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It is not energy efficient to run a CPU at full speed all the time for all kinds of tasks 

in mobile devices. This paper proposes two energy efficient intra-task dynamic voltage 
scaling (DVS) algorithms for CPUs. There are three main contributions in this paper. 
Firstly, unlike the tedious derivation in PACE [2], we have derived the same optimal 
speed schedule with minimal energy consumption in a discrete and elegant way by using 
the Lagrange multiplier procedure. Secondly, the CPU model assumed in PACE is ideal, 
meaning that such a CPU supports all possible frequencies/voltage levels. We call such 
CPUs as ideal CPUs. In reality, CPUs only support a limited set of frequency/voltage 
levels, and we call this kind of CPUs as realistic CPUs. Thirdly, since energy consump-
tion is not a simple function of frequency, it is more reasonable to transform the original 
nonlinear programming problem to the Multiple-Choice Knapsack Problem (MCKP). 
Since the problem can be described by a multistage graph, we used dynamic program-
ming to derive an Optimal Schedule for Realistic CPUs (OSRC) with minimal energy 
consumption for realistic CPUs by using actual power consumption specifications of re-
alistic CPUs. Considering potential computation and transition overheads, we have also 
proposed a low overhead OSRC (LO-OSRC), which restricts the change of CPU fre-
quency/voltage to only once in the speed schedule. By using actual data from the power 
consumption specifications of two classical CPUs for evaluation, experimental results 
have shown that the energy saving of the proposed OSRC (LO-OSRC) is up to 10.3% 
(9.4%) better than that of PACE for realistic CPUs. 
 
Keywords: CPU, energy efficient, intra-task, dynamic voltage scaling, mobile device, 
real time 
 
 

1. INTRODUCTION 
 

With the advent of multimedia eras, mobile devices such as cell phones and personal 
digital assistants (PDAs) require powerful CPUs to handle a variety of multimedia appli-
cations as fast as possible. However, mobile devices are powered by batteries for mobility 
needs. In each battery operated system, we need effective power management to use en-
ergy efficiently to extend battery life. Such battery operated systems often build in em-
bedded systems for special purposes. Different purposes need different power manage-
ment schemes. In communication embedded systems, like cell phones, they often con-
sume a lot of energy in radio interfaces. If the radio interface still works in full power 
when there is no data communicating, it wastes energy. In wireless sensor embedded sys-
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tems, they often become active once in a week, or even once a month. To save energy, the 
basic method is to change a sensor node from active to sleep state when it is not used.  

In high-speed embedded systems, they use high-speed CPUs (in contrast to other 
embedded systems) to handle multimedia applications. However, the faster the CPU is, 
the more energy it consumes. Note that CPU frequency is directly proportional to the 
voltage applied, and energy is proportional to the square of the voltage applied [1]. The 
basic idea to save energy by adjusting CPU frequency is that we don’t need a high CPU 
frequency to handle simple jobs, like text editing which requires lower CPU frequency 
than that for media playing. Even in the media playing, a device only needs to satisfy the 
user’s requirement by using a proper CPU frequency. It has been shown that decreasing 
the CPU frequency linearly, the energy consumption can be reduced quadratically. Of 
course, such CPUs must support frequency and voltage scaling, like Intel XScale [15, 16], 
AMD Duron [17] and Transmeta Crusoe [18]. 

We can not decrease CPU speed by reducing frequency and voltage without consid-
ering system performance. System performance must be considered as well. The question 
here is how to choose a proper CPU speed that meets the system performance require-
ment. In the OS level point of view, giving a task with deadline d, and worst case execu-
tion cycles (WCECs) C, we can determine an optimal static speed, C/d, such that the task 
can be completed before deadline d, where WCEC is the maximum possible CPU cycles 
that the execution of an application may need [6, 37]. A real time system can be classified 
into hard and soft. In a hard real time system, all its tasks must finish before their dead-
lines; otherwise the system will crash. In a soft real time system, it allows a proportion of 
tasks to miss their deadlines and the system still works. Both kinds of real time systems 
need to know a task’s workload and deadline, and the OS scheduler arranges each task to 
run to meet its deadline. Often a task’s CPU requirement is assigned off-line, which is 
usually overestimated to avoid deadline miss. As a result when the task completes early, 
CPU idle time (called slack time) occurs. Note that off-line scheduling is a static scaling 
decision. At every instant of task start its execution time is known [47]. Using only 
off-line decisions, one can always guarantee the deadlines by using the worst case speed 
[48, 50, 51]. Most of intra-task DVS algorithms, such as the path-based method (e.g., in 
[52]) and the stochastic method [11] (e.g., PACE [2]), using off-line scheduling because 
the off-line scheduling can reduce execution overhead [49]. 

Dynamic voltage scaling (DVS), involving dynamic adjustments of the supply volt-
age and the corresponding operating clock frequency, has emerged as one of the most 
effective energy minimization techniques [10]. A DVS algorithm tries to adjust the CPU 
frequency of a system to reduce the CPU slack time and the system still meet hard or soft 
real time constraints for a task. However, it is hard to predict a task’s actual workload 
before the task finishes due to conditional branches or loops. In other words, we never 
know an optimal DVS solution before the execution of a task is completed. Because of 
the indefinite task’s workload, it is not energy efficient if the DVS algorithm uses a static 
frequency for each task [13]. In summary, the main issue of the DVS is how to adjust 
CPU frequency and voltage dynamically and still guarantee system performance. 

In this paper, we address the energy efficient intra-task voltage scaling for ideal 
CPUs and realistic CPUs under the stochastic model, respectively. It is targeted at hard 
real time systems. The rest of the paper is organized as follows. Section 2 gives back-
ground and related work. Section 3 derives an optimal energy efficient intra-task DVS 
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algorithm for ideal CPUs in a discrete way. In section 4, we formulate the DVS problem 
for realistic CPUs as the MCKP (multiple-choice knapsack problem) and propose two 
energy efficient algorithms. One is OSRC, which can be solved by dynamic programming 
[31] since the problem can be described by a multistage graph. The other is LO-OSRC, 
which has low computation and transition overhead. The evaluation of the proposed algo-
rithms compared with related work is given in section 5. Finally, concluding remarks are 
outlined in section 6. 

2. BACKGROUND AND RELATED WORK 

2.1 Dynamic Voltage Scaling 

F. Yao et al. [30] first proposed a simple model of job scheduling in real time sys-
tems, which was further enhanced by B. Mochocki et al. [25] with consideration of the 
voltage transition overhead. Note that the transition overhead in terms of time and energy 
is in the range between 25 to 150 μsec and in the range of micro joules (for example 4 μJ 
in lpARM, which is a DVS-capable low-power processor) [6], respectively. Ishihara and 
Yasuura [21] formulated the voltage scheduling problem for a processor, which can use 
only a small number of discrete voltages, as an integer linear programming (ILP) prob-
lem. Andrei et al. [27] proved that the discrete voltage selection formulated as an ILP 
problem is indeed NP-hard; no optimal solution can be found in polynomial time.  

The real time DVS algorithms can be classified into inter-task and intra-task DVS 
algorithms based on the granularity at which the voltage scaling is performed [34]. In 
intra-task DVS algorithms, the CPU frequency is changed dynamically during the execu-
tion of a task, while inter-task DVS algorithms keep it static in a task and change it 
across tasks. A survey of DVS techniques was presented in [36]. 

2.2 Inter-Task DVS 

Inter-task DVS is carried out on a task-by-task basis and the voltage assigned to a 
task is unchanged during the whole execution of the task [10]. We often apply earliest 
deadline first (EDF) schedulers in periodical real time systems, and the CPU frequency 
and voltage are constant during the execution of a task. Pillai and Shin [8] proposed a 
look-ahead technique to determine future computation need and defer task execution. The 
look-ahead scheme tries to defer as much work as possible, and sets the operating frequency 
to meet the minimum work that must be done now to ensure all future deadlines are met [10], 
so the current running task always works under the lowest CPU frequency possible. 

2.3 Intra-Task DVS 

Intra-task DVS dynamically adjusts the operating voltage within an individual task 
boundary according to the execution behavior to reflect the changes of the required num-
ber of cycles to finish the task before the deadline [10]. Shin et al. [10] first proposed an 
intra-task DVS for hard real time applications by using remaining WCEC-based speed 
assignment, and voltage scaling decisions are made at compile time to reduce runtime 
overhead. But it is not energy efficient if we frequently change the CPU speed. Shin and 
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Kim [19] used the average case execution path (ACEP) as a reference path to decrease 
CPU frequency at the beginning of the task running. The algorithm exploits the fact that 
the ACEPs are more likely to be followed at run time than the WCEPs (worst case exe-
cution paths), and it optimizes the energy consumption for such hot paths. The main con-
tribution of the algorithm is that it enhances the original intra-task DVS algorithm by ex-
ploiting the probability of each execution path, while guaranteeing the worst-case timing 
constraints [19]. However, Seo et al. [14] claimed that an ACEP- based algorithm does 
not always achieve minimum average energy consumption and proposed an optimal-case 
execution path based on probability. 

Gruian [5] first proposed a stochastic model for intra-task DVS algorithms, which is 
better than reclaim-based intra-task ones [6, 10, 18]. A reclaim-based intra-task DVS is 
that the CPU frequency is calculated dynamically during the execution of a task. Lorch 
and Smith [2] proved that the optimal speed is inversely proportional to the cube root of 
the tail probability in Gruian’s stochastic model. However, this optimal speed scheduler 
does not work energy efficiently in real world if the CPU only support a limited set of 
frequency and voltage levels. 

3. OPTIMAL SPEED SCHEDULE FOR IDEAL CPUS  

We first discuss how to derive an optimal speed schedule with minimal energy con-
sumption for ideal CPUs. Although Lorch and Smith [2] have derived such an optimal 
schedule, called PACE, their proof is tedious and they did not take the restriction of a 
limited set of supported frequency/voltage levels and the actual power consumption of a 
CPU into account. In the following, we first formulate the optimal speed schedule prob-
lem as a constrained nonlinear programming problem, and derive an optimal speed 
schedule for ideal CPUs using the Lagrange multiplier procedure [24]. 

 
3.1 Stochastic Intra-Task DVS 

 
The switching power dissipation (Psw) in CMOS circuits is defined as [1] 

2
sw eff ddP C V f= ⋅ ⋅                                                 (1) 

where Ceff is the effective switching capacitance, Vdd is the supply voltage, and f repre-
sents the CPU frequency. Obviously, reduction of the supply voltage results in lower 
power consumption. The relation between circuit delay (Td) and supply voltage (Vdd) is 
approximated by [1] 

( )
L dd

d α
dd th

C V
T

V V
∝

−
                                                  (2) 

where CL is the load capacitance, Vth is the threshold voltage, and α is the velocity satu-
ration index which varies between 1 and 2. Because the clock frequency is proportional to 
the inverse of the circuit delay, the reduction of the supply voltage results in reduction of 
the clock frequency [1]. In [2, 4, 5, 13, 14, 20], a linear relationship between Vdd and f is 
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assumed. It would not be beneficial to reduce the CPU frequency without also reducing 
the supply voltage, because in this case the energy per operation would be constant [29]. 
The energy consumption (E) of executing a task is defined as [4] 

2 2a
switching eff dd eff dd a

C
E P t C V f C V C

f
= ⋅ = ⋅ ⋅ ⋅ = ⋅ ⋅                     (3) 

where t is the actual task executing time and Ca is the actual number of execution cycles 
for a task. 

Note that we just introduced a model that assumes a linear relationship between 
voltage and frequency in order to derive an optimal speed schedule for ideal CPUs. 
However, in the simulation (section 5), we used real CPU frequency and voltage level 
specifications (as shown in Tables 1 and 2) for experiments. The specifications came 
from real CPU specifications.  

In this paper we focus on the intra-task DVS. Note that intra-task DVS algorithms 
adjust the supply voltage within individual task boundary [11]. So we consider only one 
task at a time. In addition, off-line scheduling is adopted to avoid possible deadline miss 
and to reduce execution overhead, as explained in section 1. Assume the WCEC of a task 
T is Cw. We denote random variable X associated with the actual number of cycles used 
by task T over the interval (0, Cw). The cumulative distribution function of random vari-
able X is F(x) = P(X ≤ x) and the tail distribution function [5] is Fc(x) = 1 − F(x) = P(X > 
x). During the execution of a task, a stochastic DVS algorithm often assigns an appropri-
ate CPU speed depending on how many cycles that the task has completed. Like the defi-
nition in [2, 5], we denote the speed by an ascending function s(x). Because it is a linear 
relationship between voltage and clock rate [20], the expected energy consumption while 
executing a task is proportional to 

 2
 0

( ) ( ) .wC c effF x C s x x dx⋅ ⋅ ⋅∫                                            (4) 

Note that the optimal schedule problem can be represented by a multistage graph, 
which depends on the probability distribution of a task’s work requirement. We denote 
the cumulative distribution function of this work by F(x), which is the probability that the 
task requires no more than x cycles of works [39]. On the other hand, F(x) is the prob-
ability that the task actually ever gets done. So the tail distribution function Fc(x) repre-
sents the probability that the task requires more than x cycles of works [39]. That is, it 
represents the probability that the task will not complete at the current stage. Therefore, 
the energy consumption is proportional to Fc(x). 
 
3.2 Simplifying the Derivation in PACE by Lagrange Multiplier Procedure 
 

Because it is infeasible to change CPU frequency/voltage continuously, we assign a 
set of n possible execution cycles sorted from minimum to maximum, {C1, C2, …, Cn}, 
and only change CPU frequency/voltage after a task executing Ci cycles, where i = 0, …, 
n − 1 and C0 = 0. In other words, the CPU frequency between Ci-1 and Ci is constant. We 
denote the constant frequency assigned in partition [Ci-1, Ci] as fi and rewrite Eq. (4) in a 
discrete form: 



CHIEN-CHUNG YANG, KUOCHEN WANG, MING-HAM LIN AND POCHUN LIN 

 

256 

 

2
1 1

1
( ) ( )

n
c

i eff i i i
i

F C C f C C− −
=

⋅ ⋅ ⋅ −∑ .                                      (5) 

Our goal is to find an optimal speed schedule with minimum energy consumption of ob-
jective function (5) under time constraint 

1

1
.

n
i i

ii

C C
d

f
−

=

−
=∑                                                    (6) 

That is, this is a constrained nonlinear programming problem to find the minimum 
value of objective function (5) with constraint (6). We use the Lagrange multiplier pro-
cedure [24] to solve it. First we relax the constrained model into an unconstrained form 
by weighting constraints in the objective function with Lagrange multiplier v. The result 
is a Lagrangian function 

2 1
1 2 1 1

1 1
( , , , , ) ( ) ( ) .

n n
c i i

n i eff i i i
ii i

C C
L f f f v F C C f C C v d

f
−

− −
= =

⎛ ⎞−
= ⋅ ⋅ ⋅ − + −⎜ ⎟⎜ ⎟

⎝ ⎠
∑ ∑…  (7) 

Solving the stationary point of the Lagrangian function 

1
0 1 1 2

1 1
( ) 2 0,c

eff
C vL F C C f C

f f
∂

= ⋅ ⋅ ⋅ − =
∂

 

2 1
1 2 2 1 2

2 2

( )
( ) 2 ( ) 0,c

eff
C C vL F C C f C C

f f
−∂

= ⋅ ⋅ ⋅ − − =
∂

 

… 

1
1 1 2

( )
( ) 2 ( ) 0c n n

n eff n n n
n n

C C vL F C C f C C
f f

−
− −

−∂
= ⋅ ⋅ ⋅ − − =

∂
 

we obtain the optimal solution fi
∗ 

** *
* * *1 2 33 31 2

0 1 1
, , ,

2 ( ) 2 ( ) 2 ( )
n

nc c c
eff eff eff n

vv v
f f f

C F C C F C C F C −

= = =…  

where vi
* is the optimal voltage for each i. 

Note that the value of stationary point fi
* is in proportion to [Fc(Ci-1)]-1/3. The result is 

the same as that in [2], which derived the result in a continuous and complex way. In 
contrast, we obtained the same result in a discrete and concise way. 

Next, we try to solve the stationary point in Lagrangian function (7). First, the de-
rivative of Lagrangian function (7) with respect to v is set to 0: 

1

1

( )
0.

n
i i

i i

C CL d
v f

−

=

−∂
= − =

∂ ∑  

Because [Fc(C0)]-1/3 = 1, we replace fi
* with fi

* ⋅ [Fc(Ci-1)]-1/3, and substituting gives 
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 1
* 1/3

1 1 1

( )
 [ ( )]

n
i i
c

i i

C C
d

f F C
−

−
= −

−
=

⋅
∑ .                                        (8) 

Thus f1
∗ and the other fi

∗’s are solved. 
To verify the computed stationary point is indeed a global minimum, the Hessian 

matrix of Lagrangian function L is defined as 

 

2
11

1

2
1

H( , ,  )
n

n

n n

L L
f ff

f f
L L

f f f

∂ ∂⎛ ⎞
⎜ ⎟∂ ∂∂⎜ ⎟
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⎜ ⎟

∂ ∂⎜ ⎟
⎜ ⎟∂ ∂ ∂⎝ ⎠

"

… # % #
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and 

 

0 1
* *

1

1 1

6 ( ) 0

H( , ,  ) .

0 6 ( )( )

c
eff

n
c

eff n n n

C F C C

f f

C F C C C− −

⎛ ⎞
⎜ ⎟

= ⎜ ⎟
⎜ ⎟⎜ ⎟−⎝ ⎠

"

… # % #

"

 

Obviously, H(f1
*, …, fn*) is positive definite that means the stationary point of function L 

is an unconstrained local minimum and is optimal for the objective function (5) [24]. 

4. PROPOSED OPTIMAL SCHEDULE FOR REALISTIC CPUs (OSRC) 

4.1 The Problem of the PACE for Realistic CPUs 
  

The main problem of the optimal speed schedule, PACE [2], is that it targeted at 
ideal CPUs with an unlimited set of voltage levels. For realistic CPUs, like Intel XScale 
[15, 16], AMD Duron [17] and Transmeta Crusoe [18], only a limited set of voltage lev-
els for corresponding available frequency levels is supported. This means that PACE is 
not applicable to these realistic CPUs. Another problem is described as follows. When 
calculating the optimal speed schedule, if we only consider the dynamic power based on 
Eq. (1) and neglect the static and leakage powers, it may actually result in less energy 
saving for the optimal speed schedule. To obtain the optimal speed schedule, it is more 
reasonable to use the CPU power consumption data from actual measurements. 

Tables 1 and 2 show the valid CPU frequency, corresponding voltage and power 
consumption in Intel PXA255 and PXA270 CPUs, respectively [15, 16]. The power 
consumption values are different from the theoretical values calculated from Eq. (1), be-
cause most of DVS researches did not consider the short circuit and leakage power con-
sumptions [1]. So it is more reasonable and feasible to adopt actual power consumption 
values instead of those obtained from Eq. (1) in DVS algorithms. In this paper, we used the 
power consumption values directly from Tables 1 and 2 for evaluation. For illustration, 
we use PACE and our proposed OSRC to find optimal schedules for realistic CPUs using 
two example tasks. Table 3 gives the specifications of these two tasks: tasks 1 and 2. 
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Table 1. Power consumption specification for Intel PXA255. 
Frequency (MHz) Voltage (V) Power (mW) 

33 (idle) 1.0 45 
200 1.0 178 
300 1.1 283 
400 1.3 411 

Table 2. Power consumption specification for Intel PXA270. 
Frequency (MHz) Voltage (V) Power (mW) 

13 (idle) 0.85 44.2 
104 0.9 115 
208 1.15 279 
312 1.25 390 
416 1.35 570 
520 1.45 747 
624 1.55 925 

Table 3. Specifications of two example tasks. 
Task Ci (Mc) Fc(Ci) deadline (ms)

Task 1 {5, 15} {1, 0.2} 50 
Task 2 {5, 10, 15} {1, 0.3, 0.1} 50 

 

4.2 PACE Approach: Rounding the Frequencies Obtained from PACE to the Nearest 
Available Frequencies [38] 

 
First, we take task 1 running at Intel PAX255 as an example. From Eq. (8), if the 

start-up speed of task 1 is c, and task 1 takes 5 million cycles (Mc) and keeps running, 
the CPU speed should be raised to 1.71c. By Eq. (8), we found the start-up speed c is 217 
MHz, and the speed after 5 Mc is 370 MHz. Because Intel PXA255 does not support 
these speed settings, it is reasonable to choose the upper nearest available frequencies to 
avoid deadline miss. After rounding the ideal frequencies, the speed schedule is: 300 
MHz at start-up and 400 MHz after 5 Mc having been executed. We use function p(f), 
which is Ceff ⋅ f 3, to describe the power consumption under speed f, and p(f) can be ob-
tained based on Table 1. Now we rewrite Eq. (5) as 

 1
1

1

( )
( ) ( ) .

n
c i i

i i
ii

C C
F C p f

f
−

−
=

−
⋅ ⋅∑                                    (9) 

From Eq. (9), the expected energy consumption is 6.75 mJ if the energy consumption 
during the idle time period is included. 
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4.3 OSRC Approach 

Our OSRC is targeted at real CPUs with limited available frequencies. Denoting the 
available frequencies by a linear combination was often used [22, 25-28]. By rewriting 
objective function (5), the stochastic DVS model is formulated as the MCKP. That is, if a 
CPU has a limited set of m speeds, {s1, s2, …, sm}, it is better to formulate the original 
constrained nonlinear programming problem (Eqs. (6) and (9)) as the MCKP. We denote 
fi, which is the CPU frequency after a task executes Ci-1 cycles and remains static until 
the task executes Ci cycles, as a linear combination of si 

1 ,1 2 ,2 ,i i i m i mf s x s x s x= ⋅ + ⋅ + + ⋅…                                (10) 

where 

,
1

1,
m

i j
j

x
=

=∑  

xi, j ∈ {0, 1}, j = 1, …, m. 

Using the same concept of the linear combination of speeds, the expected energy con-
sumption (E(fi)) for executing (Ci − Ci-1) cycles under static CPU frequency fi ∈ {s1, …, 
sm}, can be rewritten as 

1 ,1 2 ,2 ,( ) ( ) ( ) ( )i i i m i mE f e s x e s x e s x= ⋅ + ⋅ + + ⋅…                            (11) 

where 

1( )
( ) ( ) i i

i i
i

C C
e s p s

s
−−

= ⋅ . 

From Eq. (5), the expected energy consumption based on the intra-task DVS stochastic 
model is the sum of the expected energy consumption in partition [Ci-1, Ci]. Therefore, 
the expected energy consumption under a limited set of frequencies combinations is 

1 1 ,
1 1 1

( ) ( ) ( ) ( )
n n m

c c
i i i j i j

i i j
F C E f F C e s x− −

= = =
⋅ = ⋅ ⋅∑ ∑∑ .                          (12) 

From Eq. (6), we denote the time consumption of CPU executing (Ci − Ci-1) cycles under 
speed si as ti(sj), which equals to (Ci − Ci-1)/sj. Thus, the total time consumption by a task 
is the sum of ti(sj), and the time constraint under a limited set of frequencies combina-
tions is given by 

, 
1 1

( ) .
n m

i j i j
i j

t s x d
= =

⋅ ≤∑∑                                              (13) 

Note that the equal (“=”) relation in Eq. (6) has been replaced by the less than and 
equal to (“≤”) relation. This is because under a limited set of frequencies, the sum of ti(sj) 
⋅ xi,j is hard to fit the deadline exactly. Now the problem is formulated as the MCKP and 
xi,j’s are the only variables that we should solve: 
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Minimizing 1 ,
1 1

( ) ( )
n m

c
i j i j

i j
F C e s x−

= =
⋅ ⋅∑∑  

Subject to ,
1 1

( )
n m

i j i j
i j

t s x d
= =

⋅ ≤∑∑  

,
1

1, 1, , ,
m

i j
j

x i n
=

= =∑ …  

xi,j ∈ {0, 1}, i = 1, …, n, j = 1, …, m.  
 
In an intra-task DVS schedule, the maximum number of possible frequency changes 

during the execution of a task is the number of CPU frequency levels minus one. Because 
the frequency levels of realistic CPUs [15-18] are only a few, we use dynamic program-
ming to solve the MCKP [31]. From section 3.2, a task consists of n partitions, {p1, p2, …, 
pn} = {C1, C2 − C1, …, Cn − Cn-1}, where C1 is the smallest, Cn is the largest, and pi is the 
number of positive execution cycles (Ci − Ci-1). And the best feasible solution of r parti-
tions {pi, …, pn}, where r = n − i + 1, is denoted as Sr. Note that Sr is a subset of the parti-
tions {p1, p2, …, pn}. The total execution cycles are x1,j ⋅ p1 + x2,j ⋅ p2 + … + xn,j ⋅ pn, 
where xi,j ∈ {0, 1}; i = 1, …, n, j = 1, …, m. Using recursion to solve Sr, based on Eq. 
(13), we have 

 

 

1
, 1

1

1 1, 1

null if deadline miss,

{ } 1, and  is the minimal speed , where 

{ } 1, and  ( ) ( ) ( ) is a minimum,

n n
n j jr

c
r n r j j r n r j

C C
x r s d dS

d
S x r E S F C e s

−

− − + − −

⎧
⎪
⎪ −⎪ = ≥ == ⎨
⎪
⎪ ∪ > + ⋅
⎪⎩

(14) 

where if xi,j = 1, it means pi is selected using the jth frequency level without deadline miss 
at Sr. 

Note that deadline dr of Sr, based on Eqs. (13) and (14), can be written as: 

1

if   ,

( ) otherwise.r
r n r j

d r n
d

d t s+ −

=⎧⎪= ⎨ −⎪⎩
                                     (15) 

Because deadline dr-1 of Sr-1 varies with a selected speed sj in partition pn-r+1, the energy 
consumption of Sr-1, based on Eq. (12), can be written as:  

Ej(Sr−1) =
, 1

2

1
,

( ) ( ).
i j r

n r
c

i j
i n x S

F C e s
−

− +

−
= ∈

⋅∑                           (16) 

And the time consumed by Sr-1, based on Eqs. (13) and (15), can be written as: 

  1 1
2

( ) ( ) ,  {1, , }.
n

r i j r
i n r

T S t s d j m− −
= − +

= ≤ ∈∑ …                            (17) 
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In Sr, under the following two conditions, deadline miss will occur: 
 
(1) Sr-1 is null (it means no possible solution of tn−r+1(sj) from Sr) 
(2) Sr-1 is not null, but for all j ∈ {1, …, m}, such that 

T(Sr-1) + tn-r+1(sj) > dr.  

The proposed OSRC procedure is shown in Fig. 1. For better understanding of this 
procedure, we summarize the parameters used in Table 4. Although a recursive procedure 
is used in the OSRC procedure, the computation will not take too much time due to a 
limited set of available CPU frequencies. Because voltage scaling is computationally ex-
pensive compared to a conventional scheduler and it may hamper the possible energy 
saving [32], the size of n (a task’s possible number of execution cycles) should be small. 
That is, if a CPU can use only a small number of possible execution cycles, the voltage 
scheduling can minimize the energy consumption under any time constraint [38]. In addi-
tion, the main idea of stochastic DVS is based on that if a periodic task’s actual execution 
cycles (AEC), which are the actual number of cycles spent executing a task [6, 43], fol-
lows a distribution, the optimal speed schedule can save the most energy. Note that the 
distribution can be obtained offline and the optimal speed schedule needs to be calculated 
only once, and will be used for a long period of time. Based on the above observation, the 
runtime time of the stochastic intra-task DVS is not a concern. For example, for PACE, 
its runtime for an example case is at most 77μs per task [39]. The runtime is small com-
pared to the deadlines in all cases, and considering that the computation can be done at the 
end of each task in anticipation of the next task, it should only delay the completion of a  

 
Procedure OSR(sr) 
if (r == 1) then                                  /* S1 means the last partition. */ 

Find minimum speed sj ≥ (Cn − Cn-1)/d1; 
if (found sj) then 

return {xi,j}; 
else  

return null; 
else 

for ((every sj) and (T(sr-1) + tn-r+1(sj) ≤ dr)) do       /* find every possible sj that satisfies  
temp_S[j] = OSRC(Sr-1)                         deadline constrain dr and solve Sr-1  

end for                                        based on tn-r+1(sj) */ 
for (each temp_S[j]) do                         /* find the minimum energy of each  

Find j where Ej(Sr-1) + Fc(Cn-r) * e(sj) is minimum;    possible solution */ 
best_j = j; 

end for  
if (found best_j) then                          /* if the best solution is found, mark  

return {xn-r+1, best_j} ∪ temp_S[best_j];            xn-r+1, best_j = 1 for equation x1,j ⋅ p1 +  
else                                          x2,j ⋅ p2 + … + xn,j ⋅ pn */ 

return null; 
end if  

end if 
Fig. 1. OSRC procedure. 
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Table 4. Nomenclature. 
Parameter Definition 

Ci the ith possible execution cycles of {C1, C2, …, Cn} 
Fc(Ci) the corresponding tail distribution function of Ci 

Sr the best r partitions from {pi, …, pn} 
sj the jth frequency level of CPU 
xi,j 1 if selected , 0 otherwise 

ti(sj) (Ci − Ci-1)/sj 

T(Sr-1) 
2

( ), {1, , }.
n

i j
i n r

t s j m
= − +

∈∑ …  

e(sj) the power consumption under speed sj 

Ej(Sr-1) the total energy consumption of Sr-1 based on tn-r+1(sj) from Sr 
best_j the best solution at the jth frequency level in each round 

dr the deadline constraint of Sr 

                                OSRC(S2)          OSRC(S1) 

 
Fig. 2. The recursion graph for task 1.  

 
task when there is no idle time before the next task starts. Therefore, the runtime over-
head of the DVS algorithm could be ignored [39]. 

To demonstrate the merit of our OSRC over that of PACE, let’s return to example 
task 1, as shown in Table 3, which consists of two partitions {p1, p2} = {C1, C2 − C1} = 
{5Mc, 10Mc}, and the corresponding tail distribution functions are 1 and 0.2. Fig. 2 
shows a recursion graph for task 1, which is a multistage graph. Note that each line is 
labeled with a selected frequency, and the dotted lines represent possible paths and the 
solid lines represent the optimal paths for each partition. Each node is labeled with two 
values: the upper value, representing energy consumption and the lower value, repre-
senting time consumed in each partition. The goal is to find a path which has a minimum 
sum of energy consumption, and the sum of time consumed must be less or equal to 
deadline d. We started at C1 to find each feasible frequency level that satisfies deadline d1. 
Based on the previous solution we found the next feasible solutions of C2, …, Cn (the 
value of n in this example is 2). In the final round (the second round), we found three 
possible paths [(200, 400); (300, 300); (400, 300)] and the best one is (200, 400), which 
consumes the least energy (6.51 mJ).  

Therefore, by using OSRC, the optimal speed schedule of example task 1 is {200 
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MHz, 400 MHz}, and the energy consumption is 6.51 mJ, which reduces 3.6% more en-
ergy than that by using PACE (6.75 mJ from section 4.2). Similarly, by using the OSRC 
algorithm, the optimal speed schedule of example task 2 is {200 MHz, 400 MHz, 400 
MHz}, and the energy consumption is 6.5 mJ, which is still less than that by using PCAE 
(6.6 mJ from section 4.2). 
 
4.4 LO-OSRC Approach 
 

Although we can use the OSRC algorithm to find the optimal speed schedule, there 
are two problems in the OSRC. Firstly, The time complexity of the OSRC algorithm is 
O(nm), n is the number of possible partitions and m is the number of available CPU fre-
quency levels. If n or m is large, the OSRC may waste a lot of time and energy. This is 
because the OSRC scheduler itself is a task that needs CPU time for execution. The en-
ergy consumption is proportional to CPU execution time. Therefore, if n or m is larger, 
the OSRC scheduler will execute longer and thus waste more energy. However, the size 
of n or m is usually small in realistic CPUs.  

Secondly, the overhead of frequency/voltage transitions was not considered (PACE 
did not consider this as well). If there are too many frequency/voltage transitions in the 
optimal speed schedule of the OSRC, the transition overhead may result in energy ineffi-
ciency [44, 46]. If we restrict the change of CPU frequency/voltage to only once, not only 
these problems can be relieved but also the energy consumption is still very close to the 
optimal solution, which will be verified in the experiments (section 5). The proposed 
LO-OSRC procedure is shown in Fig. 3, and the time complexity of LO-OSRC is O(nm2). 

 
Procedure Lo-OSRC( ) 

for (every possible execution cycle Ci) do 
for (every possible CPU frequency sj) do 

set the speed between C0 and Ci to sj; 
find minimum speed sk ≥ (Cn − Ci)/din;  
/* din means the allowed time between Ci and Cn */ 

if (the energy consumption of (Ci, sj, sk) < best_sol) 
(Ci, sj, sk) is best_sol; 

end if  
end for  

end for 
Fig. 3. LO-OSRC procedure. 

5. EVALUTION AND DISCUSSION 

We evaluated the proposed optimal speed procedures for two realistic CPUs with 
different frequency/voltage levels: Intel PXA255 and PXA270. The two types of CPUs 
we used are ARM-based CPUs. The ARM architecture has been extremely successful in 
addressing a broad spectrum of embedded design requirements, and has evolved over a 
number of years to provide a foundation for a portfolio of core implementations offered 
by many different manufacturers. ARM is now the most widely used architecture for new 
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embedded designs [45]. Therefore, our evaluation results are applicable to such CPU 
architectures which support DVS. 

The power consumption specifications for the two CPUs were shown in Tables 1 
and 2. Note that we introduced a model that assumes a linear relationship between volt-
age and frequency in section 3.1 just for deriving an optimal speed schedule for ideal 
CPUs. However, in the following simulation, we used real CPU frequency and voltage 
level specifications (as shown in Tables 1 and 2) for experiments. The specifications 
came from two real CPU specifications. In addition, the power consumption in the idle 
state was also considered. Without loss of generality, the following parameter values are 
set. A single task’s WCEC was set to the worst case execution time (WCET) × fmax, 
where WCET is set to 50 ms and fmax stands for the maximum CPU frequency. α ∈ {0.2, 
0.5, 0.8}, which is the ratio of best case execution cycles/worst case execution cycles 
(BCEC/WCEC). The reason to select these values for α is as follows. They reflect the 
variations of a task’s AEC, which are between BCEC and WCEC, which follows a dis-
tribution. Since PACE assumed the normal distribution for AEC [2], for a fair compari-
son, we also assumed the same distribution for AEC. Such an assumption was also 
adopted in [5, 32, 39]. The reason for using the normal distribution was detailed in [39]. 
The mean and standard deviation were set to (WCEC + BCEC)/2 and (WCEC − BCEC)/ 
6, meaning that 99.7 percent of the execution cycles falls into the interval [BCEC, 
WCEC] [13]. If a task’s AEC does not fall into the above interval, it will be set to a 
closer limit: BCEC or WCEC. Because the speed schedule varies with the CPU utiliza-
tion, we evaluated the task’s allowed execution time (AET) that falls into the interval. 
[WCEC/fmax, WCEC/fmin] Note that AET represents the execution time that a task needs 
to finish its work, which is in the range of this closed interval. The simulation parameters 
(workloads) are listed in Table 5 [40-42]. 

 Table 5. Simulation parameters. 
Figure CPU WCEC(Mc) BCEC(Mc) AET(ms) N(μ , σ2) 
Fig. 4 PXA255 20 4 50~100 (12, 2.7) 
Fig. 5 PXA270 31.2 6.24 50~300 (18.7, 4.2) 
Fig. 6 PXA255 20 10 50~100 (15,1.7) 
Fig. 7 PXA255 20 16 50~100 (18, 1.3) 
Fig. 8 PXA270 31.2 15.6 50~300 (23.4, 2.6) 
Fig. 9 PXA270 31.2 24.96 50~300 (28.1, 1.0) 
Fig. 10 PXA270 31.2 6.24 50~300 (18.7, 4.2) 
Fig. 11 PXA270 31.2 15.6 50~300 (23.4, 2.6) 

 
We have implemented five schemes, including the proposed OSRC and LO-OSRC, 

for performance comparison: 
 

 WCE-stretch [5]: The speed schedule assumes that the task will exhibit its worst case 
behavior, and choose the minimum static frequency. 

  PACE [2]: The optimal speed schedule is derived by the theoretical formulation for 
ideal CPUs as described in section 4, and the unavailable frequencies are rounding up 
to the nearest available ones. 
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 OSRC (proposed): The speed schedule is derived by the proposed OSRC, as shown in 
Fig. 1. 

 LO-OSRC (proposed): It is an improved OSRC, which has lower computation and 
transition overheads, as shown in Fig. 3. 

 LB (lower bound): It is an oracle algorithm that knows the AEC in advance. 
Because of a limited set of CPU frequency/voltage levels, the unavailable frequencies 
were replaced by linear combinations of their two immediate frequencies in the LB 
scheme for maximum energy saving. Unlike other stochastic-related papers [2, 5], the 
expected energy consumption comparison is based on the actual CPU power specifica-
tions, as shown in Tables 1 and 2. And all schemes are normalized with respect to the 
WCE-stretch. 

 
5.1 Impact of Voltage/Frequency Levels 
 

Figs. 4 and 5 show the expected energy consumption comparison for two CPUs 
with different voltage/frequency levels: Intel PXA255 with three levels and PXA270 
with six levels, respectively. α was set to 0.2. In Fig. 4, the sudden transition between 
AET/WCET = 1.2 and 1.4 in the LB curve is because the WCE-stretch speed schedule 
dropped the speed from 400 MHz to 300 MHz. When AET/WCET ≥ 2, the LB curve will 
be raised to 1 for the same reason. For the three levels CPU, Intel PXA255, the OSRC 
reduces CPU energy consumption between 0% and 10.2% with an average of 6.5%; the 
PACE reduces CPU energy consumption between − 1.2% and 9.9% with an average of 
2.0%; the LB scheme reduces CPU energy consumption between 0% and 18.5% with an 
average of 10.8%. 

For the six levels CPU, Intel PXA270, the OSRC reduces CPU energy consumption 
between 0% and 24.8% with an average of 15.9%; the PACE reduces CPU energy con-
sumption between − 1.6% and 22.9% with an average of 5.6%; the LB scheme reduces 
CPU energy consumption between 0% and 26% with an average of 19.2%. From Figs. 4 
and 5, we conclude that the more voltage/frequency levels, the more energy saving. 
 
5.2 Impact of BCEC/WCEC (α) Ratio 
 

We set α to 0.5 and then 0.8, and repeated simulations for these two types of CPUs. 
In Intel PXA255, as shown in Figs. 6 and 7, the OSRC can reduce 5.7% and 2.9% energy 
consumption in average (upper bound: 11.5% and 8.9%), respectively; the corresponding 
values for the PACE are 2.1% and 1.0%. In Intel PXA270, as shown in Figs. 8 and 9, the 
OSRC can reduce 13.4% and 6.7% energy consumption in average (upper bound: 17.3% 
and 13.3%), respectively; the corresponding values for the PACE are 4.4% and 2.0%. 
These experimental results show that for a smaller α (e.g., α = 0.2), the average energy 
saving percentage is higher for both types of CPUs. However, for a larger α (e.g., α = 
0.8), the average energy saving percentage is smaller for both types of CPUs. That is, the 
OSRC and PACE schedules are closer to the WCE-stretch schedule for a larger α, espe-
cially for the 3 levels CPU. This is because a larger α will result in smaller slack time, 
which limits the aggressive frequency/voltage reduction in the OSRC and PACE sched-
ules. 
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Fig. 4. The impact of three voltage/frequency levels 

on the expected energy consumption of Intel 
PXA255. 

Fig. 5. The impact of six voltage/frequency levels 
on the expected energy consumption of In-
tel PXA270. 
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Fig. 6. The impact of α on expected energy con-

sumption in PXA255 (α = 0.5). 
Fig. 7. The impact of α on expected energy con-

sumption in PXA255 (α = 0.8). 
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Fig. 8. The impact of α on expected energy con-

sumption in PXA270 (α = 0.5). 
Fig. 9. The impact of α on expected energy con-

sumption in PXA270 (α = 0.8). 
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Table 6. Average energy saving percentage with respect to WCE-stretch. 
Parameter (reference) OSRC PACE LB 

PXA255: α = 0.2 (Fig. 4) 6.5% 2.0% 10.8% 
PXA270: α = 0.2 (Fig. 5) 15.9% 5.6% 19.2% 
PXA255: α = 0.5 (Fig. 6) 5.7% 2.1% 11.5% 
PXA255: α = 0.8 (Fig. 7) 2.9% 1.0% 8.9% 
PXA270: α = 0.5 (Fig. 8) 13.4% 4.4% 17.3% 
PXA270: α = 0.8 (Fig. 9) 6.7% 2.0% 13.3% 

 
Note that the average energy saving percentage with respect to the WCE-stretch for 

each scheme in Fig. 4 through Fig. 9 is computed as (1 − average of expected energy 
consumption with respect to WCE-stretch). The results are summarized in Table 6. In 
terms of average energy saving percentage, the proposed OSRC is about 6.57% better 
than the PACE for realistic CPUs. 
 
5.3 Comparison of OSRC and LO-OSRC 
 

We have also evaluated the performance of LO-OSRC for Intel PXA270, as shown 
in Figs. 10 and 11, by setting α to 0.2 and 0.5, respectively. The LO-OSRC reduces 
15.0% and 12.4% energy consumption in average (upper bound: 19.2% and 17.3%); in 
contrast, the corresponding values for the OSRC are 15.9% and 13.4%. The evaluation 
results for the four schemes based on Figs. 10 and 11 are summarized in Table 7. From 
Table 7, the average energy saving percentage in the LO-OSRC is very close to that in 
the OSRC, because the number of transitions in the optimal speed schedule obtained 
from the OSRC is usually small (observing from simulations, in most cases, the number 
of transitions is 2). If the overhead of computations and transitions are considered, the 
LO-OSRC will be more energy efficient than the OSRC. In summary, the energy saving 
of the OSRC (LO-OSRC) is up to 10.3% (9.4%) better than that of the PACE for realistic 
CPUs. 
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Fig. 10. The impact of α on expected energy con-

sumption in PXA270 (α = 0.2). 
Fig. 11. The impact of αon expected energy con-

sumption in PXA270 (α = 0.5). 
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Table 7. Average energy saving percentage with respect to WCE-stretch. 
Parameter (reference) LO-OSRC OSRC PACE LB 

PXA270: α = 0.2 (Fig. 10) 15.0% 15.9% 5.6% 19.2% 
PXA270: α = 0.5 (Fig. 11) 12.4% 13.4% 4.4% 17.3% 

6. CONCLUSION 

In this paper, we have derived an optimal speed schedule for ideal CPUs for hard 
real-time systems by the Lagrange multiplier procedure, in a simple and elegant way, 
compared to the PACE [2]. Because of limited available frequency/voltage levels in re-
alistic CPUs, the optimal speed schedule for ideal CPUs can not be applied to realistic 
CPUs directly. To find an optimal speed schedule for a realistic CPU, we transform the 
original nonlinear programming problem into the Multiple-Choice Knapsack Problem 
(MCKP) based on the frequency/voltage levels and actual power consumption of realistic 
CPUs. With limited CPU frequency/voltage levels, the problem can be solved by using 
the OSRC procedure feasibly. Considering the potential computation and transition 
overheads, we have also proposed the LO-OSRC, which restricts the change of CPU 
frequency/voltage to only once in the speed schedule. To evaluate the merits of the pro-
posed OSRC and LO-OSRC, the actual power consumption data of Intel PXA255 and 
PXA270 CPUs were used in the experiments. We have the following observations. 
Firstly, the experimental results show poor energy saving of the PACE for realistic CPUs, 
which is almost the same as that of the WCE-stretch. Using the OSRC for realistic CPUs, 
the average energy saving is very close to that of the low bound derived from the oracle 
algorithm. Secondly, we found that the CPU frequency/voltage levels affect the energy 
saving of the optimal speed schedule in the stochastic DVS model: the more the levels, 
the more the energy saving. Lastly, under the stochastic DVS model, our OSRC scheme 
can provide the best solution for realistic CPUs using dynamic programming. Evaluation 
results have shown that the energy saving of OSRC (LO-OSRC) is up to 10.3% (9.4%) 
better than that of PACE for realistic CPUs. 
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