturbation approach,
arising from an attempt to approximate a high-order system with another one of lower
order, has proven to be a successful analytical tool that exploits directly the separation
of system time scales, made explicit by the small singular perturbation parameter e.
When ¢ is small enough, approximations are obtained from the reduced-order models
in separate time scales (1).

Singularly perturbed systems have been studied extensively in recent years; see, for
example, Kokotovic et al. (2) and references therein. This is due not only to theoretical
interest, but also to the relevance of this topic to control engineering applications.
Indeed, the singular perturbation approach has been proven to be an effective tool for
system analysis and control design (3). A fundamental feature of such a control theory
is decomposition of the feedback design problem into two design subproblems for the
slow and fast dynamics. The two designs are then combined to give a design for the
full-order system (4). Morecover, if the fast subsystem is already stable, the only work
we need to do is to design the stabilizing feedback control in the slow subsystem (i.e.
reduced-order model). The stabilizing feedback control designed for the reduced-order
model can stabilize the full-order system, provided that ¢ is sufficiently small.

The dynamic output feedback control problem of singularly perturbed systems has
been addressed in many works. However, these contributions focused mainly on linear
singularly perturbed systems; see, for example (5-8). In this work, the stabilization
problem is investigated for two classes of nonlinear singularly perturbed systems via
dynamic output feedback. First, we examine the nonlinear singularly perturbed systems
in which the nonlinearities are continuously differentiable. Using the factorization
approach, the dynamic output feedback controller is designed for the reduced-order
model of the linearized system of the nonlinear singularly perturbed system. The
theoretical result demonstrates that the above dynamic output feedback controller can
stabilize the linearized system and then the original nonlinear singularly perturbed
system as well, provided that ¢ is sufficiently small. Second, the nonlinear singularly
perturbed systems in which the nonlinearities are not necessarily continuously differ-
entiable but satisfy the global Lipschtz condition are investigated. Combining the
dynamic output feedback controller that stabilizes the reduced-order model of the
linear part of the nonlinear singularly perturbed system with the quasi-stability result
of Persidskii, a two-step compensating scheme is proposed to stabilize the original
nonlinear singularly perturbed system under consideration, provided that ¢ is
sufficiently small.

This paper is organized as follows. In Section II, the factorization approach for
designing the dynamic output feedback controllers in linear systems is introduced. In
Section II1, we consider a class of nonlinear singularly perturbed systems in which the
nonlinearities are continuously differentiable. The factorization approach is used to
design the dynamic output feedback controller for the reduced-order model of the
linearized system such that the original nonlinear singularly perturbed systems is asymp-
totically stable at the origin. The class of nonlinear singularly perturbed systems in
which the nonlinearities are not necessarily continuously differentiable but satisfy the
global Lipschtz condition is examined in Section IV. A two-step compensating scheme
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F1G. 1. One-parameter compensating scheme.

is proposed to stabilize the original nonlinear singularly perturbed system under con-
sideration. Two illustrative examples are given in Section V. Finally, conclusions are
provided in Section VI.

II. Factorization Approach

The factorization approach for designing the dynamic output feedback controllers
in linear systems is reviewed in this section.

Consider the feedback system shown in Fig. 1: P represents the plant and C the
compensator; r, and r. the external inputs; u, and u, the inputs to the plant and
compensator, respectively; y, and y, the output of the plant and compensator, respec-
tively.

Assume P is proper and has a state-space realization:

X = A,x+ B,u,,
v, = Cx+E,u,. (1)
Clearly we have
P(s) = C,(sI—A,)"'B,+E,.
Defining

for the feedback connection of Fig. 1, we can get

u= H(P,CO)r,
where
(I+PC)™'  —PU+CP)™!
HP,C) = . 2
+.0 [C(HPC)‘ (I+cp! J @

If the compensator Cis so chosen that det(/4 PC) 5= 0 and H(P, C) e M(S(s))t, then
C stabilizes P (input-output stability). Assume that the pairs (4,, B,) and (4,, C,) are

T The set of matrices whose elements are proper stable rational functions in s with real
coefficients.
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stabilizable and detectable, respectively; the following theorem gives parametrization
of the set of the stabilizing compensators C for P.

Theorem I (9)

Suppose that for the system (1) Pe M(R(s))t and (N,,D,), (D,, N,) are any right
coprime factorization and left coprime factorization of P, respectively. Select matrices
U,, V,, U,, V,in M(S(s)) such that

U,N,+V,D, =1 3
N,U,+D,V, =1 @)

Denote S(P) the set of all Cs in M(R(s)) that stabilize P, i.e. the set of all Cs in M(R(s))
such that H(P, C) e M(S(s)). Then

S(p) = {(V,—RN,) "(U,+RD,): Re M(S(s)),det(V,—RN,) # 0}
= {(U,+D,S)(V,—N,S)~': Se M(S(s)),det(V,—N,S) # 0}. %)
Note that all the matrices in (3)—(4) can be calculated by the following:
N, = C,(sI—(4,—FC,))""(B,— FE,)+E,,
D,=1-C,(sI—(4,—FC,))"'F,
N, =(C,—~E,K)(s]—(4,~B,K))"'B,+E,,
D, =1—-K(sI-(4,— B,K))"'B,,
U, = K(sI—(4,—FC,))"'F,
V,=I1+K(sI-(A4,—FC,)) " (B,~FE,),
U, = K(sI—(4,—B,K))"'F,

V,=1I1+(C,—E,K)(sI—(4,— B,K)) " 'F, 6)
in which K and F are properly chosen such that both 4,—B,K and A,—FC, are
Hurwitz. |

To discuss the internal stability of the feedback system in Fig. 1, the compensator C
is realized in state-space form as

X, = Ax.+Bu,
Ve = Cox.+ Eu @)
with the transfer function
H.(s)=C.(sI-A4,)" 'B.+E..
The following theorem states the relationship between internal stability and input-

output stability for the feedback system of Fig. 1.

+ The set of matrices whose elements are rational fynctions in s with real coefficients.
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Theorem II (9)
Suppose that the two triples (4,, B,, C,) and (4., B,, C,) are both stabilizable and
detectable and that

det(I+ H,(00)P(0)) = det(I+E,E,) # 0.

Under these conditions, the closed-loop system of Fig. 1 is asymptotically stable if
H(P,C)e M(S(s)). ]

In the following sections, the factorization approach is applied to stabilize two
different classes of nonlinear singularly perturbed systems.

I11. Dynamic Output Feedback Controller
Consider the following nonlinear singularly perturbed system:
X =f1(x1,x2,4)
eXy; = fH(x1, %5, 1)
y =g, x2), (8)

where the nonlinear functions f;, f, and g are continuously differentiable and
£1(0,0,0) =0, £5(0,0,0) = 0 and ¢g(0,0) = 0.

In this section, dynamic output feedback controllers are designed such that they can
asymptotically stabilize the nonlinear singularly perturbed system (8) at the origin.
Define

af; of d
Allza_l ) Alzza_l 5 Blz% ’
X1 X1 =0,x,=0,u4=0 X2 X, =0,x3=0,u=0 u x, =0,x,=0,u=0
of: af: af:
A21=a_2 > A22=5.i > BZ*_Z ’
X1 %, =0,x, =0,u=0 X2 [x, =06, =0u=0 Ou x1 = 0,0, =0,u=0
dg 99
C, = , Cy=— 9
l axl x; =0,x,=0 ? 6}(2 x, =0,%,=0 ( )
Therefore, the linearized system of (8) reads
Xy = Anxy+A2xy+ By,
&Xy = Ay X+ Azz X+ Bouy,
Yi=Cixy+Crxy (10)

The matrix A,, is assumed here to be nonsingular and Hurwitz. Furthermore, the
reduced-order model of system (10) can be obtained by setting ¢ = 0 in Eq. (10), i.e.

)%11=A11x11+A12f21+31171a (1)
0= A4, %+ A%+ B, (12)
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0 ! Xy = Ao%, +B,a,|

)71= CO}”+E07‘I "‘é +

1
E, d

=|

FiG. 2. Dynamic output feedback scheme for the reduced-order model (15).

7ir=Cx,+Co%y (13)
Since A, is nonsingular, we can get, from (12), that
Xy = —A5 Ay % — A3 By, (14)
Substituting (14) into (11) and (13) yields

%y = AoXy,+ Bodty,
V1= CoX\ 1+ Eoit, 15)
in which
Ay = A\ —A,A3' A5, By =B —A,A%'B,,
Cy=C,—CyA453' 45, E,= —C,43,'B,. (16)

The system (15) is generally referred to as the reduced-order model of the linearized
system (10). Suppose that the dynamic output feedback controller, which stabilizes the
reduced-order model (15) under the feedback interconnection as depicted in Fig. 2, can
be obtained from Theorem I and is realized as

X = AaXig+ By
Y = CaZpa+ Eiiy. an

It will be shown that the dynamic output feedback controller (17) can also stabilize the
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Xy=dA, X+ A4, %, *Bu,

8x21:A21xu+A22x21+Bzu,
y,=C, X+Cy %y,

953

FiG. 3. Dynamic output feedback scheme for the linearized system (10).

linearized system (10) and then the original nonlinear singularly perturbed system (8)
as well, provided that the singular perturbation parameter ¢ is sufficiently small.

Lemma 1

Suppose that the two triples (4, By, Co) of (15) and (A4, B, C,) of (17) are both
stabilizable and detectable and assume that (4, B, C,, E;) of (17) is a stabilizing
compensator for (4o, By, Co, Ep). Let E, be chosen such that the matrix (/+ E,Ey) "
exists and B,E, = 0 or E,C, = 0. Then, for a sufficiently small ¢, the linearized system
(10) is stabilized by the dynamic output feedback controller (17) under the feedback

scheme shown in Fig. 3.

Proof: From Fig. 2 it can be seen that

[fcu
X14
|:y1d_ B

Lol

]

U

Uy |

Co
0

4, 0] ?_511 +
0 A, Xu

J
Cy || X

_}71]
| Fu |

After simplifying the above equation, we have
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Ii_x;'”:|_ [ AO—BO(I+EdE0)ledC0 B0(1+EdE0)71Cd ][)_C”]

(—By+ B.Ey(I+EEy) "E)Cy  Ay— BEq(I+EEy) ™' Cy [ X

(18)

Since the two triples (4q, By, Cy) of (15) and (A4, B, C,) of (17) are both stabilizable
and detectable, the system (18) is, according to Theorem II, asymptotically stable.
Hence the matrix

|: Ao—By(I+E,E) 'E;Cy Bo(I+ E4Ey)~'C, ] (19)
(—B,+B,E,(I+ E,Ey)) "E))Cy  Ay— B.E(I+EE)™'C,

0=

in (18) is Hurwitz.
Moreover, the dynamic output feedback controller (17), by changing the notations
of variables, is rewritten here as:

Xia = AaXi+ Baug,
Vg = Coxig+ Equyy.
From Fig. 3 it can be seen that
X1 A, —BE,C, B/ C, A,—BE,||[x,
Xy | = —B,C, Ay —B,C, X | (20)
£Xy; A, —B,E,C, B,C, A,,—B,E,C, || x5

If the parameter E, is chosen such that B,E, = 0 or E,C, = 0, then (20) becomes

Xy A,—BEC, B C, A,—BE/C,||xy
Xy | = -B,C, Aq - B,C, Xid (21
£Xy; Ay —BE,C, B,C, Ay Xy

or

4, —B,E,C, B C; A,—BE/C

X B,C A B,C T
Xu |= o ¢ a2 Xid |- (22)
. Ay —BE,C, B,C, Ay
x21 — Xy
e € €

Moreover, the system (21) can be rewritten in a more compact form as the following:

X1y Xy

. NN

Xid _ 1.2 Xid (23)
= e leen ,

..... N.iN,

BX21 X2y

where
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A, —B E,C, B, C A,,—BE,C
N1= 11 14£d%1 1 d’ N2= 12 1 d2]’
—Bdcl Ad _BdC2
Ny = [4,, — B,E,C, B,C,], N,=A4,,.
Applying the following transformation to (21) (2):

X1 Eat
I * SPd
x .
S IR R TR S i (24)
..... —L, I—eL,P,
Xy Na
ie.
Ean X
I"'SPde —SPd x
Car N IR T, ld , (25)
..... L, : I}
Na X2

in which L, and P, satisfy
N3 —N4Ld+8LdN] —8LdN2Ld = 0,
&Ny, —N,L)P;—P,(Ns+eL;N,)+N, =0, (26)

the closed-loop system (21), or equivalently (23), can then be converted into a decoupled
form as the following:

é’dl édl

: No+0C(e) 0

S N RPN S Lo , @7
..... 0 N+ 0()

3] n

where
NO = Nl —NzN;1N3

Ay =B E,C, B,C;l [Ay,—B,E,C
:l: n—B8E,C, B d:|_[ 2 2]A521[A21—32Edcx 5,CJ

_BdCI Ad _Ba'CZ
Ny Nj
- [ } 28)
N; N

with
No= A, —B,E,C, —(A,,—B,E,C,)A3,' (4,, — B,E,C)),
N; =B, C;—(A,,—B,E;,C,)A5,' B,C,,
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N3 = —B,C, +B,C,A3;' (45, — B,E,C)),
N$ = A,+B,C,A45,' B, C,,.
Based on (16) and the fact that
U+MN)"'=1-MI+NM)~'N,
we have
(I+EE) ' =(I—E;C,A45,'B,) ' =TI+ E,C,(I— A3, B,E,C,) ' 45,' B,
= I+E,C,A45' B,("." BLE,C, = 0).

After lengthy manipulations, it can be shown that N, is identical to Hy (in (19)) and
thus Hurwitz. Since N, and N, (i.e. A,,) are both Hurwitz, the closed-loop system (27),
or equivalently (21), is hence asymptotically stable for a sufficiently small ¢. This
completes the proof. |

Remark 1
If the matrix E, can not be properly chosen such that B,E, = 0 or E,C, = 0, then the
following conditions (2) can be used to guarantee the result of Lemma 1:

(i) The pair (A4, B,) is weakly controllablet;
(ii) The pair (C,, A,,) is weakly observablet.

The following theorem demonstrates that the dynamic output feedback controller,
designed for the reduced-order model (15), can stabilize the original nonlinear singu-
larly perturbed system (8).

Theorem 11

Suppose that all the assumptions in Lemma 1 are available. Then, the pair
(A, By, Cy, Ey) of (17), which is designed for the reduced-order model (15), is a sta-
bilizing compensator for the original nonlinear singularly perturbed system (8) under
the feedback configuration of Fig. 4, provided that ¢ is sufficiently small.

Proof. The dynamic output feedback controller (17), by changing the notations of
variables, is rewritten here as

Xy = Ayx,+ By,
Vg = Caxq+ Equ,. (29)
From Fig. 4 we have
Xy = f1(xy, x5, 4),

Xy = Aaxa—B,ag(x,,x3),

+ The weak controllability and weak observability of the fast eigenvalues (i.e. the eigenvalues
of A,,) mean that they will not be affected by more than O(¢) through output feedback.
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j:l =~fl(x1’xz’u)
£ X, =f2(xl,x2,u)

y =g(xl,x2) - + O
(/)é—
O S *il____
E, !
B(l
J_ +
+

F1G. 4. Dynamic output feedback scheme for the original system (8).

1
X, = ;fz(xhxz,u)-

We rewrite (30) as

Defining

and

X 0 0 07x, 0
X 0=10 A; O x4 |+ —B,;|g(x1,x)+
X, 0 0 O0llx, 0

Zy X1
Z=2Zy | =| X4
Z3 X3

gz(z) :g(xlaXZ)’
.f]z(z) =f1(x19x27u)a
fZZ(Z) :fZ(xlaXZ’u)a

then the system (31) can be rewritten as

fl(xl’XZau)
0

1
Ef2(xlax2’u)

957

(30)

1)

(32)

(33)
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i =Z(2), (34)
where
Z@1 [0 0 0 0 i)
Z(z) =\ Z,(z) |=|0 A; O0]|z+| —B,|g.(z2)+ 0 . (35)
Zy(2) 0 0 O 0 gfzz(Z)

In order to analyze the stability of system (34), we calculate the Jacobian matrix of
Z(z)atz=0:

02, 02, 02,
621 622 823
0z 0Z, 0z, 0z,
0z |._, T | 8z, 0z, 0z, (36)
0z, 0z, 0z, o
with

0z oz 0z
o = A11 —'BlEdCIs St = BlCd’ — = AIZ_BlEdCZv
0zy |,_g 023 |._o 023 |,_o
0z, 07, 0Z,
-— = —B -— =4 - = —
521 o dcla 622 o ds 623 o BdCZ’
0Z,|  _(n—BEC) 3Zy)| _B.C, 9Zy| _An
0z, |,_, g T 02y | e 0z |._, e

Obviously the matrix in (36) is identical to the system matrix of (22). It is noted that
since the closed-loop system (27), or equivalently system (22), is asymptotically stable
for a sufficiently small ¢, the Jacobian matrix of Z(z) at z = 0 is Hurwitz, provided that
¢ is sufficiently small. Hence, we can see that if ¢ is small enough, then the dynamic
output feedback controller (29) can stabilize the original nonlinear singularly perturbed
system (8) under the feedback configuration of Fig. 4. This completes the proof.

Remark 2
The special cases

X, = fi(x1, X2, 4),
ex; = f2(x),x2),
y =g(x1,x2)1 (37)

or
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Xy =fl (xl’stu)a
sz =f2(xl,x2,u)a
y=g(x)) (38)

will lead to B, = 0 or C, = 0, respectively. Hence, the assumption B,E, = 0or E,C, =0
in Lemma 1 is always satisfied for any E,.

So far, we have considered the nonlinear singularly perturbed system (8) in which
the nonlinearities are continuously differentiable. The class of nonlinear singularly
perturbed systems in which the nonlinearities are not necessarily continuously differ-
entiable but satisfy the global Lipschtz condition is examined in the next section.

1V. Two-step Compensating Scheme
Consider the following nonlinear singularly perturbed systemt:
X, =Ax,+Apx+f1(x), x,)+ B,
eXy = Ay x) +Aax: +5(x1, %)+ Bau,
y=Cix;+Cyxy+g(x,x;) 39)

where x, e #", x,€ R", uc A", ye #". The functions f;: "X R" - R", fr: B"X R" —
A", g R"XRA" - R™; Ay, Ay, An, Asn, By, B,, C, and C, are the real matrices of
appropriate dimensions. The system (39) can be rewritten in a more compact form as
the following:

X = Ax+f(x)+ Bu

y=Cx+g.(x), (40)
where
—x All AIZ Bl
*= xl:l’ A=\dy An) B={B ) C=[G Gl
2 € € €
-fl(xl’XZ)
f(x) = fz(xl,XZ) > gx(x) =g(xlax2)' (41)
€

The following assumptions are made here:

(A1) f(0) =0 (i.e. £,(0,0) = 0 and £,(0,0) = 0) and g.(0) = 0 (i.e. g(0,0) = 0);

(A2) A,,1s nonsingular and Hurwitz;

(A3) fand g, satisty the global Lipschtz condition, i.e. there exist constants k k,
such that

T For the purpose of simplicity, the notations of the matrices in the linear part of system (39)
are chosen to be the same as those in the linearized system (10).
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D= < kli&—nll, V(. meZ" <A™, (42)

19:(E) =gl <k iE—nll, V(. n)eR" xR (43)
Consider the linear part of (39):
Xy =Apxy+Agpxy+ By,
£Xy = Ay X1+ Azs Xy + Byuy,
V= Cix+Cyxy,. 44)

The reduced-order model of system (44) can be obtained from (15) which is repeated
here for convenience:

%1, = Ao+ Bott),
7= CoXy+ Eyigy, (45)
in which
Ay= A, —A A5 A5y, By =B, —A,,45,'B,,
Co=C,—CA5' A2, Ey= —Cy45'B,. (46)

The stabilizing controller for the reduced-order model (45), which is described in (17),
is also repeated here:

X = AdFoa+ Baiiy,
Fia = CaXig+ Egilyy. 47)

In the preceding section we saw that the stabilizing controller (47), which is the
realization of the compensator obtained from Theorem I, also stabilizes the full-order
system (44) for a sufficiently small ¢. The theoretical result demonstrates that combining
the dynamic output feedback controller designed for the reduced-order model (45) with
the quasi-stability result of Persidskii, a two-step compensating scheme will stabilize the
original nonlinear singularly perturbed system (39), provided that ¢ is sufficiently small.

The two-step compensating scheme for stabilizing the system (39) is shown in Fig.
5, where C and H are controllers. The controller C is designed for stabilizing the
reduced-order model (45) and is realized in (47); however, the variables x,,, y,; and @,
are replaced by x,, y, and u,, respectively. The controller H will be chosen as the
following form:

Xy = Apx,+ By,

i = O0(xu"),  as|x,l =0, (48)
where A4, is Hurwitz, B, is a real matrix and k > 1. Moreover, the notation

Yu = 0(||xh”k), as|x,| —0,

means that exist positive constants ¢ and 4,  — 0, such that if ||x,|] < 6, then
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+ X = Ay x YA+ (x, x) 4B, u y
+ I
0—95\ =0 8X; SAy X1+ A %, +f, (%0 %) By
+ + y =C1x1+czx2+g(xpx2)
Y u N
d C d \K
-+
0
yh H uh
Fig. 5. Two-step compensating scheme for the original nonlinear singularly perturbed system
39).
sl < glix,ll*.

Prior to examination of the stability of the closed-loop system under the two-step
compensating scheme, the quasi-stability concept is first introduced.
Consider the nonlinear system which is partitioned into two subsystems of the forms

x = X{(z, x), (49)
z = Z(z,x). (50)

Assume that the existence and uniqueness of the solutions of (49) and (50) are guaran-
teed and that X(0,0) = Z(0,0) = 0. Thus, the origin (z,x) =(0,0) is an equilibrium
point of the complete system. Let y(¢) be a continuous vector with compatible dimension
and consider the associate system

x(1) = X(p(0), x(1)). (51

Denote O,, O, as the origin (z,x) =(0,0) of (49) and (50), respectively, and O the
origin (z, x) =(0,0) of the complete system. We say that the origin O, is quasi-stable
for (49) whenever, given any o, there exists a positive 4(¢) < ¢ such that if |y(0)| < 6
then any solution x(7) of (51) with | x(0)| < J has the property that in any time interval
0 <t < t;, in which ||y(0)]] < o, we have ||x(¢)|| < o. Contrapositively, the origin O, is
said to be quasi-unstable for (49) whenever, given any &, ¢ such that for any y(f) with
ly(0)} < éand y(¢) < ¢ for ¢ = 0, then for some solution x(r) of (51) with || x(0)| <4,
we have || x(¢)|| = o for some ¢ = 0. The quasi-stability and quasi-instability for O, are
completely defined analogously.

The relationship between quasi-stability of the subsystems and stability of the com-
plete system is stated in the following lemma established by Persidskii.

Lemma 2 (10)
If both O, and O, are quasi-stable for (49) and (50), respectively, O is then stable
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for the complete system. If O, or O, is quasi-unstable for the corresponding subsystem,
O is then unstable for the complete system.

A type of quasi-stable systems is given in the following lemma.

Lemma 3 (10)
For the system

z2=Az+X(z,x) (52)

under the assumption that the existence and uniqueness of the solution are guaranteed
and X(0,0) = 0. If A4 is Hurwitz and

X(z,x) = O(lz| +lIx|*), k>1

as {z|| +|lx|l = 0, i.e. there is a positive constant 6 — 0 and a positive constant K such
that )

1XGz 0l < Kzl +lx1),  k>1 (53)

whenever ||z|| + || x| < &, the origin (z, x) =(0,0) of (52) is then quasi-stable.

Theorem IV
Suppose that (A1)-(A3) are satisfied and all the assumptions in Lemma 1 hold.
Then, the original nonlinear singularly perturbed system (39) is stabilized by the
controllers C and H under the feedback configuration of Fig. S for a sufficiently small
e
Proof: The dynamic output feedback controller (47), by changing the notations of
variables, is rewritten here as:

Xg = Agxq+ Bauy,
Vo= Caxy+ Esuiy (549
Combining (39), (48) and (54) under the configuration of Fig. 5 yields
X, =Ax,+Ax,+ (x5, %)+ Bu
=Ayx;+ A+, x)+ By (v +ya)
= A x + A%+ (x1, X))+ By + B Caxy
—B\EJ[Cxy+Cyxy+9(x1, x2)]
=(A4;,—BE,C))x,+ (A, — B E;Cy)x,+ B, Cyxy
+1(x1,x2)— B E g(x,,x3)+ By, (55)
Xg = Agx;+ Bauy,
= Ax;+ B, (—y)
= —B,Cix,+Ayx;— B,Cyx> — B g(x),X3), (56)
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eX; = Ay 1 X+ Axyxy +5(x), x2) + Bau
= Aoy x +Apxs+f1(x1, X))+ B (v +y4)
= Ay x1 +Anx; +2(x1, x2) + Boyy+ B, Caxy
—B,E [Cx) + Cyxy +9(x,,%,5)]
= (43 —B,E,C))x, +Apx+B,Cux,

+/5(x1,x2)— B, E 9(x,,x5) + By y, (57)
X, = Apx,+ Byu,
= Apxp+ By [Crxy + Coxy +9(x1, x3)]
(58)

= A,,x,, +B,,C1x1 +BhC2X2 +Bh g(Xl 5 xz).

The closed-loop system (55)—(58) can be rewritten in a more compact form as the

following:
% Ay, —BE,C, B C, A,—BE/C,
1 1
. _BdC1 Ad —BdCZ
xd = xd
. (42— BE,Cy) B,C, A2z
X3 — X
€ € €
Si(x1,x2) B\E, B,
0 B 0
—| ] gnx)+ Vi (59a)
Sa(x1,x,) B,E, ﬁ
I £ £
Xy = ApXy+ B, C i x; + ByCoxy + By g(xy, X3). (59b)
Define
X1
z=|xq b Nzl =Ux P+ lxall> + 1x2 %),
X2
A, +BE,C, B, C; A,,—BE/C,
—B,C, Ay —B,C,
HI = >
(A —B:EC)) B,Cq, Ay
£ € £
Sx) =12
and

g:(x) = g.(2),

such that
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Si(xi, x3) B, E, B,
0 B 0
N(z,x,) = - 7| gl x)+ Vi
fZ(XIaXZ) BzEd ‘B_z
& &
B,E, B,
(1 07 4 By
0
=10 0|f(x)— g.(x)+ Va
2Ed &
) ) e
. B& K
0
=10 0|f(2)— g:-(2)+ :
BzEd B |
L ] |
BE, | B,
= sz(z) - g:(z)+ s
B.E, (2) B, Y
e | &
where
P 0
L=|0 0f
0 1
Consequently, the closed-loop system (59) can be rewritten as
z=Hiz+N(z, x,), (60a)
)'C;, = Ahx;, —+ [Bh C] 0 BhCZ]Z‘i‘ B;, gz(z). (60b)

Since H, is identical to the system matrix (22), by the same reason as that in the proof
of Theorem 111, H,is Hurwitz for a sufficiently small e.

Denote O, as (z, x;) =(0, 0) for the subsystem (60a). Then, O, is an equilibrium point
of (60a). Analogously, denote O, as (z, x,) =(0,0) for the subsystem (60b). Then, O,
is an equilibrium point of (60b). Also O is denoted as (z, x,,) = (0, 0) for the complete
system (60), then O 1is an equilibrium point for the complete system. The equilibrium
point O is proven to be stable in the following.

First, it is shown that the subsystem (60a) is quasi-stable. From the definition of
N(z, x;), we clearly have

B]Ed Bl

B 0
INGx)ll = || L@ — | ¢ | 9.+ Vi

B,E, B,

& [
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B/E, B,
B 0

= || LAx)— | 7 | g0+ Vi
N B,
& &

ILI A + by 19 + byl
KALLI X1+ b1 kg llx]| 4 b2 [l

V/ANY/A\

= Klx|| +b,q]x,]"*

< Kliz| +bagllxall, (61)
where
B\E, B,
B 0
b, = N, b= and K = k/||L| +b,k,.
B,E, B,
£ €
Let K = max(K, b,g), then
ING, x| < K(lz]l + [1x4]1), (62)
i.e.
ING, x)l = Ozl + [1x:]%). (63)

Hence, according to Lemma 3, the subsystem (60a) is quasi-stable for a sufficiently
small &. Subsequently, the subsystem (60b) is also proven to be quasi-stable in the
following. From (60b), we have

t

x4 (1) = exp(4,1)x,(0) + J exp(4,(t=N[B,C, 0 B,C)z(s) + B, g.(2(s))) ds.

0
(64)
Since A4, is Hurwitz, there exists a positive constant r,
r € min(—Re(r,))) (65)
where r; are the eigenvalues of 4,, and a positive constant » = 1 such that
lexp(A4,0)| < bexp(—r1).
Therefore,

XDl < bexp(—rn)llx,(0)]

+bj exp(—r(t—sHUI[B,C, 0 ByColll llz()l + | Byl llg-(z()) ) ds

0
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< bexp(—rt) (x40}

+bJ exp(—r(t =) (I By Cill + | BiC2 Dz || + &, | Bl 1z(s) 1) ds

0

< bexp(—r1)|x,(0)|]

—b(IBCi I + 1By C2 [ + kgl Byl 'r exp(—r(t—9))|z(s) | ds. (66)

0

Consequently, it is clear that for |z(f)| < o, there is a 6(¢) > 0 such that if || x,(0)| < §
then [|x,(f)|| < a. This proves the quasi-stability of the system (60b). According to
Lemma 2, the equilibrium point O of the complete system (60) is stable for a sufficiently
small e. This completes the proof. ]

Remark 3

According to the proof of Theorem IV, we have that if the dynamic output feedback
controller (47) can asymptotically stabilize the linear part of the original nonlinear
singularly perturbed system (39), i.e. system (44), for a sufficiently small ¢, then the
original system (39) can be stabilized by the two-step compensating scheme depicted
in Fig. S. Therefore, the merit of the design methodology proposed in this section is
that the stability bound of & can be deduced from the system (44) and hence is
independent of the nonlinear part of the original system (39). The stability bound of ¢
of linear singularly perturbed systems has been extensively discussed in the literature
(11-14).

V. Examples

Example 1
Consider the nonlinear singularly perturbed system:

Xo = 0.1x} +xox,+sin(x,; +u),  x,(0) = 0.085,
X = 28in(x,) +0.1x4 x,— 2x,— 5u,  x,,(0) = —0.1,
ex; = 5x,, +0.2x5 —5sin(x) +u,  x,(0) = 0.055,
V= X4 %0 +2x,. (67)

By comparing (67) with (8) we have

X1 0.1x7, + x,,x,+ sin(x,, +u)
X, = , X2 = Xp, Sfilx,x,u) = . 2 >
Xs2 2sin(x ) +0.1x7 x,—2x,— Su

fZ(xla-XZ’u) = 5~xsl +0'2x§2_58in(xf)+u9 .q(xl7x2) = xszlxsz +2xsl' (68)

It is obvious that f,, f, and g are continuously differentiable and f,(0,0,0) =0,
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/£>(0,0,0) = 0 and g(0,0) = 0. The matrices defined in (9) can be calculated as follows:

0 0 1 of 0
A11=L =|: :]a Alzza—l =|: 2],
axl xy =0,x,=0,u=0 2 _2 X2 x; =0,x, =0u=0 -
) d
21 zﬁ =[5 0], Az, zi = =5,
0x, X, =0,x,=0,u=0 0x, X1 =0,x,=0,u=0
1 )
B =2 - [ ] 5,-2 =1,
Ou x1 = 0,5, =0u=0 =5 Ju X, =0,x,=0,u=0
0g 09
C,=— =2 0], C,=+— =0. (69)
1 axl x; =0,x,=0 [ ] ? axz x; =0x,=0
Therefore, the linearized system of (67) is written as
) 0 1 0 1
Xy = 2 _» X1+ 9 X2+ _s [
eXy =[5 O)xy—5x+u,
=12 0xy. (70)

It is noted that 4,, = —5 is nonsingular and Hurwitz. Then, from (15) and (16), the
reduced-order model of (70) is obtained as

)%11=A0211+Bol71,
7= CoXy + Epi, (71)
in which
» 0 1 » 1
A0=A11—A12A22A21 = 0 2 s BozBl_Alezz Bz= _ 54/
Co = Cl _C2A2_21A21 = [2 0], E, = -CzAz_lez =0.

It is obvious that the pairs (4,, B,) and (A4, C,) are stabilizable and detectable, respec-

tively. Hence, we proceed to design the dynamic output feedback controller for the

reduced-order model (71) such that it can asymptotically stabilize the system (67).
Choose K=[—20 —20]and F=[5 O0]" such that the matrices

20 21 —-10 1
Ao —BoK = and A,—FC, =
—108 —110 0 -2

are both Hurwitz, respectively. Replacing 4,, B,, C, and E, in (6) with 4y, B,, C, and
E,, respectively, the matrices ¥, and U, are then calculated as
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241 1168
U, = K(sI— (A4, —FC,))"'F = uO_SL
52 +125s4+20
—100s—200
V, = I+ K(sI— (Ao —FCy)) " (By—FE) = — . (72)

574125420

Hence, if we set R = 0 in (5), then the stabilizing compensator for the reduced-order
model (71) becomes

— 1005 —200
S(p)=V;'U = ——"" 73
P =v"0 524+ 125420 73)
which can be realized as
X X
[.d1]=Ad[ d1]+Bdud
Xa2 Xa2
Xa1
Ya = Cdl: ]Jf‘Eduda (74)
Xa2
where
A 0 : B 0 C,=[-200 100} d E,=0
= R = N = |~ —_ an d = U,
“Tl-1168 —100 ‘7 ! ’

Therefore, we can see that (I—E,E)~' = I, B,E, = E,C, = 0 and the pairs (4, B,),
(A, C,) are stabilizable and detectable, respectively. Hence, all the assumptions in
Lemma 1 are satisfied. Consequently, according to Theorem 111, the dynamic output
feedback controller (74) stabilizes the original nonlinear singularly perturbed system
(67) for a sufficiently small ¢&. The simulation of the closed-loop system (67) and (74)
under the feedback interconnection as depicted in Fig. 4 is shown in Fig. 6. It is obvious
that the closed-loop system is asymptotically stable at the origin.

Example 2
Consider the nonlinear singularly perturbed system:

% = Tx,+1[6 —2][xf‘]—6|xs|—2u,
Xr2

Xp _ -2 -2 5 Xr1 —S|xn 1
SRy % I e S ey ]

y=5x,4[6 6] ["-"‘]wﬁ. (75)
xlz
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F1G. 6. The dynamics of the closed-loop system (67) and (74) with ¢ = 0.02 and initial condition

[ (0) X2(0) X1(0) XA0) x42(0)]T = [0.085 —0.1 0.055 0.0055 0.05]".
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A comparison of system (75) with system (39) reveals

x = x, xz=[§”], A =T Az=16 —12)
2

A—_2 A_—2 5
2= b 2=y 5

1
BI = _23 B2=|:l}a Cl =53 C2=[6 6]9

S, x) = —6|x,], falx),x,) :[ —3lxnl :|

—8sin(xy)

and  g(x;,x,) = x;. (76)

Obviously A4,, is nonsingular and Hurwitz. It is easy to check that the functions f}, f,
and g with £,(0,0) = 0, £,(0,0) = 0 and g(0, 0) = 0 satisfy the global Lipschtz condition.
Therefore, the assumptions (A1)—(A3) (in Section IV) are satisfied. The two-step
compensating scheme for the system (75) can next be designed.

First, the corresponding matrices in (46) can be calculated as

Ay =A,,—A,A45' 45, =1, By=B —A,,4;)'B, =2,
Co=C,—CrAn' Ay = =1, E; = —Cy45,,'B, =9. (77

It can be seen that the pairs (A4, B;) and (A,, C,) are stabilizable and detectable,
respectively. Therefore, we choose K = 10 and F = — 10 such that

AO_B()KZ _19 and AO—FCO= _9

are both Hurwitz. Replacing 4,, B,, C, and E, in (6) with 4,, B,, C;and E,, respectively,
we have

v 9s—11
N, = Co(sI— (A~ FC)) " (By—FEy) + Eg =~
y . s—1
D, = I=Co(sI— (4o = FCy)) F=s+9’
N, = (Com EoK)(sI— (Ao — ByK))~ Byt Eo = =
p = (Co—EK)(sI=(4y— By ot Eo="""g>

iy s—1
D, = I—K(sI— (4, — B K)) Bo:m’

. =100
U, = K(sI= (4o = FC)) ™ F = —0",
s+929

k]

V, = I+K(sI—(4,—FC,)) ' (By— FE,) = 519
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_ . —100
UP=K(SI—(AO—'BOK)) F= 5‘-{-—19’
_ . s+929
7y = I+(Co—EoK)(sI (40— BK)) ' F = ——=.

Hence, if we set R = 1/(s+ 10) in (5), then the stabilizing compensator for the reduced-
order model (45) becomes

S(p) = s+929 I 9s—11\"' —100+ 1 s—1Y —995—1001
(p) = s+9  s5+10 s+9 s+9  s+1054+9) 24930549301
(78)
which can be realized as
|:).Cd1 :| = Ad|:xm :|+ Bu,,
Xa2 Xa2
X,
Ya = Cd|: dl:|+Edud» @)
Xa2
where
A 0 : B 0 C,=[—1001 99] d E, =0
= , = , =[— — an = 0.
47 9301 —930 ‘71 4 ¢

It can be shown that all the assumptions in Lemma 1 are satisfied. Furthermore, the
stable linear compensator H can be chosen, according to (48), as the following:

)'C;, = —SXh+uh,

Vi = X (80)

The dynamics of the closed-loop system (75), (79) and (80) under the interconnection
shown in Fig. 5 are illustrated in Fig. 7. These figures clearly indicate that the closed-
loop system is asymptotically stable at the origin.

VI. Conclusions

In this paper, the stabilization problem of two classes of nonlinear singularly per-
turbed systems is discussed. In the first class of systems, the nonlinear functions
describing the system dynamics need to be continuously differentiable. While this
condition is not necessarily needed in the second class of systems, instead it is assumed
that the nonlinear functions describing the system dynamics only satisfy the global
Lipschtz condition. The set S(p) of all linear stabilizing compensators given in Theorem
I plays an important role in our control synthesis, since it can stabilize the reduced-
order model of the linearized (or linear) part of the two classes of nonlinear singularly
perturbed systems under consideration. We have proved that this can guarantee the
stabilization of the first class of systems for a sufficiently small e&. However, this is not
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the case for the other class of systems. The quasi-stability result by Persidskii is then
introduced to combine the set S(p) obtained from the factorization theory to establish
a two-step compensating scheme for stabilizing this class of nonlinear singularly per-
turbed systems, provided that ¢ is sufficiently small. The theoretical result demonstrates
that, under this two-step compensating scheme, the closed-loop system is asymptotically
stable.
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