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Abstract

Let LA = {fa x: X is a partition of [0, 1]} be a class of piecewise linear maps associated with a transition matrix A. In this
paper, we prove that if fo x € L4, then the Liapunov exponent A (x) of fA x is equal to a measure theoretic entropy Am, , of fA x.
where my x is a Markov measure associated with A and x. The Liapunov exponent and the entropy are computable by solving
an eigenvalue problem and can be explicitly calculated when the transition matrix A is symmetric. Moreover, we also show that
maxx A(X) = maxx hy, = log(A1), where A1 is the maximal eigenvalue of A.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

Our main concern here is to relate entropy to Liapunov exponents. Let A = (a;;) be an n X n transition matrix, i.e.,
ajj=0or1foralli, j. Let x = (x1, x2, ooy x)T e R", where x; > 0 for all i and Z?lei = 1. We shall call such x

a partition of the interval [0, 1]. Let I; = [Z{z_ll Xi, Z{:] x;i1, where xo =0, and o; = {1 < j <n: g;j = 1}. We then
define £ as

La = {fax: Xis a partition of [0, 1]}. (1.1)

Here fa x is a piecewise linear map satisfying

f) = U I; (1.2a)
Jeo;
and
/ (Ax)i o
f(l‘)=T=ZSi fort e I; — D;, (1.2b)
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where [; is the interior of I; and D; C I; is a finite set. If, for instance, A = (i é) and x = (%, %)T, then

2t, 0<t <,

fax=1 " o

2 ’

We prove, in this paper, that the Liapunov exponent A(x) of fa x is equal to a measure theoretic entropy A, .

of fa.x» Where my x is a Markov measure associated with A and x. Here, the Liapunov exponent and the entropy

are computable by solving an eigenvalue problem and can be explicitly calculated when the transition matrix A is

symmetric. Moreover, we also show that maxx A(X) = maxyx i, , = log(A1), where A is the maximal eigenvalue

of A.

The relationship between entropy and Liapunov exponents have been studied by many authors (see, e.g., [3,4,6,8]

and the works cited therein). In [8], Ruelle proved that

I<r<r

hu(f)=fxdu, (1.3)
M
where p is any invariant measure for f and x (x) = Zk;(X)ZO m j(x) in which A (x) denotes the jth Liapunov expo-
nent of f at x and m ;(x) is it’s multiplicity. It was shown by Pesin [6] that the equality in (1.3) holds provided that f
is Holder C! and p is absolutely continuous with respect to Lebesgue measure of M. In [3], Ledrappier studied the
relationship between dimension, entropy and Liapunov exponent for piecewise differential interval maps. In [4], Liu
studied Pesin’s formula for C? noninvertible maps.

2. Preliminaries

For ease of references, we shall recall some definitions and known results. Let (X, B, m) be a measure space. Here
BB denotes the o -algebra of all measurable sets in X and m denotes the measure on X. Let f : X — X be a measurable
function, f is said to be measure preserving with respect to the measure m if m(S) =m(f —1($)) for all S € B. Here
m is called an invariant measure for f.

Definition 2.1. Let f be measure preserving on (X, B,m). A set S € B is called f-invariant if f~1(S)=S. f is said
to be ergodic if every f-invariant set has measure 0 or full measure.

Definition 2.2. Let f : R — R be a C! function. For each point #y € R, define the Liapunov exponent at g as follows:

n—1

A(tp) = limsup l 10g| (f("))/(x)| = lim sup l Zlog|f/(xj)|, 2.1)
n—oo N n—oo N =0

where x; = £ (x).

Proposition 2.1. (See, e.g., [7, p. 86].) Let f : [0, 1] — [0, 1] be differentiable. If f is ergodic with respect to the
measure m, then the Liapunov exponent for f is constant a.e. and is given by
1
Ax) = / log| f/(t)|dm  a.e. (2.2)

0

Definition 2.3. Let (X, 3, m) be a measure space and P be a partition of X, the entropy of partition P is defined to be

H(P)=—)_m(P)logm(P).
PeP
Let f: X — X be measure preserving. The entropy of f with respect to P is defined by

. 1 n—1 iy
h(f, P)=nll>n;o;H<\/f 1(79)). (2.3)

J=0
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Here the notation ’;;(1) f ~J(P) denotes the partition whose elements are of the form AgN--- N A,_1 for A; €
f/(P),i=0,...,n— 1, satisfying m(Ag N --- N A,_1) # 0. The measure theoretic entropy of f is given by

hm(f)= sup  h(f.,P).

P: partition
Proposition 2.2. (See [5, Proposition IV.3.2].) The limit in (2.3) is well defined and exists.
Let A be an n x n transition matrix. P = (p;;) € M;x,(R) is said to be a stochastic matrix associated with A if

(1) pij=0ifandonlyif a;; =0for 1 <i, j <n.
Q) 0<pij<lforalll1 <i,j<n.

G) Xjpij=1
Clearly, there exists a left eigenvector q/ = (¢1, q2, .. ., q») satisfying the following:

qP=q" (2.4a)
and

n

> qi=1 (2.4b)

i=1
We then define a Markov measure u = up q associated with (P, q) by

/’L(C(l()a ilv cees lk)) =iy Pig,iy " Pix_1.ix> (25)
where C (ig, i1, ...,k) = {(jo, j1,...) € XA: jo=1l0,..., jx =ik} is called a cylinder.

Proposition 2.3. (See, e.g., [5, Theorem I-10.1].) j = up,q is an invariant measure of the Markov shift oa.

Theorem 2.1. (See, e.g., [5, p. 221].) Let A be an n X n transition matrix and pp,q = p be the invariant Markov
measure defined by (P, q) associated with A. Then

hyu(0a) == qipijlog pij.
ij
Definition 2.4. Let (X;, B;, m;), i = 1,2, be measure spaces and f; : X; — X; be measure preserving. We say that f;

is equivalent to f; if there exist F': X1 — X7 and G : X2 — X satisfying the following properties:

(a) Forany Ay € By, F~'(Ay) € By and m{(F~1(A2)) = ma(Ay).
(b) Forany Ay € By, G"'(A1) € B> and m2(G~' (A1) =m1(A)).
(¢) GoF =idy, ae.and F o G =idy, a.e.

(d) froF=Fofae.

This is obviously an equivalence relation. Equivalence maps have the following important properties that can be
easily derived.

Proposition 2.4. (See [5, Proposition IV.4.1].) Equivalent maps have the same measure theoretic entropy and ergod-
icity.

3. Main results

By adopting the standard techniques for solving the Perron—Frobenius equation, we are able to obtain an invariant
measure of fa x on [0, 1].
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Theorem 3.1. Let y' = (y1, ..., y,) be the left eigenvector of diag(sfl, ey sn_l)A corresponding to eigenvalue 1
withy'x =1, i.e.,

y! diag(s; !5 A=y 3.1
and

yix=1. (3.2)

Let p(t) = y; fort € I;. Then the measure m on [0, 1] defined as m(S) = ma x(S) = fs p(t)dt is an invariant measure
OffA,X on [0’ 1]

Proof. Since diag(sl_1 . )Ax = x, the existence of the left eigenvector y satisfying (3.1) and (3.2) is guaranteed.

To see m is an invariant measure of fy x, it suffices to show that for / C I;, 1 <i <n,m(J) = m(f;;(J)). To this
end, let o; = {j: aj; = 1}. We see that

faxh=U 7
JEai
where J; C I and £(J) = s5;£(J;). Here £(J) is the Lebesgue measure of J. Now,
_ Yj
m(fux(D) =m( U J,-) =2 VitUp =) SN = vt =m(J).
JEo; JEo; JEQ;

We have used (3.1) to justify the second equality above. 0O

Theorem 3.1 is indeed a special case of [1, Proposition 3.3.1]. In the following, we show that the eigenvalue
problem (3.1) and (3.2) can be explicitly solved when A is symmetric.

Corollary 3.1. If A is a symmetric transition matrix, then the row vector y! as given in Theorem 3.1, is

xTA
v =G
x! Ax
Proof. Since A is symmetric, X’ A = ((AX)1, ..., (AX),). Hence
TA qinofo—l —1 . x| X1
Ad s = ((Ax)q, ..., (A d s
X 1ag(s1 s, ) (( X)1 ( x)n) 1ag<(AX)l (AX)n)

T
=(X1,...,x) =X".

Thus y7 is as asserted. O

From here on to the end of this section, we set P and q as follows:
P = (diag Ax) ' A diagx, (3.3)
and

T .

x' A(diagx

q' =y’ diagx (: % if Ais symmetric). (3.4)
x! Ax

Here A is a transition matrix and x is defined in (3.1). Note that P is a stochastic matrix associated with A and qT is

a left eigenvector corresponding to eigenvalue 1. Thus up ¢ is an invariant measure for o4 .

Theorem 3.2. Consider fa x and o on ([0, 1], ma x) and (X, up q), respectively. Here P and q are described as
above. Then fy x is equivalent to o4.



362 J. Juang, S.-F. Shieh / J. Math. Anal. Appl. 338 (2008) 358-364

Proof. Given 1 <iy,...,i;y <n,let
Ligiy...ip = {t €10, 11: fl(0)el;, 0<j<k}.

It is well known that fa x is topological conjugate to o4 (i.e., satisfying condition (c) and (d) in Definition 2.4, see,
e.g., [2, Theorem 3.18]). Therefore, it suffices to show that

ma x(Lig,...i) = up,q(Cig,....ir)-

Writing s;” - ﬁ, we get that

—1 —1
mAxig,in....ix) = YioSiy @io,irSiy - Wi, ix Xi

1 1
= ()’ioxio)<(AT)_ai0,i1xi1> e <Wﬂiklsikxik>
10 lk—1

= (qio)(pio,il)(pil,iz) tee (pik,l,ik)
- MP,q(Cio,...,ik)~
We thus complete the proof of Theorem 3.2. O

Theorem 3.3. Let A be an n x n transition matrix which is irreducible, then the Liapunov exponent A(X) of fa x is
A(x) = yT logdiag(sy, ..., sp)X.

Proof. According to the equivalence of f4 x and o, we see that fa x is ergodic if and only if A is irreducible. Hence,
it follows from (2.2) and the construction of f4 x, that the Liapunov exponent A of fj x is

1

=/log|f1’s’x(t)| dmpx =y" logdiag(sy, ..., sn)X.
0
We just proved the theorem. O

We are now ready to state the main result of the paper.

Theorem 3.4. Let A be an n x n transition matrix which is irreducible. Let .. = A(X) be the Liapunov exponent of fa x,
then

(1) A(X) = himy ,(fax) where mp x is the invariant measure for fa x given as in Theorem 3.1.
(2) supy. parition *(X) = hiop(fa,x) =10gA1, where Ay is the maximal eigenvalue of A. The sup attains while X is
chosen to be the eigenvector of A corresponding to eigenvalue Ay with Y x; = 1.

Proof. Let P = (p;;), and so (p;;) = (%aij). Set P = (pijlogpij), and e = (1,..., )T, it follows from Theo-
rem 3.2, (3.3), (3.4) and Theorem 2.1(1) that

himgx (fax) = hup,y (04) = —q" Pe = —y” (diagx)Pe. (3.5)

Now,
Pe = (Ladog(iw )) e
Ax); N A ) )
. _ Xj .
= (diag Ax) 1<a,-j log< e alj>) diag(xy, ..., xp)e
(Ax); nxn

= (diag Ax)™ 1(a,,log((A ) ,/))nxnx. (3.6)

Moreover, we have that
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- <aij (log &m;))nxn = —(aij10gaij)nxn + (aijlog(AX);) — (@ij10gX;)nxn. 3.7
Since either a;; = 0 or a;; = 1, we see that a;; loga;; = 0. We also note that
(aij log(Ax);), = log(diag Ax)A
and
(aijlogx)nxn = Alogdiagx.
Substituting (3.7) into (3.6), we get that

—Pe= (diagAx)_1 log(diag Ax)Ax — (diag Ax)_lA(log diag x)x. 3.9)
Here log A = (loga;;) and
X1 0
x2
diagx =
0 Xn

To further simplify (3.5), we note that
y! diagx(diag Ax) 'A =y (3.9)
and
yT diag x(diag Ax)*1 log(diag AX)Ax = yT log(diag Ax)(diag x)(diag Ax) ™~ TAx
=y log(diag Ax)(diag x)e
=y’ log(diag Ax)x. (3.10)
It then follows from (3.8)—(3.10) and Theorem 3.2, (3.5) becomes
hm,,q (oa) = yT log(diag Ax)x — yT (logdiagx)x
=y log(diag(sy, ..., Sn))X
= A(x).
We thus complete the proof of the theorem. O
Remark 3.1. It is shown in [3, Proposition 4] that for any piecewise differentiable map f with A(f, u) > 0, the
equality
HD(u)A(f, n) = h[L f

holds. Here HD () denotes the fractal dimension of the ergodic invariant measure & on a compact space. In the case of
this paper, it can be shown that HD(u) = 1, and hence, Theorem 3.4(1) can be obtained when the Liapunov exponent
of fa x is positive. In this work, we mainly provide an alternative proof without using the dimension. On the other
hand, combining Theorems 3.3 and 3.4(1), it reveals that the Liapunov exponent and the measure theoretic entropy of
the maps fa x are computable by solving the eigenvalue problem (3.1) (e.g., using the power method). In particular,
while the corresponding transition matrix A is symmetric, it follows from Corollary 3.1 that the Liapunov exponent
(as well as the entropy) can be explicitly solved by

1 @i X
AX) = hpy  (fax) = E —XTzaijxin log —lé / (3.11)
= i
ij

where z = Ax. From the viewpoint of an eigenvalue problem, using Theorem 3.4(2), (3.11) also gives a nontrivial
lower bound for the maximal eigenvalue of a symmetric transition matrix.
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