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Abstract

Xu et al. showed that for any set of faulty edges F' of an n-dimensional hypercube Q, with |F| <n — 1, each edge of O, — F
lies on a cycle of every even length from 6 to 2", n > 4, provided not all edges in F are incident with the same vertex. In this paper,
we find that under similar condition, the number of faulty edges can be much greater and the same result still holds. More precisely,
we show that, for up to |F/| = 2n — 5 faulty edges, each edge of the faulty hypercube Q,, — F lies on a cycle of every even length
from 6 to 2" with each vertex having at least two healthy edges adjacent to it, for n > 3. Moreover, this result is optimal in the
sense that there is a set F' of 2n — 4 conditional faulty edges in Qj, such that Q, — F contains no hamiltonian cycle.
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1. Introduction

The ring embedding problem, which deals with all
the possible lengths of the cycles in a given graph, is in-
vestigated in a lot of interconnection networks [2—4]. If
a graph contains cycles of all lengths, it is called pan-
cyclic [7]. Bipancyclicity is essentially a restriction of
the concept of pancyclicity to cycles of even lengths.
A bipartite graph is vertex-bipancyclic [6] if every ver-
tex lies on a cycle of every even length from 4 to
|V (G)|. Similarly, a bipartite graph is edge-bipancyclic
if every edge lies on a cycle of every even length from
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4 to |V(G)|. A bipartite graph is k-edge-fault-tolerant
edge-bipancyclic if G — F remains edge-bipancyclic
for any set of faulty edges F C E(G) with |F| < k.
A path P is a sequence of adjacent vertices, written
as (vg, 1, ..., ). The length of a path P, denoted by
[(P), is the number of edges in P. A hamiltonian cycle
is a cycle which includes every vertex of G. In addition,
we call e a healthy edge when e is fault-free in a graph.

Chan and Lee [1] considered an injured n-dimen-
sional hypercube where each vertex is incident with at
least two healthy edges, and proved that it still contains
a hamiltonian cycle even it has (2n — 5) edge faults.
Tsai [8] proved that such injured hypercube Q, con-
tains a cycle of every even length from 4 to 2", even if
it has up to (2n — 5) edge faults. Recently, Xu et al. [9]
showed that for any set of faulty edges F of Q, with
|F| < n—1, each edge of O, — F lies on a cycle of
every even length from 6 to 2", n > 4, provided not
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all faulty edges are incident with the same vertex. We
observe that not all faulty edges are incident with the
same vertex is equivalent to stating that each vertex has
at least two healthy edges adjacent to it, if |F| <n — 1.
In this paper, we consider a set of faulty edges satisfying
the condition that each vertex of Q,, — F is incident with
at least two healthy edges. Such a set of faulty edges F
is called a set of conditional faulty edges and Q,, — F is
called a conditional faulty hypercube. We find that un-
der this condition, the number of faulty edges can be
much greater and the same result still holds. We show
that, for up to |F| = 2n — 5 conditional faulty edges,
each edge of a faulty hypercube Q,, — F lies on a cy-
cle of every even length from 6 to 2", for n > 3. We
observe that, if |F| < 2n — 5, we may arbitrarily delete
some more edges to make a faulty edge set F' 2 F and
|F’| =2n — 5. If our result holds for F’, it holds for F.
From now on, we shall assume |F| =2n — 5.

The above result is optimal in the sense that the result
cannot be guaranteed, if there are 2n — 4 conditional
faulty edges. For example, take a cycle of length four
in Q,,let (1, uy, u3, ug) be the consecutive vertices on
this cycle. Suppose that all the (n — 2) edges incident
with vertex u (respectively, vertex u3) are faulty except
those two edges on the four cycle are healthy. There are
2(n — 2) conditional faulty edges. Then there does not
exist a hamiltonian cycle in this faulty Q,,, for n > 3.

We now give a formal definition of a hypercube. An
n-dimensional hypercube is denoted by Q,, with the ver-
tex set V(Q,) and the edge set E(Q,). Each vertex u
of O, can be distinctly labeled by a n-bit binary strings,
U =Up_1Up—3...urug. There is an edge between two
vertices if and only if their binary labels differ in exactly
one bit position. Let # and v be two adjacent vertices. If
the binary labels of u and v differ in ith position, then
the edge between them is said to be in ith dimension
and the edge (u,v) is called an ith dimension edge.
Let i be a fixed position, we use QS_ | to denote the
subgraph of Q, induced by {# € V(Q,) | u; = 0} and
Q,Ll to denote the subgraph of Q, induced by {u €
V(Q,) | uj = 1}. We say that Q, is decomposed into
QB_I and Q}l_l by dimension i, and Qg_] and Q,L_]
are (n — 1)-dimensional subcube of Q,, induced by the
vertices with the ith bit position being 0 and 1, respec-
tively. QS_I and erl_l are all isomorphic to Q,_1. For
each vertex u € V(Qg_ 1), there is exactly one vertex
in Q! |, denoted by u(", such that (u,uV) € E(Q,).
Conversely, for each u € V(Q ,ll_ 1), there is one vertex
in 0% |, denoted by u®, such that (u, u¥) € E(Q,).
Let D; be the set of all edges with one end in Qg_]
and the other in Q}% 1- These edges are called crossing

edges in the ith dimension between Qg_ , and Q},_l.
We also call D; the set of all ith dimension edges. Con-
sequently, |D;| =2""! forall 0 <i <n — 1.

2. Some preliminaries

To prove our main theorem, we need some prelimi-
nary results.

Lemma 1. (See [5].) O, is edge-bipancyclic, and is
(n — 2)-edge-fault-tolerant edge-bipancyclic, for n > 3.

Lemma 2. (See [9].) Each edge of Q4 — F lies on a
cycle of every even length from 6 to 2" = 16 for any
F C E(Qy) with |F| = 3, provided not all the faulty
edges in F are incident with the same vertex.

Lemma 3. (See [9].) Any two edges in Q,, are included
in a hamiltonian cycle, forn > 2.

The above lemma can be improved; In addition, we
have the following lemmas to simplify our proof.
Lemma 4. Let Cy = (u, Py, v,u) be a cycle in Qg_l
with its even length from [ to 21 and Cy = (u(l), Py,
vD uDy be a cycle in erl—l with its even length from [y
t0 2" Then C = (u, Py, v, v, Py, u, u) is a cycle
in Qn with its even length from ly + [ to 2".

Proof. The proof of this lemma is omitted. O

Lemma 5. Let O, be an n-dimensional hypercube, n >
2, and let e1 and ey be two edges in the same dimen-
sion i. Then there exists another dimension j # i such
that decomposing Q, into QS_I and Q}l_l by dimen-
sion j, we have (1) neither e nor e; is a crossing edge,
(2) not ey and e are in the same subcube.

Proof. Let e = (a,b) and e; = (s,f) be two edges
in the same dimension i. Let a = a,...qa;...a; and
s =s8,...5...51. Then b =a,...a;...a; and t =
Sp...5i...51. Since e; # ep and n > 2, there exists
another dimension j # i, such that a; # s;. We decom-
pose O, into ngl and Q;L] by dimension j. Then,
e1 and e; are not crossing edges and are in the different
subcubes. O

Lemma 6. Consider an n-dimensional hypercube Q,,
for n > 4. Let ey, e1 and ey be any three edges in Q,,
there is a cycle C containing e\ and ey in Q, — {ep}
with the length [(C) =2", 2" — 2 and 2" — 4.
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Proof. To prove this lemma, we consider the following
two cases:

Case 1: Both e| and ey are in the same dimension,
say dimension i. By Lemma 5, we can choose a dimen-
sion j such that e; and e are in different subcubes.
Without loss of generality, we assume that e is in QS_I
and e is in Q;i—r We then consider two cases:

1.1: eq is not a crossing edge. We assume, without
loss of generality, that e is in ngl. By Lemma 1, in
Qg_] —{ep}, there exists a cycle Cy of every even length
4 <I1(Cy) < on—1 going through e;. Since n > 4, we can
choose an edge (u, v) on cycle Cq such that (u, v) #
er, and (uD, v(D) £ ¢5. By Lemma 3, in erl_l, there
exists a cycle C; of length 2"~! going through e, and
(u(l), v(l)). Thus, the conclusion follows according to
Lemma 4.

1.2: ¢g is a crossing edge. By Lemma 1, there ex-
ists a Co of every even length 4 < [(Cp) < 2n-1 go-
ing through e; in ngl. We can choose an edge (u, v)
on cycle Cp such that (u, v) is not adjacent to ep and
(u,v) # e; and (D, v V) £ e,, since n > 4. By def-
inition, (M, v(M) is an edge in Q,ll_l. By Lemma 3,
there exists a hamiltonian cycle C; going through e, and
@, v®)in Q! . So the conclusion follows accord-
ing to Lemma 4.

Case 2: ¢| and e are in different dimensions. Sup-
pose that ep is in the ith dimension. We decompose
0, into ngl and Q}Fl by dimension i. Then, eg is
a crossing edge. Next, we consider two further cases:

2.1: Either ey or e; is a crossing edge. Without loss
of generality, we assume that e is a crossing edge, and
ey is in ngl. Let e; = (u, uV), where u € V(ngl)
and uM € V(Q}Z_l). Since n > 4, there is a neighbor of
u, say v, such that (u, v) # e, and (u, v) is not adjacent
to eg. By Lemma 3, there exists a hamiltonian cycle Cy
going through (#, v) and e, in Qg_l. By Lemma 1, in
erl_l, there exists a cycle C; of every even length 4 <
1(C1) < 2"! going through (", v(V). By Lemma 4,
the conclusion follows.

2.2: Both ey and e are not crossing edge. If e1 and e
are in different subcubes, this subcase is similar to case
1.2, and the proof is omitted. Otherwise, both e; and
e are in the same subcube. We assume, without loss
of generality, that e; and e; are in QS_ |- By Lemma 3,
there exists a hamiltonian cycle Cy going through e and
ey in Qg_l, and [(Co) = 2"~!. Since n > 4, there is a
third edge (u, v) other than e; and e, on cycle Cp, and
(u, v) is not adjacent to eg. By Lemma 1, there exists a
cycle Cy of every even length 4 < [(Cy) < 2"~! going
through @D, vDY in Q}i_l. By Lemma 4, the conclu-
sion follows. O

Let F be a set of faulty edges of Q. Suppose that we
decompose Q, into QS_I and Qli_l by dimension j,
andlet F, = FNE(Q"_|), FrR=FNE(Q} )). Sup-
pose that F' is a set of conditional faulty edges of Q,,. If
we arbitrarily decompose Q,, into ngl and Q,L] by a
dimension, F; and Fr may not be conditional faulty
edges in ngl and QJL,], respectively. However, we
will show that it is always possible to find some suitable
dimension such that decomposing by this dimension,
both F and Fp are conditional faulty sets in QS_I and

0 ;11—1 , respectively.

Lemma 7. Consider an n-dimensional hypercube Q,
for n 2 4. Let F be a set of conditional faulty edges
with |F| = 2n — 5. There are at most two vertices in Q,
incident with (n — 2) faulty edges.

Proof. If there are three vertices in Q,, incident with
(n — 2) faulty edges, the number of faulty edge F is at
least 3n — 8. However, 3n —8) > (2n —5) foralln > 4
which is a contradiction. O

Lemma 8. Consider an n-dimensional hypercube Q,,
n = 4. Let F be a set of conditional faulty edges with
|F| = 2n — 5. If there are two vertices x and y both
incident with n — 2 faulty edges, then x and y are adja-
centin Q, and the edge (x, y) is a faulty edge. Suppose
that (x, y) is in dimension j. Then decomposing Q,, into
Q?lfl and Q:hl by dimension j, both Fi and Fg are
sets of conditional faulty edges in Qg_l and erl_l, re-
spectively. Moreover, |Fr| <2n —6 and |Fr| <2n —6.

Proof. If there are two vertices x and y in Q, inci-
dent with (n — 2) faulty edges, then these two ver-
tices are connected by a faulty edge. Otherwise, |F| =
2(n —2) =2n — 4 > 2n — 5 which is a contradiction.
Suppose the edge (x, y) is in dimension j, we decom-
pose Q, into two subcubes. It is clearly that each ver-
tex in Q0 | and Q! | is still incident with at least
two healthy edges, and both F; and Fr are conditional
faulty edges in Qg_l and Q! respectively. Then,

n—1°

|Fr|=|Frl=n—-3<2n—-6,forn>4. 0O

Lemma 9. Consider an n-dimensional hypercube Q,,
for n > 4. Let F be a set of conditional faulty edges
with |F| = 2n — 5. Suppose that there exists exactly one
vertex x having (n — 2) faulty edges incident with it.
Since n —2 > 2, let ey and ey be two faulty edges inci-
dent with x, and let e and e be jth and kth dimension
edges, respectively. Then decomposing Q, into Qg_l

and Q,]% | by either one of these two dimensions j and
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k, Fr and Fpg are still sets of conditional faulty edges in
ngl and Q}Hl, respectively. Moreover, |Fr| <2n —6
and |Fgr| <2n — 6.

Proof. If there exists only one vertex x having (n — 2)
faulty edges incident with it, there are at least two faulty
edges e1 and e; incident with it, since n > 4. Obviously,
these two faulty edges are in different dimensions. With-
out loss of generality, we may assume that e; is in di-
mension j and e is in dimension k, for j # k. We can
decompose Q, into Q?Fl and Q,Ll by either jth or
kth dimension, and either e; or e; is a crossing edge.
Therefore, each vertex in these two subcubes is incident
with at least two healthy edges and |Fr| < 2n — 6 and
|[Frl<2n—6. 0O

Lemma 10. Ler Q,, be an n-dimensional hypercube, F
be a set of faulty edges with | F| > 2, and e be a healthy
edge, n > 2. Then there exists a dimension j, decom-
posing Q, into ngl and Q}Ll by this dimension, such
that e is not a crossing edge and not all the faulty edges
are in the same subcube.

Proof. Suppose that e = (4, v) is in dimension i. If
there is a faulty edge f not in dimension i, say in di-
mension j. We decompose Q,, into Qg_l and erl_l by
dimension j. Then f is a crossing edge but e is not, and
all the faulty edges are not in the same subcube. Other-
wise, all the faulty edges are in the same dimension i as
e is in. We now choose any two faulty edges f and f>
in F. By Lemma 5, Q, can be decomposed into Qg_l
and Q,L] by some dimension j # i such that edges fi
and f> are not in the same subcube, and e is not a cross-
ingedge. O

3. Main theorem
We now prove our main result.

Theorem 1. Let Q, be an n-dimensional hypercube,
and F be a set of conditional faulty edges with |F| <
2n — 5. Then each edge of the conditional faulty hyper-
cube Q,, — F lies on a cycle of every even length from 6
to 2", for n > 3.

Proof. We prove this theorem by induction on n. For
n =3, since 2n — 5 =n — 2, by Lemma 1, the result is
true. Forn =4, 2n — 5 =n — 1, by Lemma 2, the result
holds. Assume the theorem holds for n — 1, for some
n > 5, we shall show that it is true for .

As we mentioned before, we may assume |F| = 2n —
5.Let e = (u, v) be an edge in Q,, — F. We shall find a
cycle of every even length from 6 to 2" passing through
e in Q, — F. Assume that e is an ith dimension edge,
ee D;, forsomei €{1,2,...,n}. The proof is divided
into three major cases:

Case 1: There are two vertices x and y in Q,, inci-
dent with (n — 2) faulty edges. By Lemma 8, (x, y) is
an edge in Q, and is a faulty edge. We denote this edge
by e . Suppose that e is a jth dimension edge. We de-
compose Q, into ngl and Q}h] by dimension j. We
then consider two further cases:

1.1: ey = (x,y) and e = (u, v) are in the same di-
mension. Thus, j =i and ey € D; (Fig. 1(a)). In this
case, e is an edge crossing QS_I and Qli_l. With-
out loss of generality, assume that u € V(ngl) and
v E V(Q,11_1). Since n > 5, u has a neighboring ver-
tex w € V(QY_)), by the definition of hypercube, w")

is a neighbor of v such that the edge (w,w") is a
healthy edge and (w, w'") is a crossing edge between

PR >
P
1
w wit e 4
P, t
u |€| v € D
Qon 1 (a) an-l an-l
w w® ®
u
ol B\S
(1
v v €
(@ Qs Qs Qs Qs

Fig. 1. Illustration for theorem.
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Qg 1 and Qn |- By Lemma 1, there exists a cycle Co
in Qn_1 — Fp, passing through (u, w) of every even
length 4 < [(Cp) < 2! and a cycle C; in Q

Fr going through (v, w") of every even length 4 <
1(Cy) < 2" 1. We write Cy as (u, Py, w,u), and C; as
(v, Py, w®, v). Thus, (u, Py, w, w® v, u) is a cycle of
length 6 with [(Py) = 3. By Lemma 4, (u, Py, w, wD,
Py, v,u) can form a cycle of every even length from 8
to 2" through e in Q,, — F.

1.2: ey and e are in different dimensions. Thus, j # i
and ey ¢ D; (Fig. 1(b)). In this case, e is in Qg_l or
erl_l. Without loss of generality, we may assume that
ec E(Qg_l). By Lemma 1, there exists a cycle C in
ngl — Fp going through the edge e of every even
length [, 6 <[ < 2n=1 Let Co be a cycle of length
2"=1 _ 2 or 2"~! passing through e in QS_I — Fr.
Since n > 5, there exists an edge (s, t) on Cq such that
neither s nor 7 is adjacent to e f and (s, t) # e. By defini-
tion, (s(V, 1MW) is an edgein Qn 1»and (s, sy, (2, D)
are healthy edges. By Lemma 1, there exists a cycle C;
in Q! | — Fg through (s, t(l)) of every even length
4<1 (Cl) 2"=1 Thus, the conclusion follows accord-
ing to Lemma 4.

Case 2: There is exactly one vertex in Q, incident
with (n — 2) faulty edges. Let x be the vertex having
(n — 2) faulty edges incident with it. Let f; and f> be
two faulty edges incident with x, so f; and f> are in dif-
ferent dimensions j and k. By Lemma 9, decomposing
0, into QS , and Qn | by either jth or kth dimension,
both F = FNE(QY ) and Fr =F N E(Qn |) are
sets of conditional faulty edges in Q0 | and Qn 1
spectively. Between dimension j and k, we choose one
to decompose @, into Q0 | and Qn |» say dimension
J, such that the required edge e is not a crossing edge.
Therefore, there is an faulty edge crossing Q2—1 and

Ire-

Q;lz—l’ we denote this edge by ey, and ey € F N Dj is
incident with x. Without loss of generality, we may as-
sume that x € V(ngl).

2.1: Suppose |Fr| < 2n — 7 and |Fr| < 2n —17
(Fig. 1(c)). Without loss of generality, we further as-
sume that e € E (Qg_l). By induction hypothesis, there
exists a cycle C in Qg_l — Fp, of every even length
6 < I(C) < 2"! passing through e. Let Cy be a cy-
cle of length 2"~! — 4 < [(Cp) < 27! through e in
QY | —Fp.Since [Co—e| 22" 1 —4—1>2@2n—5)
=2 2|FNDy|, for all n > 5. There exists an edge (s, t) on
Co such that (s, #) is not e, and both (s, s'V) and (¢, 1)
are healthy edges. By induction hypothesis, there ex-
ists a cycle Cy in Q:]1—1 — Fp of every even length 6 <

1(Cy) < 2" ! passing through (s, (V). By Lemma 4,
the conclusion follows.

2.2: |Fp| =2n — 6. In this case, |[FFN D;| =1 and
|FNE(Q,_pI=IFrl=0

2.2.1: e is in subcube QQ—I' To find a cycle of
length 6 passing through e = (u, v), we discuss the
case that whether e is incident with x or not. If e
is incident with x, without loss of generality, we as-
sume that u = x (Fig. 1(d)). Thus, (v, v") is a healthy
edge. Since Fy is a set of conditional faulty edges
in Qn |» vertex u = x has two healthy edges inci-
dent with it. Let w be a neighbor of u in Qn | such
that (w, ) and (w, wV) are healthy edges and w # v.
Thus, (u, v, v D @ u) is a cycle of length 6
in Q, — F. Otherwise, ¢ is not incident with x, then
(u, uD) and (v, vD) are healthy edges (Fig. 1(e)). By
Lemma 1, there exists a cycle C1 = (uD, Py, v M)y
of length four in Q! | through the edge (D, v ).
Thus, (u,u®, P, v v, u) is a cycle of length 6 in
0, — F, where [(P]) = 3.

Let e; be a faulty edge in Qg_l that is not adja-
cent to ey. Though e; is a faulty edge, we treat it as
a healthy edge temporarily, then the total number of
faulty edge in Q _1 18 2n — 7. By induction hypoth-
esis, there exists a cycle Cy of every even length 6 <
1(Cop) <21 going through e in QS_I —{Fr — {e1}}.
If Cy passes ej, we choose ey, or else, we choose
any one edge other then e on Cy which is not adja-
cent to ey. Let the chosen edge be denoted by (s, 7).
We write cycle Cy as (s, Py, t,s). Since |[FNDj| =1
and |Fg| =0, (s,sD), (¢,tD) and sV, D) are all
healthy edges. Thus, (s, Py, 7,11, s s) is a cycle of
length 8 in Q, — F if [(Py) = 5. Suppose that 10 <
[ < 2" and [ is even. By Lemma 1, in erz—l’ there
exists a cycle C of length 4 < I(C3) < 2"~! passing
through (s(V, t(). We write C3 as (s, P3, t(D sy,
By Lemma 4, (s, Py, t,t{V, P3,sM 5 1) is a cycle of
length / through e in O, — F.

2.2.2: e is in subcube Q}l_l (Fig. 1(f)). By Lemma 1,
there exists a cycle C of every even length 4 < [ < 2"~
passing through e in Q,11_1. Suppose that 2"~ +2 <1 <
2" and [ is even. Since F is a set of conditional faulty
edges, there are at most (n — 3) faulty edges adjacent
to er in ngl. Forn >5,n —3 > 2, we can choose a
faulty edge e» = (s, 1) in Qg_l such that e; is not adja-
cent to ey and (s, M)y is not e. Treating the edge e,
as a healthy edge, by induction hypothesis, there exists
a cycle Co of length 6 < 1(Cp) < 2"~! going through
exin Q9 | — {F1 — {e2}}. We observe that (s, sV) and
(¢, M) are healthy edges. By Lemma 6, there exists a
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cycle C; of every length 2"~1 — 4, 2"=1 — 2 or 2"~!
through (s, ") and e in Q! |. By Lemma 4, the
conclusion follows.

Case 3: Every vertex in Q,, is incident with at most
(n —3) faulty edges. In this case, suppose that e = (u, v)
is in dimension i. By Lemma 10, Q, can be decom-
posed into ngl and erl—l by a dimension j different
from i such that e is not a crossing edge and not all
the faulty edges are in the same subcube. Then | F | <
2n—6and | Fg| < 2n — 6. Next, we consider two further
cases:

3.1: At least one faulty edge is a jth dimension edge.
Thus, |[FND;| #0.

We then consider two cases: (a) |Fr| < 2n — 7 and
|FrI<2n—"7,and (b) |Fp|=2n—6o0r |Fr|=2n—6.
The proof of this subcase is exactly the same as that of
case 2.

3.2: None of the faulty edges is a jth dimension edge.
Thus, |[FND;|=0.

3.2.1: |Fp| <2n—7and |Fg| < 2n—7. Without loss
of generality, we may assume that e € E(Qg_l). By in-
duction hypothesis, there exists a cycle C of every even
length 6 <I(C) < 2" !in Qg_l — F, passing through
e. Let Cg be a cycle of every even length 2"~ — 4 <
1(Cp) < 2"! going through e in ngl — F1,. There ex-
ists an edge (s, t) other than e in Cy. Since |FN D ;| =0,
(s,sM) and (r, D) are healthy edges. We write C
as (s, Py, t, s). By induction hypothesis, there exists a
cycle Cy of every even length 6 < [(Cy) < 27=1 in
Q’Ll —{Fgr— (s, My through (s, D). Thus, the
conclusion follows according to Lemma 4.

3.2.2: Suppose |Fr| =2n — 6 or |Fr| =2n — 6, say
the former case. In this case, |Fgr| = 1. We then con-
sider two cases: (a) e is in subcube Qg_l, and (b) e is in
subcube erl_l.

(a) e = (u, v) is in subcube QS_I. Since [F N D;| =
0, both (u, u(l)) and (v, v(l)) are healthy edges. Let /
be an even number with 6 < [ <2"1, By Lemma 1,
there exists a cycle Cp of every even length from 4 to
2"~! passing through (u", vV)in Q] | —{Fg— @,
v} We write C; as (P, P, v uM). No mat-
ter (u(l), v(l)) is healthy or not, (u, u, Py, vy, u)
forms a cycle of length / through e in Q, — F. Suppose
that 271 +2 <1 <2". Lete; be a faulty edge in Qg_l.
We may treat e as a healthy edges temporarily. By in-
duction hypothesis, there exists a cycle Cp of length 6 <
1(Co) < 2"~ going through e in 0% | — {F — {e1}}.
If Co passes the edge e1, we choose e to be deleted.
Otherwise, we choose another edge other than e on cy-
cle Cp. Let the chosen edge be denoted by (s, 7). We

write the cycle Cy as (s, Py, t,s). Treating (s(l),t(l))
as a healthy edge, by Lemma 1, there exists a cycle C3
of every even length from 4 to 2"~! passing through
(s, tWyin @l —(Fp — (s, tM)}. By Lemma 4,
the conclusion follows.

(b) e is in subcube Q! |. Let e; be the only faulty
edge in Q}l_l. By Lemma 1, there exists a cycle C
of every even length from 6 to 2"~! through e in
Q! | —{ei}. Suppose that 2"~! +2 <1< 2", and
[ is even. Let ey = (s,¢) be a faulty edge in Qg_l
such that (s(V 1) £ ¢ and (sV, V) £ ¢;. By induc-
tion hypothesis, there exists a cycle Cp of length 6 <
1(Co) < 2" Vin QY | — {F1 — {eo}} going through eo.
If (s(U, t(D) = ¢, treat e] as a healthy edge temporarily,
by Lemma 6, there exists a cycle C; of length 2"~! — 4,
2n=1 _ 2 or 2"!, respectively, going through both
(s, My and e in erl_l. By Lemma 4, the conclusion
follows. Otherwise, if (s(l),t(l)) #* e1, by Lemma 6,
there exists a cycle C3 of length gn—=1 on=1 _ o
or 2"~ — 4, respectively, going through both e and
(s, ¢ My in Q}Ll —{e1}. Thus, the conclusion follows
according to Lemma 4.

This completes the proof. O
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