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Abstract. A model of integrate-and-fire oscillators is studied. In the special case of identical oscillators, the
model was first proposed and analyzed by Mirollo and Strogatz [SIAM J. Appl. Math., 50 (1990),
pp. 1645-1662]. We assume, as in Mirollo and Strogatz’s model, that each oscillator z; evolves
according to a map f;. Our main results are to demonstrate that the concavity structure of f; plays
an important role in determining whether Peskin’s second conjecture holds true. Specifically, the
following statements are proved. First, the system of convex oscillators (i.e., f;’ < 0 for all 4), in
general, synchronizes when the oscillators are not quite identical. Second, the system of a certain
class of concave oscillators (i.e., f{’ > 0 for all i) will not achieve synchrony for initial conditions
in a set of positive measure when the oscillators are nearly identical. Third, the system of concave
oscillators may achieve synchrony under certain sufficient conditions, provided that the oscillators
are not quite nonidentical and that its concavity is small.
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1. Introduction. Large assemblies of oscillator units can spontaneously evolve to a state
of large scale organization. Synchronization is the best known phenomenon of this kind, where
after some transient regime a coherent oscillatory activity of the set of oscillators emerges. This
interesting phenomenon is quite common in many different disciplines such as engineering [62],
physics [15, 35, 51|, chemistry [36], as well as biology [61]. For example, in southeastern
fireflies, thousands of individuals gathered on trees may flash in unison. Other examples of
biological oscillators are the rhythmic activity of cells of the heart pacemaker [29, 40, 43, 55],
of cells of the pancreas [48, 49], and of neural networks [9, 13, 20, 43, 45, 50]. Synchronization
of oscillators has been studied in both phase-coupled models [3, 4, 5, 6, 11, 16, 17, 18, 19,
30, 33, 37, 38, 39, 42, 44, 52, 53, 55, 56, 57, 60, 58, 63], where the interaction between the
oscillators is smooth and continuous in time, and pulse-coupled models [1, 7, 10, 12, 23, 24,
25, 27, 28, 31, 32, 36, 41, 46, 47, 57, 59], where the membrane voltage is discontinuously reset
to a fixed value once it reaches a certain threshold. It should be noted that pulse-coupled
models are of greater relevance for neuroscience applications since synaptic coupling is often
spike mediated.

This paper deals with a population of integrate-and-fire oscillators with all-to-all pulse
coupling. We begin with describing Peskin’s model of n integrate-and-fire oscillators. Let

the state of the ith oscillator be denoted by x;, where z; are subject to the dynamics d;ti =

“Received by the editors November 25, 2007; accepted for publication (in revised form) by D. Terman July 17,
2008; published electronically December 3, 2008.

http://www.siam.org/journals/siads/7-4/70922.html

TDepartment of Applied Mathematics, National Chiao Tung University, Hsinchu, Taiwan, R.O.C. (shamrock.
am94g®@nctu.edu.tw, jjuang@math.nctu.edu.tw).

1445

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.


http://www.siam.org/journals/siads/7-4/70922.html
mailto:shamrock.am94g@nctu.edu.tw
mailto:shamrock.am94g@nctu.edu.tw
mailto:jjuang@math.nctu.edu.tw

Downloaded 04/30/14 to 140.113.38.11. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

1446 YU-CHUAN CHANG AND JONQ JUANG

—rixi+1;, 0<x; <1,7=1,2,...,n, with input I; > 0, a normalized threshold 1, and leakiness
r; > 0. When x; = 1, the ith oscillator fires and z; jumps back to zero. As a consequence of
the firing of the ith oscillator, the activation of any other oscillator j is incremented by the
coupling w; ;. Should no confusion arise, we write w; ; as w;;. This model was later generalized
by Mirollo and Strogatz [41]. It was assumed that the state variable x; evolves according to
a map f;. When x; reaches the threshold, the oscillator fires and x; jumps back instantly to
zero, and the activation of any other oscillator j is incremented by the positive coupling wj;.
Specifically, z; evolve according to z; = fi(¢;), where f; : [0,1] — [0, 1] is smooth and strictly
increasing, i.e., f/ > 0 on (0,1). Here ¢; is a phase variable so that (i) d;;i = =+, where T;
is the cycle period for oscillator x; when evolving freely; (ii) ¢; = 0 when the oscﬂlator is at
its lowest state z; = 0; and (iii) ¢; = 1 at the end of cycle when the oscillator reaches the
threshold x; = 1. Therefore, f; satisfy f;(0) = 0, f;(1) = 1. These maps f; are to be called
evolution maps. The inverses of f; are to be denoted by g;. If f; = f, T; =T, and w;; = w for
all 4, 7, then the corresponding system is called identical. Otherwise, it is called nonidentical.
To describe the dynamics of the model, let ®° = (¢, 49, ...,4") € R™ be the initial condition
of the oscillators. Here 0 = ¢§ < ¢§ <--- < @) < 1 Further, ®% = (¢kl,¢k2, ..,qb],zn), where
0= qbk qbk < - < ¢k < 1, is the state of n oscillators after the kth firing. Denote
by Vk(i;[)o) the set of the indexes of oscillators reaching threshold simultaneously and thus
firing the kth time at the same instance. After the (k — 1)th firing, there will be at least
one oscillator ready to fire at the next instance. Such an index set Vj,(®") of the next firing
oscillators is called the trigger set with respect to the initial condition ®° at the kth stage.
Let Ug(®°) be the index set of oscillators which reach the threshold at the kth stage. Note
that Uy(®°) D Vi (®°). Hence, Ux(®°) may contain the index of the oscillators which reach
the threshold after receiving activations from other oscillators in V(®%). Such a set U (®?) is
to be termed the spike set with respect to the initial condition ®° at the kth stage. The terms
for sets Uy, and Vj, were first used in [57]. Should no confusion arise, we shall write V(®°)
and Uy (®°) as Vj and Uy, respectively. Immediately after the first firing, the resulting state

1= (¢%17¢%27"'7¢%n), 02(25%1 < th <--- Sqﬁ%n < 1, is given by

¢1 <flg ( 0 (1- (Z% ) + ¢1Z> Z Wlm)

jeUy
(1.1) =:g1,(f1,(61,) + w1,), ipeViand 1, € {1,2,...,n} = Uy =: S,, — U7.

Note that the first firing consists of firings due to some oscillators reaching threshold simul-
taneously as well as any other oscillators then reaching threshold due to chain reaction of the
earlier firings that are infinitesimally apart. All those chains of firings can be lumped into one
set of “simultaneously firing” oscillators. The states ®* = (¢k1,¢>k2, ceey gzﬁlljn) of n oscillators
after the kth firing can then be defined accordingly. If the cardinality of the spike set Uy,
k=1,2,...,n, is one, then we shall say that the system of n oscillators undergoes one whole
cycle of firings or no absorption occurs for the system of n oscillators within one cycle of firings.
For Peskin’s model, f;(¢) = 7{—1(1 — e "iTi%) and T; = ln(ﬁ)/rZ Peskin conjectured that,
first, for identical oscillators, the system approaches a state in which all oscillators are firing
synchronously for almost all initial conditions and that, second, this remains true even when
the oscillators are not quite identical. The first part of the conjecture was essentially proved
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by Mirollo and Strogatz [41] with convex oscillators (i.e., f/ < 0). The second part of Peskin’s
conjecture was verified by Urbanczik and Senn [57] with flat oscillators (i.e., f/” = 0). The
key feature in those proofs relies on the nonconcavity of the evolution functions f;. However,
Bottani [8] numerically showed that even concave oscillators (i.e., f/ > 0) can synchronize,
provided that the concavity is not too large. The purpose of this paper is two-fold. First, we
prove the second part of Peskin’s conjecture for the system of convex oscillators. Second, we
prove Bottani’s numerical results and more. Specifically, we shall show that for the system of
n “identical” concave oscillators, no synchronization occurs for initial values in a set of posi-
tive measure, provided that n = 3 or n is even or phase responding curve h(z) = g(f(z) + w)
is concave upward. That is to say, in general, concave oscillators may synchronize for almost
all initial conditions only if the concavity of the evolution maps is small. Indeed, we prove
that the imbalance between the speeds and /or coupling strengths of the oscillators induces the
synchronization of the system, provided that the concavity of the evolution maps is sufficiently
small.

Since the work of Mirollo and Strogatz, current research into pulse-coupled or integrate-
and-fire oscillators has become motivated by more elaborate questions (see, e.g., [25, 32, 47]).
There have been many papers [7, 13, 25, 26, 39, 45, 46, 47] discussing those more advanced
and complicated models. Some progress has also been made for more realistic biophysical
models such as oscillators subject to small noise [36], constant delays [21], or a finite duration
of synaptic response [2, 14, 22, 26].

We conclude this introductory section by mentioning the organization of the paper. Sec-
tion 2 is devoted to the stability conditions for systems of two or more oscillators. In section 3,
we derive the absorption conditions for systems of two or more oscillators. In particular, the
necessary and sufficient condition for the absorption of two oscillators is given. This, in turn,
provides some insight into the role that concavity of the evolution maps plays in determining
the absorption process for systems of more than two oscillators. Some sufficient conditions
for the absorption conditions for systems of more than two oscillators are derived. The main
results of the paper are also recorded in this section.

2. Stable partial and full synchrony. Before beginning the analysis, we give an intuitive
account of the way that synchrony develops as the system evolves: oscillators begin to clump
together in “groups” that fire at the same time. For nonidentical oscillators, such groups of
oscillators when they reach partial/full synchrony may break up again as the system continues
to evolve. Consequently, it is desirable to find stability conditions for which a group of oscilla-
tors reaching the threshold at the same time will remain coordinated in the future. Such stable
partial synchrony then gives rise to a positive feedback process, and thereby tends to grow by
“absorbing” other oscillators. Absorptions reduce the number of groups until ultimately only
one group remains—at that point the population is synchronized. The scenario above was first
pointed out for a different system by Winfree [60], and the phrase “absorption” was coined
by Mirollo and Strogatz [41]. With the characteristic of constant speed and equal coupling
strengths, the system of identical oscillators always has the stability conditions satisfied. In
this section, we shall derive stability conditions. The absorption conditions of the system are
to be derived in section 3.

Unless otherwise stated, throughout this paper, the system of oscillators under consider-
ation is either one of two types: convex or concave oscillators.
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2.1. Stability conditions for two oscillators. We begin with the study of the system of
two oscillators, which provides some insight as to why the system may or may not synchronize.
The stability condition for two oscillators is to be derived in this subsection. To this end, we
first need certain common properties shared by f and its inverse g.

Lemma 2.1. Let h; : [0,1] — [0,1] be smooth and strictly increasing maps with h;(0) = 0
and hi(1) = 1. Moreover, we assume that h; have no inflection points and that lim, o+ xh}(1—
z) =0 and lim,_ o+ xhi(x) = 0. For each i, let two points, A = (a1,a2) and B = (b1,ba), be
on y = h;i(x) with by — a; > wmin. Here wmyin, the minimum of coupling strength, is defined to
be

(2.1a) Wmin = niaijnwij.

Let myp, and My, be, respectively, the minimum and mazimum slope of the secant to h; with the
difference in x being at least wmin. They are, respectively, defined as follows:

hi(wmin) 1 = hi(1 — wiin) }}

(2.1b) myp = min {min {

Wmin ’ Wmin
and
hi min 1- hz 1- min

(2.1c) M}, = max {max{ w ), (1-w )}}

¢ Wmin Wmin
Then

h;(b1) — h;

(2.2) Mh > M > mp, mp < 1 and Mh > 1.

b1 —ax

The equalities hold only if by — a1 = wmin and a1 =0 or by = 1.
Proof. We illustrate only the case that h}(z) > 0 on (0,1). Clearly, hi(a+xg_hi(a) > hil@)

— x

forany a > 0, x > 0, and 1 > a + z > 0. Moreover, hig(cx) is increasing and bounded above

by 1, and %(1_96) is decreasing and bounded below by 1. Consequently, M > 1=hill=wmin)

Wmin -
h’i(bl)_hi(al) hi(wmin)
bl —a1 2 Wmin 2 mh . .
Remark 2.1.

1. The geometric and physical meanings of my and My can be roughly interpreted as
follows. Let the difference of two points in the vertical axis be the sum ) w;; of certain
coupling strengths due to the firings of certain oscillators; then the resulting difference
in h is no smaller than my, Y w;; and no better than My, ) w;;. See Figure 1.

2. Let wmax = max; jwi;. An immediate application to Lemma 2.1 and Remark 2.1.1 is
the following interpretation of the meaning of the quantities Mywmax and mgwmin.
(a) If an oscillator is within the distance mgywmin of the threshold, then it will reach

the threshold whenever it receives an activation jump due to the firings of other
oscillators. On the other hand, if an oscillator is at least Mywmax away from the
threshold, then it will not reach the threshold whenever it receives an activation
jump due to a single firing of another oscillator.
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0 o M-w. 1

min min

Figure 1. Points O, C, A, B, D, and E are on a convex map y = h(z). In this situation, mgs is defined
as the slope of OC = M}, and msg = mp. The assertions of Lemma 2.1 can easily be seen from the figure.

(b) If the ith oscillator has just received an impulse of strength w;j at x from the jth
oscillator, then its phase jump, g;(fi(x)+wij) —x, is at least mgwmin and at most
Mywmax away from the origin.

Theorem 2.2. Let
T.

(2.3) tmax = mz;x TZ AT =tmax — 1, and  wmin = nznjn Wij.

Suppose that f; satisfy the same assumption as those maps h; in Lemma 2.1. Let
(2.4) MgWmin > AT

Then the system of two oscillators is stable.
Proof. Let ® = (¢? = 0, ¢y = 0) € R2. We may assume that gb has a greater speed T%

and, hence, is the one that first reaches the threshold. Thus, ¢1 = g1 ( f1( )+w12) Therefore,

#1 < 1 if and only if %lwm)w <1- —f If f/(z) >0, or equlvalently, g/ (x) < 0, and
(2.4) holds, then we conclude, via (2.2), that ¢1 > 1. Consequently, the assertion of the
theorem holds. Suppose that f/'(z) < 0, or equivalently, g/'(z) > 0, and that (2.4) is satisfied.

Then %m_wm)w > gl(“’”)w 12 > MgWmin > AT > 1 — Q We have completed the proof of
the theorem. [ |

The quantity AT is the phase difference between the fastest and slowest oscillators when
evolving freely from their lowest state 0 toward the threshold. Therefore, if (2.4) holds, then
two oscillators will remain firing synchronously according to Remark 2.1.2(a). To derive the
stability condition and the absorption condition of the system, we make use of Lemma 2.1.
From here on, we shall consider only the evolution maps that cannot turn “too” sharply
at both ends. That is, the evolution maps f; under consideration have the property that
lim, o+ 2 f/(1 —z) = 0 and lim,_,g+ 2 f/(z) = 0. It should be noted that each of the inverses

of maps f; cannot turn too sharply at both ends either.

2.2. Stable partial synchrony for n oscillators. To derive stable partial synchrony for
n oscillators, we first need to derive conditions to exclude the possibility that one oscillator
will run “too fast.” The following proposition gives conditions that will prevent any oscillator
from running too fast.
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Proposition 2.3. Let h; be given as in Lemma 2.1, and let Ah and Aw be given as follows:

(2.5a) Ah = max max |hi(¢) — hj(o)]

and

(2.5b) Aw = Imax max (Z lwie — wjg|) ,

7]
i#j LeT

where T C Sy, — {i,5}. If n =2, then Y ,cp |wig — wje| is to be interpreted as |wi; — wjil.
1. Let ®° = (¢9,...,¢%) with ¢\ just reaching the threshold and being reset to zero.
Assume Uy, k' = 1,2,...,k, are mutually exclusive and that 1,i € S, — Uﬁ’:l Uy
with ¢9 # 0. Suppose

k—1
1
(2.6a) MM pwmin > ——— | (MyAw + Ag + My(M¢(AT + 1)AT + Af))
g =0 (mygmyg)?
k—1
1
=: —— | A.
pa (mymg)?
Then ¢F > ¥, K =1,2... k.
2. Let
n—1
2.6b min >
as R
7=0

Suppose an oscillator has just reached the threshold. Then such an oscillator will not
reach the threshold again until every other oscillator does. Moreover, suppose that the
system of n oscillators undergoes one whole cycle of firings. Let the resulting phase of
the system of oscillators be ®" = (¢}, o1, ..., @7 ). Then the firing order for the next
cycle with respect to the new initial condition ®™ is preserved. That is, qb% fires mo
earlier than ¢ik1 does whenever ki > k.

3. Let ¢i" and ¢7' be any two oscillators with ¢j* = ¢7* < 1 and i,j ¢ Uns1. Then
the quantity A represents the maximum phase difference between these two oscillators
after the next firing. That is, |¢" T — gzb}”“\ < A.

Proof. Let 0; and w; be given as in (1.1). Applying the mean value theorem, we get that

)~ o0 = e (@ -ty (1= 1) + o?)

T, (. T
> 71(©) ((1 - (1 - ?> . g(wﬂ))
(2.7a) > M pMmgwmin — M ptmax AT
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Here f/(§) = W. The assumption that ¢ just reach the threshold and Lemma 2.1
have been used to justify the inequalities in (2.7a). Using (2.5a), (2.5b), (2.6a), and (2.7a),

we get that

&; — &1 = [9:(fi(8s) + wi) — gi(fi(6:) + w1)] + [9: (fi(6:) + w1) — gi(fi(51) + w1))]
+ [9i(fi(01) +w1) — gi(f1(d1) + w1)] + [9:(f1(61) + w1) — g1(f1(01) + w1)]
k-1
1
. — | A.
(2.7b) > 2 Ty

Inductively, we have that

k—1

! / 1

ko > E — A, K=12,...k-1
¢z ¢1 - ' Onfnw)] ) )y 9 9
(2.8) and ¢f — ¢ >0,

and the first part of the proposition follows. It should be noted that on the induction part,
#Y in (2.7a) is to be replaced by qbfl_l — gb]f/_l. Other parts of the estimates remain the same.
Let ®° be given. Suppose that the second assertion of the proposition were false. Then there
exists a pair of indexes (i,7) such that the ith oscillator is the first oscillator reaching the
threshold and the jth oscillator is the index of the first nonzero state oscillator that is outrun
by the ith oscillator. To save notation, let the resulting phase state when the ith oscillator
reaches the threshold be reset as ¢, and the old index j be reset as j again. That is, ¢}
has just arrived at the threshold. Let k be the number of firings needed for ¢? to reach the
threshold. From how the indexes of 1 and j are chosen, we conclude that £ < n — 1 and that
the spike sets associated with those firings are mutually disjoint. It follows from the first part
of the proposition that if d)]f > 1, then qbf > qb’f > 1, a contradiction. We have just completed
the proof of the first assertion of the second part of the proposition, and the second assertion
of the second part of the proposition follows. To complete the proof of the last assertion
of the proposition, we see that qSZmH — <;$§”+1 can be similarly expressed as those in (2.7b).
The corresponding four terms in the brackets of (2.7b) are, respectively, bounded by MyAw,
MMt ax AT, MgAf, and Ag. [ |

We are now ready to state the stability conditions for synchrony.

Theorem 2.4. Assume that the following stability condition holds:

n—1 n—2
1 .
2
(2.9) MM fWmin > Max E W, (M;M,) 5 A.
§=0 9 =0

Then any group of oscillators which reaches the threshold simultaneously at some point will
keep doing so in the future.

Proof. Let the ith and the jth oscillators be any two oscillators in the group spiking
synchronously. Now reset both oscillators as qb? = qbg = 0. Suppose 1 € Ugyq and 2 ¢
U],zf;ll Uys. Tt then follows from Proposition 2.3.2 that U, ¥ = 0,1,...,k + 1, are mutually
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disjoint and that k < n — 2. Following from Proposition 2.3.3, we conclude that |¢1 — @3] < A
. . k—1 .
and, inductively, |¢¥ — ¢§| < (>5=0 W)A Since ¢12€+1 = gQ(fg(%(l — o) + %) +
ZeeUk+1 wyy), the index 2 being not in the set Ullzf;ll Uy implies that %(1 — ¢F) + o5 <
92(1 = > rep,,, wae)- Upon using (2.2), we conclude that mgwmin < g5(&) ZeeUk+1 way <
1—%(1—¢’f)—¢'§ < AT—F(Z?;& My Mg)A < (Z;:g M¢Mgy)A, a contradiction to (2.9). [ |
Each of the terms in (2.9) can be verified analytically. Moreover, the inequality in (2.9)
gives a measurement as to how not quite identical the system can be to get the stability condi-
tion. Roughly speaking, stability condition (2.9) amounts to saying that the total “weighted”
measurements in how “nearly” identical the system is should be less than the minimum of
the coupling strengths of the oscillators. In particular, the system of identical oscillators is
always stable.

3. Absorption conditions. In this section, we shall derive the conditions for which the
absorption process of the system will forge ahead. In fact, we will show that the absorption
process always occurs for a system of convex oscillators satisfying stability condition (2.9).
On the other hand, the absorption process generally will not occur for a “nearly” identical
system of concave oscillators. However, for a system of concave oscillators whose concavity is
small, the absorption process is made possible by inducing an imbalance between the speeds
and coupling strengths of the oscillators.

3.1. Absorption conditions for two oscillators. We begin with the study of two oscil-
lators. Let ®° = (¢?,¢9) with 0 < ¢{ < ¢9 < 1. Assume that U; = {2} and Uy = {1}.
Letting ¢9 = ¢, the return map Ra(¢) is defined to be ¢2, the phase of the second oscillator
immediately after the second firing. Specifically,

(3.12) o= (5 (Ba-+at) +on) o)
(3.1b) = (f2 (0= 0D ) +om ) = hate).
(3.1c) 03 = hahi(9) =: Ry(¢).

Define the absorption map As(¢) as

(3.1d) As(¢) = Ra(9) — ¢

The domain of the return map is the set of points for which U; = {2} and Us = {1}. That
is, no absorption occurs within one cycle of the firings whenever the initial values are in the
domain of the return map. Now, U; = {2} if and only if
0 T
(3.2a) ¢y > li12, where {;; =1 — ?gi(l — Wij),
J
and Uy = {1} if and only if

(3.2b) o1 > log.
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It should be noted that the positivity of £;; can be guaranteed by (2.4). The inequalities (3.2a)
and (3.2b) amount to saying that there are limitations as to how close ¢3 can be to 0(= ¢?)
and 1(= gzb(l)), respectively. To see why the second observation holds true, let

(3.3) Yij = 95 (wji) — &ij-
Note first that (3.2b) is equivalent to

T
(3.4a) bil (%(1 — %) + ¢(1)> +wiz > fi(fa1).
If
(3.4b) w1z > fi1(f21) or, equivalently, 791 > 0,

then @) can be taken arbitrarily close to 1 from the left and (3.4a) still be satisfied. On the
other hand, if 491 < 0, then ¢Y cannot get too close to 1. In fact, ¢ < hl_l(ﬁgl) < 1. Thus,
the sign of 91 determines how close ¢8 can be to 1 and therefore determines what is the
boundary of the domain of the return map at the right end, which, in turn, influences the
direction of the flow of the return map near the boundary of the domain. Such direction of
the flow then determines whether the absorption process for the system of concave oscillators
is to occur. (See Proposition 3.3.) We next show that for “nearly” identical oscillators the
signs of v;; are determined by the concavity structure of the evolution maps.

Lemma 3.1. Let Vg be a measurement for the concavity of g;, which is defined as follows:

gi(wmax) + gz(l - wmax) -1

wmax

(3.5) Vg = min

Let Aw = max;j |wij — wji|. Assume that (2.4) and the following inequality, which is to be
called the nearly identical condition, hold:

(3.6) wminVg > Ag + MyAw + AT.

Then ij <0 (resp., > 0) for all i # j, provided that f!' <0 (resp., >0) for all i.

Proof. Let ﬁ(x) =: W Here h is a map satisfying the assumptions of the
maps given in Lemma 2.1. Then h(z) is increasing (resp., decreasing) on (0,1), provided that
W'(z) > 0 (resp., < 0). To see this, we have that h/(z) = x(hl(x)_hl(1_I));2(h(x)+h(l_x)_l) =:
%x—) and 717(1:) = z(h"(z) + (1 — z)) > 0. Therefore, lim, .o+ hy(z) = 0, and so h(z) is
anreasing on (0,1). The case for R () < 0 can be similarly obtained. It is also clear that
h(xz) <0 (resp., > 0) whenever h”(z) > 0 (resp., < 0). Consequently,

= ‘ 14+ g1(w12) + 91(1 — wi2)
w12

|—14 g1(wi2) + 91(1 — wi2) wi2| < VgWmin.

Suppose (3.6) holds. Then
Yij = —1 4 gj(wji) + g;(1 —wji) + gi(1 — wji) — g;(1 — wyi)

T;
(3.7) + gi(1 —wij) — gi(1 —wj;) + <T — 1) gi(1 —wij) <0 (resp., > 0),
J
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provided that f/(x) < 0 (resp., > 0), and the assertions of the lemma now follow. [ |

Remark 3.1.

1. The consequences of Lemma 3.1 give that if the system of two oscillators is “nearly”
identical in the sense that (3.6) are satisfied, then the domain of the absorption map
As is (%(;3(1]—1—612,}11_1(521)) (resp., (%(;3(1]—1—512, 1)), provided that f!' <0 (resp., f!' >0)
for all i.

2. If #3 is not in the domain of the absorption map, then the two oscillators must fire
simultaneously within one cycle of the firings. The corresponding system then will stay
firing synchronously, provided that stability condition (2.4) is satisfied.

The domain and monotonicity of the absorption map A, play an important role in deter-
mining whether the system is to forge ahead in the absorption process. The following lemma
shows that the monotonicity of the absorption map depends on the concavity structure of f.

Lemma 3.2. %—‘252 > 0 (resp., < 0) on its domain, provided that f!' < 0 (resp., > 0) on
[0,1] for all i.

Proof. We illustrate only the case that f/” < 0. The other cases can be similarly obtained.
Applying the chain rule, we get

OR, 063
9o 0o
=g} <f2 <%<l —~ qb%)) + ml) 1 (%(1 — ¢%)>
4 (f1 (%(1 69+ ¢?> + w12> I (%(1 69+ ¢?> |

Using the facts that g/ > 0 and ¢}(fi(z)), f/(z) =1, i = 1,2, we seec immediately that %—% > 1,
and hence %—‘252 > 0. [ |
Proposition 3.3. Assume that (2.4) is satisfied. Then the following statements hold:
1. Let (3.6) hold or 21 < 0. Then Ro(¢) has a repelling fized point, provided that f!' <0
for all i. If 19 — %4)9 > 0, then Ra(p) — ¢ > 0 for all ¢ in its domain.
2. If I > 0 for all i and 21 < 0, then Ra(¢) — ¢ > 0 for all ¢ in its domain.
3. Let fI' >0 for alli. Assume that (3.6) holds. If ¢9 < %’le, then Ra(p) has a stable
fized point. If ¢7 > %712, then Ra(¢) — ¢ < 0 for all ¢ in its domain.
Proof. Let ¢ = 70 + £15. Then

T

(3.8a) As(¢) = v12 — T;(;ﬁ(l).

Thus As(¢) < 0, provided that 12 < 0. On the other hand,
(3.8b) Ag(hl_l(fm)) = hg(fm) — hl_l(fgl) =1- hl_l(fm) > 0,

and the first part of the proposition now follows. The second part of the proposition is a
direct consequence of Lemma 3.1, Lemma 3.2, and (3.8a). To complete the last part of the
proposition, it remains to show that A(1) < 0 or, equivalently, fg(%(l —g1(wi2))) twa <1
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or, equivalently, 12 > 0, which follows from Lemma 3.1. We have just completed the proof
of the proposition. |

Theorem 3.4.

1. Assume that (2.4) holds. Then we have the following:

(a) The system of two convez oscillators, in general, fires synchronously. Specifically,
if v21 > 0, then the synchrony of the system occurs for all initial values. Other-
wise, that is, if yo1 < 0, it synchronizes for almost all initial values. Consequently,
for such a system, stability alone implies synchronization.

(b) The system of two concave oscillators converges for all initial values to synchro-
nous firing if and only if

(3.9) Y21 <0 or 712 <O.

The inequalities in (3.9) are to be called the absorption condition for the system
of two concave oscillators.

2. Assume that (2.4) and (3.6) hold. Let ¢ = 0. Then the system of two concave

oscillators will settle into a fived nonfiring state if and only if ¢9 is in the domain of
the absorption map As, that is, if {15 < gbg < 1.

Proof. To discuss synchrony for the system of two oscillators, we may just assume ¢} = 0.
The statement 1(a) now follows from Proposition 3.3.1. The statement 2 follows easily from
Proposition 3.3.3 and Lemma 3.1. It remains to prove statement 1(b). Consider the worst
possible cases: (i) 721 < 0 and 712 > 0 or (ii) 721 > 0 and 712 < 0. The system will achieve
synchronization at finite time for all initial conditions. To see this, we consider the case (ii).
Let @0 = (47, ¢9) with 0 < ¢! < ¢Y < 1. Then either ®! is in synchrony or ®! = (43, ¢1) with
0 = ¢3 < ¢1 < 1. Consequently, if no synchrony is achieved after the first firing, then the
return map Ry with respect to the initial phase state ®° has a stable fixed point, while the
return map Ry with respect to the initial phase state ®! has the property that Ra(¢) — ¢ > 0.
However, the latter case will win out because it takes ¢! finite time to reach the threshold
and it takes gbg infinite time to reach the fixed point. On the other hand, if both 791 and 19
are nonnegative, then the corresponding return map has a stable fixed point. [ |

For the system of two convex oscillators, the associated return map is (volume) expanding;
i.e., there exists some 7 > 1 such that |Ay(¢) — As(@)| > r|¢ — ¢| for all ¢ # ¢ in the domain.
Thus, the absorption is bound to happen except for the initial value being the fixed point of
the absorption map. The sign of 712 (or 721) then plays the role of determining whether the
absorption map has a (repelling) fixed point or not. On the other hand, for the system of
concave oscillators, the corresponding return map is (volume) contracting. If the flow of the
return map at both ends of the domain points inward, which is the case for a nearly identical
system (see Proposition 3.3.3), then its return map has a stable fixed point. As a result, the
corresponding system converges to a nonfiring state. To make the system of concave oscillators
fire synchronously, the flow of the return map at both ends has to point in the same direction,
which in turn makes the absorption process go forward. The above scenario occurs whenever
there is a certain degree of imbalance between oscillators (i.e., y12 < 0 or 791 < 0). To see this,
note that v12 < 0 is equivalent to go(wo1)+ % g1(1—wi2) < 1. For identical concave oscillators,
the inequality above will not be satisfied. Thus, to drive such a system into synchrony, the
variations in the speed and/or the coupling strength cannot be too small.
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Figure 2. The shaded area is the set of parameters satisfying (3.10).

3.2. Feasible parameter and examples. For practical purposes, we consider how feasible
it is to verify those stability and absorption conditions. Some numerical results are also
provided to support the validity of the theorem. To simplify our calculations, we consider
the following three cases: (i) fi(z) = v/, gi(x) = 22, and wis = woy = w; (ii) fi(z) = 22,
gi(r) =z, and wis = woy = w; (iil) fi(z) = 22, gi(x) = V&, and Ty = Ts.

Case (i): Since my = w, (2.4) becomes

(3.10) w? > AT.

In the w — AT plane, the equality in (3.10) is a parabola. As shown in Theorem 3.4, no
absorption condition is needed to achieve synchrony for the system considered here. By
choosing parameters randomly from the feasible region (see Figure 2), the numerical results
(see Figure 3) indeed support our theory.

Case (ii): For case (ii), if (3.6) is satisfied, then no absorption occurs. Thus, the system
in general will not fire synchronously unless ¢J is too close to ¢{ = 0. To see this, note that
Vg = @, mg = @, and Ag = Aw = 0. The stability condition and (3.6) for
the associated system then reduce to

(3.11) (1-VI—w)>AT
and

(3.12) Vw++vV1—w—1> AT,

respectively. The feasible parameters region in the w — AT plane is nonempty (see Figure 4).
Picking parameters from this region, we see, via Figure 5, that if 0 < d)g < l13, then each of
the corresponding systems will fire synchronously. Otherwise, they will settle into a nonfiring
state. In fact, we choose various sets of parameters from different locations of the region, and
all the corresponding systems behave as predicted in Theorem 3.4.2 (see Figure 5).
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l(x)=x”2
T[T, T,J=(1.05, 1]
0451 <n,‘=m=0-1

@°=[¢?,431-10.0287, 0.5955]

1 I 1 1
0 5 10 15 20 25 30
k=the number of firing times

Figure 3. The evolution of the synchronization order parameter x(k) is defined as the sum of the minimum
distances between any two oscillators at the kth stage = 377_, >3, ., d(¢¥, ¢%), where d(x,y) = min(|z —
yly [z —y+ 1|, lx =y —1|). If x(k) =0 for some large k, then the system fires synchronously at finite time. If
limg oo X(k) = 0, then the system fires synchronously eventually or asymptotically.

fx)=x2

09k f
=0
i
081 1
AT=1-(1-0)"?
o7t 1

= osk AT=0"s (1)1

Figure 4. The shaded area is the set of parameters satisfying (3.11) and (3.12).

Case (iii): The absorption condition studied here is (3.9). Since AT = 0, the stability
condition is automatically satisfied. Moreover, (3.9) becomes

N

(3.13) (wi2)2 + (1 — way)? < 1.

The feasible parameters region in the wsi-wyo plane, as given in Figure 6, shows the “imbal-
ance” between parameters wio and wey. The numerical results, as demonstrated in Figure 7,
also support our theory.
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0.3F T
025 fx)=R ,
T=[T, T, 1.1]
021 070=03 7
5
8
o
=
0151 4
0.1 T
0.05 4
I e
Lo s

Figure 5. Choosing parameters T; and w from the shaded part in Figure 4, we see that after 500 firings,
the synchronization order parameter x(500) is a step function with respect to the initial state @S, As predicted,
if L12 < ¢S < 1, then the system seltles into a nonfiring state. Otherwise, it fires synchronously.

09 0=

T[T, T, 1)

o 112 112
& 05F (@35) 410 ) 51

Figure 6. The shaded area is the stability region for case (iii).

3.3. Absorption conditions. To understand the absorption process of a system of more
than two oscillators, we begin with defining the return map, which was originally defined
in [41]. Throughout this section, we shall assume that stability condition (2.9) holds. Unlike
the system of two oscillators, the corresponding return map under study in this section is now
a high-dimensional map. Let the system of n oscillators undergo one whole cycle of firings.
Assume that the resulting phase is denoted by (¢ = 0,¢9,...,¢2). Let ®° = (#3,...,4%).
Then the return map R,, : Domain(R,) =: 4,, C R""1 — R""! is defined to be

(3.14a) Ry (®°) = ®" = (¢, 65, ..., 6") = (ro.n(®°), ..., 70n(20)).
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0351 )=
T, T, 1]
/ \ {0,,0,,1<[0.09, 0.64]

0.25 /Y @0=[05 99)=[0.4740, 0.9090]

\
I I L I I I I
1 2 3 4 5 6 7 8 9 10
k=the number of firing times

Figure 7. Let the speed of the oscillators be 1. Pick the parameters wij from the shaded region in Fig-
ure 6. The synchronization order parameter x(k) reaches zero after 5 firings. The imbalance of parameters in
activation gives the synchrony of the system.

It should be noted, via Proposition 2.3.2, that the maps in (3.14a), (3.14b) are well defined.
Moreover,

(3.14b) R,(®°) = H,, --- HoH(9°),
where

Here ® = (¢2, @3, ..., Pn),

X(®) = (09,03,...,00)

<§1(1_¢n) (1_¢n)+¢27~'7

T,

Tn—l (1 - an) + ¢n—1> )

and
Ti(027 g3,... 7Un) = (gl (fl (02) + wl,n): cee 7gn—1(fn—1(an—1) + wn—l,n))'

Note that we have implicitly relabeled the oscillators, so each of the image vectors H;(®)
represents the phases of the oscillators 1,2,...,n — 1. That is, the original oscillator 1 has
become 2, oscillator 2 has become 3, ..., and oscillator n has become oscillator 1. It also follows
from Proposition 2.3.3, Remark 2.1. 2(b), and stability condition (2.9) that domain (R,) C S,
where S = {®% = ( ,...,(]50) eER"™L:0<¢f <¢) <. <¢? <1} In fact, the domain of
the return map R,, is the set of points in S so that the spike sets U; = {n—i+1},i=1,2,...,n
Having such spike sets is equivalent to the following inequalities:

. T )
(315) ¢Zl—]:i+1 - T o (bl 1 >£n i, n—i+1 1= 172,...,’[1,
n—i+1
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where €,,_; ;11 are defined as in (3.2a) and Ty, o1, and ¢q are interpreted as T,, £y, 1, and
on, respectively. Consequently, the domain A,, of the return map is

(3.16a) A, = {®° C S : the inequalities in (3.15) hold}.

Since A,, is the finite intersection of open sets, it is open. Moreover, the domain Ay, of Hy, is
the set of initial points satisfying the inequalities in (3.15) for i = 1,2,... k. So A; is the set
of initial values that will have at least ¢ firings before an absorption occurs. Then

[e.e]
(3.16b) A= ﬂ A; = the set of initial values that live forever without any absorptions.
i=1

We next state some properties of the return map R, : A, — S. The first assertion of the
theorem below is essentially due to Mirollo and Strogatz (see Theorem 3.1 of [41]).

Theorem 3.5. Assume that stability condition (2.9) holds for a system of n oscillators. The
following hold true:

1. Let f!' <0 for all i. Then R, is volume-expanding on A,. Consequently, the set A
has Lebesgue measure zero.

2. Let fI' >0 for all i. Then R, is volume-contracting on A,

Proof. To prove the first assertion of the theorem, it suffices to show that the Jacobian
determinant of R, has absolute value greater than one. From (3.14b) and (3.14c) and the
definitions of 7; and ¥, det(DR,,) =[], det(DH;) = [[;-; det(D7;) det(DX). The map ¥ is
affine and satisfies 0™ = I, so det(DX) = £1. Note that D7; is a diagonal matrix; thus it is
easily seen that det DY > 1 under the assumption that each of the evolution maps is convex.
Hence |det(DR)| > 1. The arguments for proving the second assertion of the theorem are
similar to those of the first. |

Since the return map of the system of convex oscillators is volume-expanding, the set of
initial values that live forever without any absorptions has measure zero. Hence, it is the
nature of the system of convex oscillators to grow by absorbing other oscillators. On the other
hand, if the flow of the return map of the system of concave oscillators near the boundary
of the domain points inward, such as that of identical concave oscillators, then the system
converges to a fixed point, which is a nonfiring state. Hence, to break such a natural tendency
of the system one has to introduce some imbalance between the parameters so as to make the
direction of the flow point outward near a certain portion of the boundary, as in the case for
two oscillators, where a necessary and sufficient condition has been established. Due to the
technical difficulty of this, only sufficient conditions are established for systems of more than
two oscillators. Such a result is stated in the following.

Theorem 3.6. Let the number of concave oscillators under consideration be no less than
three. Assume the following absorption condition, which is to say that the imbalance measure-
ment is greater than or equal to the concavity of the inverse of the evolution maps:

(3.17) —9 < max <M> .
mg — 0<i<n—1 \ Tj11wit1,i

Suppose that (2.9) and (3.17) hold. Then the absorption of the system must occur.
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0 0
u, =u,(F 50 0)

Figure 8. A wvisualization of the claim in Step 3 of Theorem 3.6.

Tiwi i41 _ _Tnwmm+t
Tit1wit1,s Tm+1Wm+1,m
occurs after the first (n — m) firings; then we may relabel oscillators so that the indexes

m+1,...,n,1,...,m of the oscillators become 1,2,...,n, respectively. We then may assume
Tiwiit1  Thwp,1
Tip1wit1,s Tiwin

first part is to prove that sufficient condition (3.17) is so given that the inequality in (3.15)
with ¢ = n is violated whenever ¢° is sufficiently close to 1 from the left. Consequently,
if the system is to undergo one whole cycle of firings, ¢O must stay away from 1. That is,
) < up = up(9Y,...,0%_ 1) < 1 for some u, depending on ¢9,...,¢% | and being away
from 1. Here u, = u,(#),...,4° ;) is a portion of the boundary of the domain of the return

Proof. Let maxo<i<p—1 for some m. Suppose that no absorption

that maxg<j<p—1 . The proof the theorem then breaks into three steps. The

map described by ng’{“l — %(bﬁ_l = {y,1. The second step of the proof is to show that the
direction of the flow points outward to the boundary whenever ¢° is sufficiently close to u,
from the left. Finally, to complete the proof the theorem, we need to show that the return
map has no periodic points.

Step 1. Let ¢! be sufficiently close to 1 from the left so that ¢1 — ¢L(= 0) < Mywmin.
We have used Lemma 2.1 to ensure that the above assertion can be done. Note that each of
9i(fi(¢) + w) — ¢, the phase jump at ¢, is decreasing in ¢. Hence, the phase jump is greater
when the phase position ¢ is closer to the origin. Upon using Lemma 2.1, we conclude that

1 T T,
=g 1<¢i—¢£+<1——”>

T, T, T,
< Mgwip+ (11— )< —nmgwn,l +(1-=2) < Uy
Ty Ty

We just proved that the boundary of the domain of the return map cannot get arbitrarily
close to ¢! = 1. Note that if n = 2, then ¢3 = 0, and so the first inequality above is not
necessarily true.

Step 2. Suppose that ¢? is close to u,. Then qﬁ?‘l — :TF—;”(;bﬁ_l is close to £, 1. Consequently,
#" is close to 1. Therefore, ¢ > ¢O whenever ¢0 is sufficiently close to .

Step 3. Since R, is volume-contracting, any of its periodic points, if one exists, must
be stable. Assume, to the contrary, that there exists a periodic point ® with period k. Let
R = RF. Then ® becomes a stable fixed point of R. Moreover, the direction of the flow under
R near the boundary of the domain still points outward. Consequently, there must exist a
unstable fixed point ® of R, a contradiction (see Figure 8).
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Using Steps 1-3, we conclude that the direction of the flow of the return map points
outward to the boundary u,,. Hence, the absorption must occur. We have just completed the
proof of the theorem. |

From the proof of the above theorem as well as that of Theorem 3.4.1(b), it is easily con-
cluded that for the system of concave oscillators to undergo the absorption process, the domain
of the return map contains only the points for which their ¢2’s must stay away from 1. This,
in turn, makes the direction of flow near the boundary w, = u,(¢9,...,#° ;) point outward.
While the best possible condition to ensure such a scenario for the system of two concave os-
cillators can be obtained, it is not clear whether the condition that min;<j<,v;—1,; < 0 (here
Y0,1 is to be interpreted as v, 1) is the best absorption condition for the system of more than
two oscillators. Nevertheless, if the concavity of a system is small, then the inequalities in
(3.17) can be satisfied by inducing an imbalance between the speeds and weights of oscillators,
which will be demonstrated in Proposition 3.7.

We next discuss the dynamics under iteration of the absorption maps. Assume an initial
value ®°, not necessarily in the domain of the return map. Suppose after initial firings that
the system forms k partially synchronous groups. Let the ith group, 1 < i < k, contain k;
oscillators, where ZZ 1 ki = n, and let these be treated as one new oscillator, denoted by
¢;. Clearly, when oscillator ¢, is firing, the activation of each oscillator ¢; in the (i 4+ 1)th
synchronous group, where (330_ ko) +1 < j < S0F1 ks =: 0444, is incremented by the
positive coupling Ek:UFlJrl wji =: wj. For each j, 0,1 +1 < j < 0y, we may define
Wji+1 similarly. Since the ith and (i + 1)th synchronous groups may contain more than one
oscillator, the new cycle periods T; and T';41 of the new oscillators ¢; and ¢, ; are chosen as
the minimum cycle periods among the oscillators in each group, i.e., T; = ming, | +i<i<o; 1i
and Ti—i—l = MiNg, 4 1<i<o;,, 1i- That is, the speed of each group is chosen to be the fastest
speed among oscillators in the group. With 7'; and T'; now being fixed, the corresponding
new coupling strengths @; ;1 and @;;1,; are so chosen that

( T3Wy 541 >  Twiiq1

(3.18) max
0i—1+1<l<0;

max
oi+1<j<oit1 TH_le i

TH@HL[

The idea for such choices is to make the inequality (3.17) as easy as possible to satisfy. Due to
the presence of the stability condition, we are allowed to make such choices. For these newly
formed synchronous groups to continue their absorption process, we need to further assume
that for any permissible set {k, ki, ko, ..., ki}, where 2 < k < n and Zle ki =n,

M T -
(3.19) —9 < max <_Zw¢> .
mg — 0<isk—=1 \T'j11Wit1,

The right-hand side of the inequality above is to be called the imbalance measurement for
the system of more than two oscillators. Note that the quantity — % is a measurement for the

concavity of g. The closer % is to 1, the more flat the g is. With such an absorption condition,
the system continues to grow by absorption until it reaches full synchrony or reduces to two
synchronous groups of oscillators. To ensure that these two synchronous groups continue to
grow by absorption, we need to have a modified absorption condition for these two groups.
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To this end, we assume that the first group consists of old oscillators ¢y, ..., ¢¢,, where
1</l <ty <norl </l <l < n, while the second group contains the remaining
oscillators. Then the parameters in 12 and 721, as given in (3.3), need to be updated as
well. Let N7 = {gl,...,fg} and Ny = {1,2,...,77,} — Nj. Set qul = ZiENl Wiis ] € No,
and wjo = ZieNQ wji, j € Nq. Define the new cycle periods of groups N1 and N3 to be the
minimum cycle periods among the oscillators in each group. Denote such new periods by T
and Ts. Let

_ ~ T -
(3.20&) ’712(51,52) = min (gj(wjl) —1 + —_192'(1 — wi2)>
1€N1 T
JEN2
and
. ~ T ~
(3.20b) v21(¢1,¢2) = min <gj(wj2) -1+ _—2gi(1 — wi1)> .
16%1 T
1€ N2

Then the absorption condition for any two sizes of synchronous groups of oscillators is

(3.20¢) min {Iglazxvlg(ﬁl,ﬁg),Iglazxwgl(él,ﬁg)} < 0.

1,62 1,62

The left-hand side of the inequality in (3.20c) is to be called the imbalance measurement for
the system of two oscillators. With those absorption conditions on hand, one would expect the
full synchrony of the system. The drawback of absorption conditions (3.19) and (3.20c) is that
when n is large, there are enormously many cases needing to be checked. As a consequence,
the question of nonemptiness of the set of parameters satisfying the constraints (3.19) and
(3.20c) has to be addressed.

Proposition 3.7. Let the coupling strengths w;j(= w) of a system of n oscillators all be
equal. Let the period cycles of oscillators all be different. Assume that w < % and that

5] +1

[5]

Then the absorption conditions (3.19) and (3.20c) are satisfied, provided that the concavity of
the evolution maps is sufficiently small.

Proof. With the speed of oscillators being all different, ¢y, > 1. Suppose that the
absorption occurs after the initial firings. Assume that the system evolves into k, k > 2,
synchronous groups with sizes of groups being ki, ks,..., and kg. If ky = ko = -+ = ky,

(3.21) > timax.

then the system continues to grow by absorption, provided that % is sufficiently close to 1.
Suppose that the sizes of k synchronous groups are not all equal. Then there must exist an
index i for which % > ([5] +1)/[5] > tmax. Here [z] is the greatest integer that is equal
to or less than z. Consequently, the imbalance measurement for this system is greater than
one. The system then must reach full synchrony or reduce to the system of two synchronous

groups, provided that the concavity of the evolution maps is small. In the case of the latter,
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we assume that the sizes of these two groups N1 and Ns are £ and n — £, respectively, and let
fi(x) = x for all . Then (3.20c) reduces to

T; T;
ylg(ﬁ,n—ﬁ)zﬁw—<_—>(n—€)w+_——1, 1 € Ny, j € No,

T; j

T T
ygl(f,n—f):(n—ﬁ)w—<%>Ew+%—l, i€ Ny, j€ Na.

If n is even and £ = n — £, then

a(lin — 0) = @— —1> (1- "7“’) and o (6n — £) = (% —1) (1—%).

J

2

Since typax > 1, either 112(6, n—/{) or 721(67,71 — () is negative. If n — ¢ = £+ {1, where ¢; > 1,

then y12(¢,n — ¢) = (% - 11— tw) — %Elw. Suppose % < 1. Then v2(f,n —¢) < 0.

If % > 1, then y12(4,n — £) < AT — wpin < 0. The last inequality is justified by stability
condition (2.4). The case that £ = (n — ¢) + {1, where ¢; > 1, can be similarly addressed.
Therefore, the remaining two synchronous groups will achieve full synchrony, provided that
the concavity of the evolution maps is small. |

The result of the proposition supports the numerical observation of Bottani [8]. We next
define phase responding function h(x) and phase difference function D(z). Both functions are
helpful in determining the direction of the flow of the system near the boundary of the return
map whenever the number of oscillators is greater than three. Assume that an oscillator

receives an activation w at z. Let the resulting phase g(f(x) + w) be denoted by h(x), and
define D(z) as

(3.22) D(z) = h(z + a) — h(zx).

Here a > 0 is a constant.
Proposition 3.8.
1. Consider an identical system of three concave oscillators. That is, f; = f, g1 = g,
T; =T, and w;j = w. Then the direction of the flow near the boundary of the domain
of the return map points inward.
2. Suppose h'(x) > 0. Then D(z) is increasing in x.
3. Consider an identical system of n concave oscillators. If h'(x) > 0, then

(3.23) B — By < B —dp 1

whenever ¢0 —¢° | is sufficiently close to lij = 1—g(1—w) from the left. Consequently,

the direction of the flow of the system points inward near the boundary of the domain
of the return map.
Proof. The boundary of the domain of the return map consists of three pieces of curves
I'y, 'y, and I's defined by :1:1i+1 - qbi__li =1-g(1—-w),i=1,2,3, respectively. To prove the
first part of the proposition, it suffices to show that for i = 1,2,3
(3.21) T - ik < gt - gt

n—i n—i
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1
‘ ‘ @0
09
08
F |

399 6

©363)

fx)=x"2
T[T, T, T, 1, 1]

L\>u=(»=0.1

Figure 9. The initial position and ending position of each arrow are (¢3,63) and (43, $3), respectively.
The direction of the flow near the boundary of the domain of the return map indeed points inward as predicted.

whenever ¢ L 1 ¢ L are sufficiently close to 1—g(1 —w). The inequalities in (3.24) amount
to saying that R(#9, ¢3) = (43, ¢3) are moving further away from their respective boundaries
whenever (¢9,¢J) are near T'y, I'y, and T's, respectively (see Figure 9). To this end, we first
prove that I's can be interpreted as qﬁg = 1. For any qﬁg < 1, we have that ¢1 > g(w). And
so, for any ¢ + 1 — g(1 — w) < ¢% < 1, we see that ¢? — ¢ = ¢l — (¢2 — (¢? — ¢1)) >
gw) — (9(w) = (1 —g(1 —w))) =1 —g(1 —w). We have used the fact that the phase jump
function h(z) — x is decreasing to justify the above inequality. Hence, I's can be interpreted
as claimed. Now, if ¢J — ¢9 ~ (1 — g(1 —w))~, then ¢3 ~ 17, and so ¢3 — ¢3 ~ (g(w))*. Here
¢ = 0. Consequently, ¢ — ¢4 = ¢4 — (63 — 63) — (6 — 62) > 9(w) — (g(w) — (1 — g(1 —w))) =
1 —g(1 —w). To prove (3.24) for ¢ = 1, it remains to show that there exists an ¢ > 0 such
that ¢3 — ¢3 = 1 — g(1 — w) + € whenever (¢J,¢9) is near the boundary of I';. To prove
this, we need to make sure that R(¢9,¢9) stay away from 1 — g(1 — w) whenever (¢, ¢9)
are near I'y N Ty and 'y N T3 (see Figure 9). Suppose that (¢9,#3) is near the boundaries
of I'1 and T'y. Then ¢? ~ 17. Thus, ¢5 — ¢2 ~ g(2w) — g(w) = 1 — g(1 — w) + &, where
e > 0. Similarly, if (¢9, ¢9) is near the boundaries of I'y and I's, ¢3 — ¢3 is also bounded away
from 1 — g(1 — w). Hence, ¢3 — ¢3 is bounded away from 1 — g(1 — w) whenever (¢J, ¢9) is
near the boundary of I'y. Similarly, one can prove that (3.24) holds for i = 2,3. We have
completed the first assertion of the proposition. The second assertion of the proposition is
obvious. Suppose ¢2 — ¢2 | ~ (1 — g(1 —w))~. Then ¢} _; ~ 17. Since D(x) is increasing in
z, ¢2 — ¢2_| > h(w) — h(0) = g(w). Inductively, we see that

Gp = 1 2 9((n — Dw) —g((n —2)w) > 1—g(1 —w).

The second assertion of the proposition has been used repeatedly to justify the first inequality
above. The second inequality above follows from (2.2). Therefore, (3.23) holds whenever ¢°
is sufficiently close to 1 — g(1 — w). Hence, the direction of the flow of the system near the
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3.005

i

2905} ‘ ‘ h (-0

‘ fx=x"!

T=T=1

x(k)

2991 ‘ ‘
u)u=u)=0.1

°=[0,0.2,0.4, 0.6, 0.8]
2985 ‘

I I 1 1 1 I
0 10 20 30 40 50 60 70 80 90 100
k=the number of firing times

Figure 10. For the choice of f, its phase responding function h(x) is concave upward. The system in
general does not synchronize as predicted in Proposition 3.8.3 and Theorem 3.9.2(b).

3.005

3N nrJ

n=5

h'(x)<0
f(x)=712-((712)2-6x) "%
v T=T=1

‘ ‘ ®.=0=0.1
i

‘ °=(0,0.2,04,0.6,0.8]

. . . . . . . . .
10 20 30 40 50 60 70 80 ) 100
k=the number of firing times

Figure 11. For the choice of f, its phase responding function h(z) is concave downward. Nevertheless, the
system in general does not synchronize either.

piece of boundary defined by ¢), — ¢y ; =1 — g(1 — w) points inward. Similarly,
i—1 —1 i—1 i1 :
Do i1 — Py < Pniir — nty i=2,...,n,

whenever ¢! % - oL
proposition. |

Two questions naturally arise from the proposition above. First, is the restriction h”(z) >
0 necessary for the validity of the second assertion of Proposition 3.87 Second, what kind of
evolution maps with f” > 0 satisfy the constraint h”(z) > 07 For the first question, we expect

that the answer should be no (see Figures 10 and 11). However, we are unable to prove this.

is close to 1 — g(1 — w). We have just completed the proof of the
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— - f(x)=x

= =~ f(x)=1-cos(n x/2)
0)“=u)=0.1
h(x)=g(f(x)+w)

0 0.‘1 0‘.2 D‘.3 0‘.4 0.5 0‘.8 0‘.7 0.‘8 0‘.9 1
Figure 12. Two graphs of h(x) with two different f’s are shown above. Their graphs are all concave upward.

For the second question, we see in Figure 12, via the help of the computer, that f(x) = 2",

r>1,and f(x) =1 — cos(mx/2) satisfy h”(x) > 0.
We are now ready to state the main result of the paper.
Theorem 3.9.

1. Suppose that stability condition (2.9) holds. Then the system of convex oscillators will
achieve synchrony for all initial values, except possibly for those in a set of measure
zero. In particular, the system of identical convex oscillators is to fire synchronously
for all initial values, expect for those in a set of measure zero.

2. (a) The identical system with an even number of concave oscillators will not achieve

full synchrony for certain initial values in a set of positive measure.

(b) Suppose that the phase responding function h(x) is concave upward. Then the
identical system of concave oscillators will not synchronize for all initial values
in the domain of its return map.

(¢) The identical system of three concave oscillators will not synchronize for all initial
values in the domain of its return map.

3. Suppose that stability condition (2.9) and the absorption conditions (3.19) and (3.20c)
are satisfied. Then the system of concave oscillators will achieve synchrony for all
initial values.

Proof. As shown in Theorem 3.5.1, the natural tendency of the system of convex oscillators
is to grow by absorption regardless of their coupling strengths and speeds. Therefore, the
system will continue to grow by absorption even though we need to update the new coupling
strengths and speeds at each stage. The assertion of the first part of the theorem now follows.
The third assertion of the theorem is now obvious. It remains to prove the second assertion
of the theorem. To this end, let the number of oscillators be 2k, and let w and T be the
constant coupling strength and constant cycle period, respectively. Pick ®° = ( (1], <;5(2), ce dY)
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n=6

h'(x)<0

4
* f(x)=712-((7/2)-6%)"?
J T=T=1

I

M 0=[0.39, 0.42, 0.4, 0.92, 0.96, 0.98]
‘ ””W“‘

3 |

®.=0=0.1
i
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o

7<)

I AN
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"

. .
0 50 100 150
k=the number of firing times

Figure 13. The choice of f as above has the properties that f"(z) > 0 and h”(z) < 0. Since the number of
oscillators chosen in this case is even, the numerical result demonstrated as above is consistent with the result
of Theorem 3.9.2(a).

to satisfy that

(3.25) qbg €e(l-mgwl), j=k+1,...,n, and
Y, % € (My(k + 1w — myw, My(k+1)w).

It then follows from Remark 2.1.2(a) that the system will reduce to two synchronous groups
after initial firings. In fact, the first group contains oscillators ¢1,. .. ,qb,lg. The new coupling
strengths for these two groups are equal. Denote by 75; and 715 the new corresponding 21
and 712, respectively. Then 91 = Y12 = g(kw) + g(1 — kw) — 1 > 0. Therefore, such a set of
the initial values, which has a positive measure, will converge to a nonfiring state (see Figure
13). The assertions in 2(b) and 2(c) are now direct consequences of Proposition 3.8. We have
just completed the second part of the theorem. [ |

The numerical stimulation suggests that a “nearly” identical system of any number of
oscillators in general will not synchronize with or without the requirement that the phase
responding curve be concave upward. Such a conjecture remains to be completed.

3.4. Examples and discussion. For the illustration of Theorem 3.9, the following three

cases of systems of three oscillators are considered: (i) fi(z) = vz, wij = w; (i) fi(z) = 23
or fi(z) =1 —/(3)? =6z, T, =T, and w;; = w; (iii) f;(z) = 2", where r > 1, and w;; = w.
Case (i): For this case, my = w, my = l_vwl_“’, My =2 —w, and My = ﬁ Moreover,

we have that ﬁ > MyMy. Thus, as n = 3, equation (2.9) becomes
g f

4,3
mgmfw

(1 +mymg + mimg) My M,

(3.26) > AT(AT + 1).

The corresponding feasible parameters region in w — AT is plotted in Figure 14. In the
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f(x)=x""?

025 W

0.05F

fx)=x"?

A I T[T, Ty, T,J=[1, 1.0003, 1.0005] |

035 I
,’ | 07003
03 [
Vo @%={2,42.621<[0. 0.1991, 0.8939]
2025 A

. . . . . . .
0 2 4 6 8 10 12 14 16 18 20
k=the number of firing times

Figure 15. x(¢), the synchronization order parameter, is defined in Figure 3. The parameters w;; and T;
are chosen so as to be from the stability region, Figure 14. With initial state being given as above, the system
reaches full synchrony in 10 firings.

numerical simulations, we pick randomly more than 20 sets of parameters with various sets
of initial values; all the numerical results suggest the synchrony of the system. One such
set of parameters and initial values and its corresponding numerical results are recorded in
Figure 15.

Case (ii): The identical system is considered here. Let the number of oscillators be three.
Figures 16 and 17 give the set of initial values not reaching synchrony, which contains the
domain of the return map. I's is interpreted as ¢g =1.

Case (iii): The case under consideration is the system of concave oscillators satisfying
stability condition (2.9) and a modified absorption condition, which is stronger but easier to
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h'(x)>0
fx)=x"®
TT, T, T, 1,11

©.=0=0.1
i

0 0.1 0.2 03 04 0.5 0.6 0.7 08 0.9 1
%

Figure 16. The set of initial values reaching synchrony numerically is denoted by the dotted region. The
points not in the dotted region, including the shaded region, will not acquire synchrony. In fact, the shaded
region s the domain of the return map. This figure is consistent with the assertion of Theorems 3.9.2(b) and
3.9.2(c).

h'09<0
00=712-((712) 6% "2
T[T, T, T 1, 1]

® =»=0.1
)

0 01 02 03 0.4 0.5 0.6 07 08 09 1

Figure 17. The set of initial values reaching synchrony numerically is denoted by the dotted region. The
points not in the dotted region, including the shaded region, will not acquire synchrony. In fact, the shaded
region is the domain of the return map. This figure supports the assertion of Theorem 3.9.2(c).

verify. Specifically, we consider the following absorption condition:

M,
n > tmax = AT +1 > —2,
n—2 my

(3.27)

With such a stronger condition, the system will achieve full synchrony or reduce to two
synchronous groups. However, in the case of the latter, to acquire full synchrony, the concavity
of the evolution maps is still required to be sufficiently small. Numerically, we have that the
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n=4
fg=x19%5

the boundary of the stability condition

[M_/m =AT+1
99

(a) The shaded part above is the region
satisfied by both stability condition (2.9)
and absorption conditions (3.27) for n = 4.

n=5

x99

012 the boundary of the stability condition

0.06 Mg/mg=A T+1

(b) The shaded part above is the region
satisfied by both stability condition (2.9)
and absorption conditions (3.27) for n = 5.

Figure 18.

n=5
f(x)=x"005
T=[T,, T, Ty T, Tgl=(1, 1025, 1.02, 101, 1.03]

®=0=0.2
i

@°=[95, 3, 65, 0§, 631=[0, 0.3714, 0.6100, 0.6188, 0.8366]

0 L L L L L L L L
0 2 4 6 8 10 12 14 16 18 20

k=the number of firing times

Figure 19. Let f(z) = 2. (1), the synchronization order parameter, is defined in Figure 3. The
parameters w;; and T; are so chosen to be in the stability region, Figure 18. Note that 5 is a prime number.
Hence, when absorption occurs, the system breaks into a number of synchronous groups with their sizes being
not all equal. Such an imbalance in coupling strength speeds the process of full synchrony. With initial state
being given as above, the system reaches full synchrony in 6 firings.

line {(w,AT) : AT = [%[]TJ]FI} does not intersect with the boundary of the stability condition.
3

The parameter regions in the w — AT space satisfying (2.9) and (3.27) are, respectively, shown
in the shaded regions in Figure 18(a) and (b). Picking the parameters from these regions,
we see, in Figures 19 and 20, that the systems of both five and four concave oscillators reach
full synchrony after a number of firings, provided that the concavity of the evolution maps is
small. It should be mentioned that if n is a prime number, whenever the absorption occurs the
system will acquire full synchrony in a short period of time. In this scenario, the imbalance
in coupling strengths for the newly formed system is significant. In fact, it needs only six
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1

. V W WVWM WH
Figure 20. With the evolution map, parameters, and initial state being given as above, the system reaches

02r @), ¢, ¢g, 0J1<[0, 0,0.7074,0.8401]
full synchrony in 180 firings. The reason that it takes so long for the system to synchronize is because n
is an even number. When the absorption occurs, each of the synchronous groups may still have equal cou-
pling strengths. Consequently, it takes longer for the system to synchronize since the imbalance in speed is
insignificant.

2(k)

o

0 L L L L
0 20 40 60 80 1 00 120 140

k=the number of firing times

16- —
14+ n=4
foo=x"
120
T, T, T, T, 1.01,1.02,1.04]
WL 6,70=02
= 1000< k< 1010
08
06
041
02 —

0 L L L L L L L L T
1 1.001 1.002 1.003 1.004 1.005 1.006 1.007 1.008 1.008 1.01
r

Figure 21. The horizontal axis is the exponent of the evolution map of the form f(x) = z", r > 1. We plot
x(k), 1000 < k < 1010, on the vertical axis. 1000 firings are needed to determine whether the corresponding
system will achieve full synchrony or not. From the computer simulation, we see that the system will reach full
synchrony, provided that r is roughly less than 1.009.

firings to achieve full synchrony for n = 5. As for n = 4, the number of firings is 180 to
secure synchrony. (See Figures 19 and 20, respectively.) To further support the validity of
Proposition 3.7, we consider the evolution maps of the form f(z) = 2", r > 1. The smaller r
is, the smaller its concavity is. Treat r as a bifurcation parameter; Figures 21-23 show how
we determine the smallest 7 that will make its corresponding system synchronize with various
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n=5
2b fx)=x"
T[T, T, T, T, T, 1.025,1.01,1.02,1.03]

mu=u3=0,2

1000< k< 1010

Figure 22. Since 5 is a prime number, the imbalance measurement is “relatively” large if and when the
system reduces to two synchronous groups. Therefore, the system is allowed to have a “larger” concavity at
r=1.3.

50
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35+

30F

L5t 7 4
=
f0=x"
20+
T[T, Ty Ty, 1,001, 1.002,-,1.018]
8- ©=0=0.01

10- 1000 k< 1010

0 . L L L L L L L
1 1.01 1.02 1.03 1.04 1.05 1.06 1.07 1.08 1.09 1.1
r

Figure 23. With a greater number of oscillators present in the system, the computer simulation is consistent
with the theory predicted in Proposition 3.7.

choices of sizes of oscillators.

In conclusion, we prove stable synchrony for an integrate-and-fire model provided by
Mirollo and Strogatz. Our results include the proof of Peskin’s second conjecture. The
next question is whether the results obtained here can be generalized to higher dimensional
oscillators such as conductance-based models of neurons and/or phase-coupled networks via
phase-response curves (see, e.g., [25] and the work cited therein). Note that the system
presented here is just a special case for the phase-response curves approach. Nevertheless, the
key ingredients for proving the full synchrony for those more current and advanced models
should remain the same even though new technical difficulties might arise. For instance,
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we still need to derive stability conditions so that the nonidentical system behaves like the
identical system. We also need to have some kind of absorption conditions. For example,
if the underlining model is dissipative, i.e., its time T-map decreases volume for all 7" > 0,
then the natural tendency of the system would be to settle into a nonfiring state unless the
direction of the flow of the “associated” return map points outward. If, on the other hand,
the underlining model is volume-expanding, then the absorption process of the system tends
to occur. It is certainly worthwhile to work on those problems.
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