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A Novel Adaptive Antenna Array for DS/CDMA
Code Acquisition

Hua-Lung Yang and Wen-Rong Wu

Abstract—Equipped with an adaptive beamformer, existing
adaptive array code acquisition still relies on the correlator struc-
ture. Due to the inherent property of the associated serial-search
scheme, its mean acquisition time is large, especially in strong
interference environments. In this paper, we propose a novel
adaptive filtering scheme to solve the problem. The proposed
scheme comprises two adaptive filters, an adaptive spatial and an
adaptive temporal filter. With a specially designed structure, the
spatial filter can act as a beamformer suppressing interference,
while the temporal filter can act as a code-delay estimator. A mean
squared error (MSE) criterion is proposed such that these filters
can be simultaneously adjusted by a stochastic gradient descent
method. The performance as well as the convergence behavior
of the proposed algorithm are analyzed in detail. Closed-form
expressions for optimum filter weights, optimum beamformer
signal-to-interference-plus-noise ratio (SINR), steady-state MSE,
and mean acquisition time are derived for the additive white
Gaussian noise (AWGN) channel. Computer simulations show
that the mean acquisition time of the proposed algorithm is
much shorter than that of the correlator-based approach, and the
derived theoretical expressions are accurate.

Index Terms—Adaptive filter, antenna array, code acquisition,
code-division multiple access, multipath, multiple-access interfer-
ence.

1. INTRODUCTION

IRECT-SEQUENCE/code-division  multiple  access

(DS/CDMA) is a promising technique for wireless mobile
communication. It is well known that the main performance
bottleneck for a CDMA system is the multiple access interfer-
ence (MAI). MAI affects not only data detection but also code
acquisition. Code acquisition is a coarse code synchronization
process, aligning the received signal and the local code se-
quence with an error less than a chip duration. After successful
code acquisition, other operations such as channel estimation,
code tracking, and data detection can follow. Thus, code acqui-
sition is a critical task in DS/CDMA systems. With an antenna
array, the performance of code acquisition can be effectively
enhanced. In this paper, we consider code acquisition with
adaptive antenna arrays.

Code acquisition with a single antenna has been widely
studied [1]-[12] (and references therein). The correlator ap-
proach [1]-[5] is most well known. However, the correlator
is only optimal for the single-user case. Its performance de-
grades significantly while MAI presents especially at near—far
environments [5]. Subspace- or matrix-based methods [6], [7]
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have been developed to solve the problem. The advantage of
subspace-based approaches is that no training sequences are
required and the performance is much better than that of the
correlator scheme. However, these methods usually have to es-
timate, decompose, or inverse the autocorrelation matrix of the
received signal vector. This often requires high computational
complexity, especially for systems with large processing gains.

Recently, adaptive filtering has been introduced to code
acquisition [8]-[12]. The adaptive filter proposed in [8] and
[12] uses the desired user’s pseudonoise (PN) sequence as input
and the received signal as reference and finds the code-delay
from the location of the maximum convergent tap-weight. It
is claimed that [8] the adaptive filtering approach can pro-
vide higher acquisition-based capacity [4] compared to the
correlator scheme. The acquisition-based capacity indicates
the maximal number of users that a system can serve under
a given acquisition error rate. Yet, another adaptive receiver
structure reported in [11] performs an exhaustive search to find
the integer chip delay and then solves quadratic equations to
find the corresponding fractional chip delay. The drawback
of this approach is that its computational complexity is high,
particularly for systems with large processing gains and large
delay uncertainty. In [12], a low computational complexity
adaptive-filtering scheme for large delay uncertainty was re-
ported.

As mentioned, antenna arrays can be used to enhance ac-
quisition performance [13]-[17]. In [13], each array element
is equipped with a correlator, and the correlator outputs are
used as the input to a beamformer. If an assumed code-phase
is correct, the output of the optimum beamformer will exceed
a preset threshold. Then, acquisition is claimed. Otherwise, the
code-phase is changed and optimum beamformer weights are
recalculated. A frequently considered MAI scenario is called
directional MAI, in which MALI signals arrive at the array in
some incident angles. When the interference is present, direct
matrix inversion is needed to derive the optimum beamformer
weights [13]. In [14], an adaptive beamformer is used to avoid
this problem. However, the beamformer has to converge for
each trial code-phase. It requires a long adaptation time in an
MAI environment, and acquisition is then slow. The approach in
[17] uses a simple noncoherent correlator performing a two-di-
mensional search. This method serially searches a cell corre-
sponding to a specified delay and an angular region. Since the
search is performed in two dimensions, it often requires longer
mean acquisition time if better angular resolution is desired. In
addition, the acquisition performance degrades when directional
interference exists, as addressed in [17] and [18]. A remedy with
an additional algorithm was proposed in [18]. Apart from that,
there are approaches treating acquisition as a channel estimation
problem [19]-[24]. These methods provide good performance
and usually require matrix computations that are not desirable
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in real-world implementation. In [25] and [26], a correlator bank
exploiting multipath signals was used for acquisition. However,
its structure is quite complicated.

In this paper, we propose a novel scheme for code acquisition
with antenna array. The proposed algorithm belongs to the cate-
gory of the adaptive filtering approach. It can be applied in either
periodic or aperiodic code systems. The proposed scheme con-
tains two adaptive filters: a spatial and a temporal filter. A mean
squared error (MSE) criterion is proposed such that both filters
can be simultaneously adjusted by a stochastic gradient descent
algorithm, called the constrained least mean square (LMS) al-
gorithm. The spatial filter acts as a beamformer to suppress in-
terference while the temporal filter acts as a channel estimator
identifying the code-delay. The proposed scheme can form a
beam pattern with multiple main beams collecting the desired
user’s multipath signals from different directions. We also an-
alyze the signal-to-(interference plus noise) ratio (SINR) at the
beamformer output, probability of correct acquisition, and mean
acquisition time, and derive closed-from expressions for the ad-
ditive white Gaussian noise (AWGN) channel. The proposed
scheme can deal with fractional code-delay, which is not consid-
ered in [13]-[17]. Also, the temporal filter can estimate channel
responses of the desired user.

This paper is organized as follows. Section II describes the
adaptive array acquisition approach in [14]. Section III develops
the proposed schemes for various channel scenarios. Section IV
discusses issues of adaptive processing, and Section V carries
out performance analysis. Section VI presents simulation re-
sults demonstrating the effectiveness of the proposed scheme.
Finally, Section VII gives conclusions. Throughout this paper,
weuse L, || - ||, and E{-} to denote an identity matrix, a vector
two-norm, and a statistical expectation operator, respectively.
Note that the dimension of I is not explicitly shown; it will be
defined whenever necessary. Also, let i = /—1 and (-)*, ()T,
and (-)# denote the conjugate, transpose, and Hermitian oper-
ator, respectively.

II. CORRELATOR-BASED ADAPTIVE ARRAY CODE ACQUISITION

In this section, we briefly review the adaptive array approach
in [14], which is a single-dwell serial search method. The block
diagram of this approach is shown in Fig. 1. As seen, it has an
antenna array with M sensors and uses an individual correlator
(or accumulator) for each array element. It is assumed that the
array is linear and the M sensors are uniformly placed. Also,
the element spacing is half a wavelength. The chip-rate sampled
received signal vector in baseband is given by

r(n) = aexp(—if)a(n — 7) + o(n) 1)

where z(n) € {+1,—1} is the PN code sequence of the
desired user (i.e., no data are modulated for the desired user
during acquisition), 6 is the carrier-phase offset, 7 is the cor-
responding code-delay assumed to be an integer form zero to
U—1, where U is the processing gain, and g(n) is a zero-mean
complex and white Gaussian noise vector associated with a
covariance matrix of o2I. Note that g(n) consists of MAI and
noise. When the number of interfering users and the number
of resolvable multipaths are large, the Gaussian assumption
is generally held. The steering vector a in (1) is given by
a = [1,exp(—imsin @), ... ,exp(—ir(M — 1)sin ¢)]T, where
¢ denotes the direction of arrival (DoA) of the desired user.
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For a trial code-phase 7, the output of the mth correlator can
be obtained as

Ym(n) =Y rm(i)e(i—7), m=0,...,M—1
j=0
n=0,...,N.—1 )

where 7,,(n) is the mth element in r(n) and N. is the pro-

cessing period for each code-phase, selected as 2U in [14]. Let
a T

y(n) = [yo(n),...,ynm—1(n)]" and

o y(n)
g = VMpeny

Then (3) is used as the input to an M -tap adaptive filter, w.(-).
Consider a specific processing period and let N, be the starting
instant for filter adaptation (N; < n < N. — 1). Define a cost
function of E {|ec(n)[*}, where e.(n) = M — wH (n)y(n).
Using the method of stochastic gradient descent, we can then
have the update equation for w.(-) as

3

We(n +1) =we(n) + peez(n)y(n)

where (. is the step size controlling the convergence rate. The
filter-weight vector w.( N, —1) is then used for constructing the
testing statistic Z = |Wf(Nc — 1Dy(N. — 1)|2 (see Fig. 1). If
Z exceeds a preset threshold, the system will claim the acqui-
sition and enter the code-tracking phase. Otherwise, the system
will advance the trial code-phase and repeat the process all over
again. As indicated in [29], the step size is bounded in the range
of zero and 2/tr{R;}, where Ry is the correlation matrix of
¥(n) and tr{-} is the trace operation. In [14], 1/M was chosen
as a compromise between the convergence rate and stability.
Let the trial code-phase be 7. If 7 = 7, the decision variable
Z will have a noncentral chi-square distribution. By contrast, if
T # 7, the decision variable Z will have a central chi-square dis-
tribution. Let x be the threshold for the acquisition claim. Then,
we can have the probability of false alarm Py and the probability
of correct detection P.. Since the false alarm is more harmful
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to the mean acquisition time, Py is usually fixed to some level
(e.g., Py = 0.01) and the threshold can be calculated accord-
ingly. Finally, the mean acquisition time, denoted as 7}.q, can
be determined as [14]
T ((Z—Pc)(1+KI,Pf)(U—1) 1
acq

. + E) N, )

where K, is the penalty factor and the unit for (5) is chip.
Note that if there is no directional interference and the signal-to-
noise ratio (SNR) is high, w.(-) will converge to the steering
vector of the desired user. If the adaptive filter is initialized with
we(Ns) = [1,...,1]T, the filter will converge rapidly since
each element in the optimum filter-weight is just a phase-rotated
version of that in w.(N;). However, if directional interference
exists, the relationship cannot be held and the convergence of
the adaptive filter becomes slow. As a result, the mean acqui-
sition time becomes large (shown in Section VI), especially at
strong interference environments.

III. PROPOSED ADAPTIVE ANTENNA CODE ACQUISITION

A. Signal Model and Algorithm Development

Assume that there are K users in a cell and each user is given
an aperiodic PN sequence. Aperiodic code means its period is
much longer than a symbol period [19], [27]-[28]. The contin-
uously transmitted signal of the kth user in baseband can be ex-
pressed as

orlt) = 3 de() Y ens(Oplt ~ 1T, ~ JUT,)

k=1,... K (6)

where dj () is the jth binary phase-shift keying symbol of the
kth user, ¢ ;(l) the Ith chip of the spreading code (assumed
to be random) for d(j), and p(t) a unit-amplitude rectangular
pulse with a chip duration 7. Also, let the channel associated
with the kth user have Ly, paths, and the DoA for each path may
be different. Then, the chip-rate sampled received signal vector
can be represented as

K Lk
r(n) = Z Z ag, 10,10k, 1(n) exp(—=ifi) +n(n)  (7)
k=11=1
where
N (n+1)T,
Bri(n) = / op(t — 70T dt (8)
JnT,

n(n) is an Mx1 complex Gaussian vector with zero
mean and a covariance matrix of J%I, and 7y, ap1, O,
and 6; denote the code-delay, steering vector, complex
channel gain, and carrier-phase offset associated with the
[th channel path of the kth user, respectively. Note that
011 is uniformly distributed over [—m, m) and ay ; is given by
a; = [1,exp(—imsindp), . .., exp(—im(M — 1) sin ¢r 1)]7,
where ¢y, ; is the DoA for the Ith channel path of the kth user.
Fig. 2 illustrates the structure of the proposed scheme. Without
loss of generality, the first user is seen as the desired user. As
seen, there are two adaptive filters: a spatial and a cascaded
temporal filter. The spatial filter w combines the array outputs
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Fig. 2. Proposed adaptive array code acquisition system.

into a single output. The temporal filter w; uses x1(n) as its
input signal and the spatial filter output as its reference signal.
Note here that z:1(n) is the same as the PN code sequence of
the desired user, ¢1 (), since dy () = 1 during the acquisition
period. In what follows, we will use z1(n) to denote the PN
code sequence of the desired user as well. The spatial filter acts
like a beamformer to reject interference, while the temporal
filter acts like a channel estimator to estimate the beamformed
temporal channel of the desired user. The code-delay can then
be estimated from the peak position of w;. The difference
between these two filter outputs forms the error signal from
which we can perform filter adaptation. We propose a cost
function as

j:E{|wfx(n)—w£{r(n)|2} )

where W £ [ws 0, ..., ws ar—1]7, Wi = [wio, ..., wer-1]7,

and x(n) £ [z1(n),z1(n—1),...,21(n — U +1)]". Note that
the function of the beamformer is to suppress interference and
in the ideal case, its output wr(n) will consist of the beam-
formed signal of the desired user and noise. On the other hand,
the function of the channel estimator is to identify the beam-
formed channel and in the ideal case, its output w/ x(n) can
form the same beam-formed signal. Thus, minimization of (9)
will let w, and w; have the solutions we desire.

Notice that the filter size of w; should be larger than or equal
to the delay uncertainty assumed to be U here. From (9), it is
simple to find that a minimum .J (which is zero) occurs when
w; = 0 and w, = 0, and this is an undesired trivial solution.
To avoid that, we pose a unit-norm constraint on the solution.
That is

H

lwel)> & wHw, = 1. (10)

As aresult, (9) becomes a constrained optimization problem. We
use the Lagrange multiplier method [29] to transform the con-
strained optimization problem into an unconstrained one. From
(9) and (10), we have an equivalent cost function as

J :E{|Wflx(n) — wfr(n)|2} +E[1—wiwy
:Wf{met + WtHKWs + WfIKHWt + Wf[RTWS

+ &1 - wiw (11)
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where
K = —E{x(n)r" (n)}

R, (arx) 2 E{r(n)r"(n)}, R.wxv) = E{x(n)x"(n)},
and ¢ denotes the Lagrange multiplier. Differentiating (11) with
respect to w; and wj and setting the results to be zero-vectors,
we can obtain

12)

97 _ Kfw, +R,w, =0 (13)
ow?
oJ

- =R,w; + Kw, — {w; = 0. (14)
ow}

Since R, is a full-rank matrix, its matrix inversion exists. From
(13), we have

w, = —R, 'Kfw,. (15)
Substituting (15) into (14), we have
R, - KR, 'K w, — ¢w, = 0. (16)

It is simple to see that the solution of ¢ is an eigenvalue of R, —
KR 'K, while w; is the corresponding eigenvector. Note
that an eigenvector satisfies the constraint in (10) automatically.
Once w; is derived, w; can be found using (15). Multiplying
(16) with w¥ , we obtain

¢ =wi [R, - KR, 'K"] w,. (17)

Substituting (15) into (11) and using (17), we have

J=wiR,w; — w{ [KR,'K”]| w,
-wi [KR,'K¥] w; + w{ [KR, 'K w,

=w/ [R, - KR;'K"| w,

=¢. (18)
Let the solutions to (13) and (14), which are optimum weights,
be denoted as w; , and w; , and the corresponding minimum
value of (11) be Jyin. From (18), we can conclude that .J,,;,, is
equal to the minimum eigenvalue of R, — KR~ IKH and Wi.o
is the corresponding eigenvector. Substituting w; , into (15), we
can then obtain w, ,. In the sequel, we will apply this result to
find w, , and wy ,, in various channel scenarios.
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B. Code Acquisition With AWGN Channel

In this section, we consider the AWGN channel scenario. In
other words, Ly = 1 for k = 1,..., K in (7). For convenience,

we drop the subscript [ in (7). The received signal can be written
as

r(n) = Z ajarfr(n) exp(—ibfy) + n(n)

K
=a-1-0(n)exp(—if) + Z agagfr(n) exp(—iby)
+n(n) N (19)
where we let a; = a, a1 = 1, f1(n) = B(n), §; = 6, and
" H:er; we let the code-delays of all users have fractional parts.
For the desired user, we let

T=p+é (20)

where p is an integer, p € [0,U), and ¢ is a real number,
6 € [0,1). Also, let 1(n) = z(n). From (8), we can write
the received signal of the desired user as [6], [7], [20]

Bn)=(1=06)-z(n—p)+6-2(n—p-1). 21

Note that (21) is a weighted sum of x(n) with two successive
code-delays p and p+1. This is because § # 0 and a complete
received chip in the chip-matched filter crosses two successive
chip-intervals. Using (21), we can rewrite (19) as

r(n) = aexp(—if)((1 — 6)-z(n —p) + 6-x(n—p—1))
K
+ Z arparfr(n) exp(—ifr) + n(n). (22)
k=2
Substituting (22) into (12), we find
Kuxay =10,...,0,—(1 = d)aexp(—if),
—baexp(—if),0,...,0]7 (23)
where —(1 — 6)a® exp(if) and —é6a’l exp(if) are in the
(p+Dth and (p+2)th row of K, respectively. We then apply

(23) to (16) and then obtain (24) as shown at the bottom of
the page, where we have assumed that R, = I (long-code

0 0
0 , 0
- KR-IK = e e ... g 1_—58 ggpp —(i(igzi)p €pt3 ... €y 24)
0 0
_ 0 0 _
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assumption) and defined

péaHR;la (25)
es2[0,...,0,1,0,...,0/F, d=1,...,U.  (26)
N——

d—1

Now, we can see that there are two nonunity columns in (24) and
they are located in the (p+1)th and (p+2)th columns. To derive
the eigenvalue &, we let

det (I- KR, 'K” —¢I) =0 @27)

where det(-) stands for the determine of a matrix. Then, we have
(1- E)U‘Q{(l —(1=8)2p =81 -06%p—¢)

—6%(1 - 5)2p2} =0. (28)

It is simple to see that there are U roots for (28) and only one is
nonunity. Its value is 1 — [(1—§)? 4 §2]p. Since both (1 —§)? +
62 and p are positive, the nonunity eigenvalue is positive and
smaller than one. Thus, it is the minimum eigenvalue. Denoting
it as min, We have

fmin = Jmin =1- [(1 — 5)2 + 62]p (29)
Note that the terms in the bracket of (29) are maximized when
6 = 0.5. Substituting &3, back to (16), we can solve the corre-
sponding eigenvector w; , as

(I-KR; 'K — &inl) Wy, = 0. (30)

Equation (30) implies that w; , is in the null space of B 2
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where wy , ; denotes the jthelementofw; ,andj = 0,...,U—
1. Thus, we have

Weo = exp(iv)) 0,...,0,1-6,80,...,0" (35

(1—6)2+52W—/
p

where 1 is an arbitrary angle. With the peak position in (35), it
is simple to see that the code-delay is correctly acquired. As we
can see, w; , does not have a unique solution. The nonunique-
ness of the optimum solution stems from the fact that (10) is only
an amplitude constraint. Even though the solution is nonunique,
it does no harm to our solution since only the amplitude is used
in peak finding. Now, let us solve w, ,. Using (35) and (23) in
(15), we can derive

wso = R ta-exp(ifty — 0])/(1 — §)2 + 62, (36)
As we can see from (36), w, , corresponds to the conventional
minimum mean squared error (MMSE) beamformer (R 'a).
Notably, we can estimate the fractional delay ¢ from w, , [see
(35)] as

1
wiosl L1

[we,0,p+1]

0= (37)

A special case considered most in the literature (e.g., [8] and
[13]-[17]) is that § = O (integer delay). In this case, the results
shown above can be further simplified. Substituting 6 = 0 into
(29), (35), and (36), we then obtain Jyin = 1 — p, Wi, =
e,41-exp(iy)), and w, , = R ta - exp[i(yp — 0)].

C. Code Acquisition With Multipath Channel

In this section, we consider the scenario of a general multipath
channel. We rewrite (7) as

I - KR 'K — ¢,;,1, where see have (31) as shown at the Ly K L
bottom of the page. Note that the (p+1)th and (p+2)th rows r(n) = 281,1041,151,1(”) + Z Z ag o1 B, (n) +1(n)
in (31) are linearly dependent. Thus, B is with a rank of U—1. =1 k=2 1=1
Substituting (31) into (30), we obtain L KL
£ aafi(n) + Y )  apiakfra(n) +n(n) (38)
(1 - gmin)wt,o,j =0 J 7& p,p +1 =1 k=21=1
32) . .
inwhichwelet Ly = L,ay; = aj, aq; = «, f14(n) =
op{éwrop — (1 = 8)wiopt1} =0 (33) Bi(n), and 7 ; = 7 for notational simplicity. Note that the
(1 =08)p{—bwrop+ (1 —Owiops1} =0 (34) transmitted power and carrier-phase offset have been absorbed
_ 0 0 -
0 0
_ (1 - Emin)el (1 - Emin)e2 620 _6(1 - 5)p (1 - Emin)eU
B= —S(1=8)p  (1-6)%p G
0 0
L 0 0 -
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into the channel gain. We let the multipath delay of the desired
user 7; be expressed as

n=p+6b&, =1,...,L 39)

where p; € [0,U) and é; € [0, 1). Similar to the previous case,
we have

Bi(n) = (1 —&) - x(n —p) + 6 - x(n —p — 1),
I=1,...,L (40)

For simplicity, we also assume that 74; > 75, 7 < U, and
pi+1 — pi > 1[20] for all channels. Following the procedures
described above, we can have (12) as

O@1xan)

O@1xan)
—Of{(l — 61)8{{
—aféla{{

: 1)
—aj (1 —ér)af
—OéZ(SLag
O@1xan)

L O(1xan i

In (41), the (p1 + 1)th, (p1 +2)th, ..., (pr+1)th, and (p+2)th
rows are nonzero. Substituting (41) into (30) and rearranging the
results, we have

(1 _Emin)wt,o,j =0
j #plvpl + 17 <o PLyPL T+ 1 (42)

[(1 - gmin)I - Q] . Wt,o =0 (43)
where
V_Vt,o(QLxl) = [wt,o,p1 s Wt opr+1s5---5Wtopy s wt,o,I)L-‘,-l]T
Q1 Q1
I (44)
Qs QL (2Lx2L)
Q0 £ afR,TlaU gy
(1 - 611)(1 - 611) (1 - 6u)61)
X s 6,) 5ubs “3)

Qoo =, {u,v} € {1,..., L}, and the dimension of I here
is 2L x 2L. From (42), we can see that the tap-weights that do
not correspond to multipath delays are all zeros. Also, from (43)
we know that W, , is in the null space of (1 — &min)I — . In
this general case, however, it is difficult to obtain a closed-form
solution for w; ,. As shown, an optimum W , is the eigenvector
associated with the smallest eigenvalue of I — KR, 'K¥# [or
(43)]. Once wy , is obtained, w, , can be solved accordingly.

For multipath channels, we can also estimate 6;, = 1,..., L.
To show this, we rewrite (14) as

KWs,o + (1 - gmin)wt,o =0.
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Using (41), we have

0
H
0i(1 - Sr)aliw.
ajbraflwg,

1
Wto = ﬁ . 47)
T o (1—dr)alws,
aséralw,,
0
L 0 |
It is simple to see that §; can be estimated by
1
o = ™ | l=1,...,L (48)
t,0,p;
|wt,o,pl+1\

which is similar to (37). With known w ,, Wy o, {al}le, and
{6:}F, the channel estimate can be obtained accordingly.

Note that for derivation convenience, p(t) is assumed to be
a rectangular pulse. In real-world applications, we can apply
other types of pulses as well, e.g., the square root raised co-
sine (SRRC) pulse. It can be shown that for the SRRC pulse,
the received signal of the desired user has the same form as
that in (21). The only difference is that the coefficients in (21)
are replaced with f(1 — 6) and f(8), where f(6) stands for
the raised-cosine function sampled at 67,.. The derivation is
straightforward and then omitted here. All results derived above
can be applied accordingly.

IV. ADAPTIVE IMPLEMENTATION AND CONVERGENCE
ANALYSIS

In Section III, we have proposed a new scheme for code ac-
quisition with the antenna array. Optimal weights of the system
are derived with the eigendecomposition technique. However,
the required computational complexity of the eigendecomposi-
tion is on the order of O(U?). In addition, the matrix inverse
of R, is required in (16). To alleviate these problems, we pro-
pose to use an adaptive algorithm to approach the optimum filter
weights. The adaptive algorithm we consider is the LMS algo-
rithm, which is well known for its simplicity and robustness. As
shown, we have a unit-norm constraint on the temporal filter.
Applying this constraint, we then obtain a constrained LMS al-
gorithm. In what follows, we describe the algorithm and ex-
amine related issues such as the step-size bound and the steady-
state MSE. We also analyze the output SINR of the beamformer

(y(n) in Fig. 2).

A. Constrained LMS and Convergence Analysis

Rewriting (9), we have

H
J=w,;R,w,

where w, = [wf,wZ]T
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R, £ E{v(n)v¥ (n)}. The gradient of (49) is given by

oJ
ow?

=R,w,. (50)

Using (50), we can apply a gradient descent method to obtain
the optimum solution, denoted as w,, ,. However, R, needs to
be estimated. The simplest estimate of R, is to use the instanta-
neous value from v(n)v¥ (n), and this yields a stochastic gra-
dient descent algorithm, called the LMS algorithm [29]. We then
can have the filter adaptation as

wy(n + 1) = wy(n) + p [-v(n)v (n)w,(n)]  (51)
where 1 is the step size controlling the convergence rate. Recall
we have the constraint that |[w¢||?> = 1. This constraint can be

easily satisfied if normalization is performed on w,(n) at each
iteration. The overall adaptation procedure is given as

e(n) =w(n)v(n) (52)
H(n) = diag TGl ||Wt(n)||/’1’ M,l
U
(53)
w,(n+ 1) = H(n)w, () — pv(n)e* (),
n=01,....N—1 (54)

where diag{-} denotes a diagonal matrix consisting of the ar-
guments it includes and N is the maximum iteration number
for the adaptive filter. To complete the acquisition, |w; ;(N)|?,
7 = 0,1,...,U — 1, are compared, and the position corre-
sponding to the maximum value is used for code-delay estima-
tion. As we can see, H(n) normalizes w¢(n) at every iteration.
To guarantee convergence, p has to be selected properly. Here,
we perform the mean convergence analysis to derive a step-size
bound. Subtracting w, , = [W,, WZ_O]T from both sides of
(54), we have i i

+ [H(n) — Iw,(n) — pv(n)ei(n) (55)

where
eo(n) =wll v(n) (56)
va(n) é W,,(TI/) - Wn,o (57)

Note that the dimension of T here is (U+ M) x (U + M). Taking
the statistical expectation of (55), applying the direct-averaging
method [29], and using the orthogonality principle, we then have

E{Aw,(n+1)} = [I - 4R, JE{Aw,(n)}

+E{H(n)} — T E{w,(n)}. (58)
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value of R, and Q being a matrix consisting of the eigen-
vectors of R.,,. Multiplying (58) with Q! and letting g(n) =
Q7 E{Aw,(n)}, we have

Let A = diag{)\,1,.--, Av,u4+m} With A, ; being an eigen-

g(n+1) = [I - pA]g(n) + Q¥[E{H(n)} — I E{Aw,(n)}.
(59)

Since w;(n) is normalized at every iteration and the step size
is usually small, it is reasonable to assume that H(n) &~ I and
the second term in the right-hand side of (59) can be ignored.
Iterating (59), we obtain

g(n) = [I - uA]"g(0).

Thus, for (59) to converge, the following condition must be sat-
isfied:

(60)

0O<pu<

(61)

)\v,max

where A, max denotes the maximum eigenvalue of R,. This
result is the same as the conventional LMS algorithm [29].
From (60), we can also see that g(co) = 0. In other words,
E{w,(n)} = w,, whenn — oo.

Note that while the conventional LMS algorithm requires
2(U + M) multiplications per iteration, the constrained LMS
algorithm developed here needs extra U multiplications for
calculation of ||w,(n)|| and extra U divisions for normalization
[see (54)].

B. Steady-State MSE Analysis

We now derive the steady-state MSE of the constraint LMS
algorithm. Invoking the direct-averaging method [29] and using
(55), we can write the correlation matrix of the tap-weight error
vector as

P(n+1) 2 E{Aw,(n+ )AwT (n+1)}
= [I - NRv]P(n)[I - /LR'U] + /142JminRv
+ £ {[H(n) = Ow, (n)w, (n)[H(n) ~ 1]} .

(62)
As stated, w;(n) is normalized at every iteration and the step
size is usually small. Thus, H(n) ~ I and the last term in the
right-hand side of (62) can be ignored. Let P(n) = QP (n)Q
and observe that Q7 R,,Q = A. Premultiplying and postmulti-
plying both sides of (62) with Q* and Q, respectively, we have

P(n+1)=[I— pAlP(n)[I — pA] + 2 JminA.  (63)
Let the jth element on the diagonal of P(n) be ;(n). Then

pi(n+1) =1 = pAy;)’0i(n) + 1> JminAv

j=1,....U+ M. (64)
When n — oo, pj(n + 1) = p;(n). From (64), we have
Jrﬂin
pi(00) = - (65)

S 2- N)‘v,j'
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The additional MSE due to the use of the LMS algorithm is
generally referred to as the excess MSE, denoted as J.,.(00).
From [29], we then have

U+M U+M /1,)\ )
Jea:(OC) = Z ﬁj(oo))\vvj = Jmin Z # (66)
i=1 =1 v

Denote the steady-state MSE of the LMS adaptation as J,;. Fi-
nally, we have

Jss = Jmin + Jem(oo) (67)

C. Output SINR of Beamformer

Now, let us analyze the output SINR of the beamformer. For
the scenario considered in Section III-B, we have the beam-
former output as

y(n) £ wl(n)r(n)
=wi(n)
x (aexp(—if)
x[(1=06)-z(n—p)+6 x(n—p—1)]
+2z4(n))

where z 4 (n) consists of MAI and noise and

(68)

za(n) = Z aparfr(n)exp(—ifi) + n(n). (69)

Using (36), we can find the output SINR of the optimum beam-
former, denoted as SINR,, as
w 5{0 Raw,,

SINR, =
W R, W,

[(1-8)2+ 87 - |a" R, 'a]?
= — — (70)
alR; 'R, ,R; a
where R4 £ [(1-62)+§]aa and R.., £ E {z4(n)z% (n)}.
Since we use adaptive filter weights to approximate the optimum
weights, we have to include the excess MSE in the SINR calcu-
lation. Thus, we can rewrite (70) as

[(1-6)2+6%]]a"R;'a|?
aHR;'R., Ry 'a+ J,.(c0)

SINR, = (71

where J.,(c0) is that shown in (66). For the special case that
6 = 0, (71) is reduced to

a"R; "al?

afR;'R., Ry 'a+ J,.(c0)

SINR, = (72)

Similarly, we can derive the corresponding result for the sce-
nario considered in Section III-C. The beamformer output here
is given by

L
y(n) = w(n) (Z a[(1 = 61) - w(n —p1)
=1

+é6 - z(n—p — 1) + ZM(n)) (73)
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where
K Ly
zy(n) = Z Z ay 10, 10k,1(n) + n(n). (74)
k=2 1=1
The output SINR of the optimum beamformer is then
SINR, = WeoRa Voo 75
o W.f{oRZMWS,O ( )
where Ry 2 Zlel log|? [(1 = 6)% + 62] ayafl and
R., E{zn(n)z%(n)}. For the adaptive approach,

we have the output SINR as

H
WSTORAIWS,O

SINR, = ,
wH R, Wy o+ Jex(00)

(76)

V. PERFORMANCE ANALYSIS

In general, acquisition performance can be measured by the
probability of correct acquisition and the mean acquisition time.
In this section, we will evaluate the performance of the proposed
scheme with these two measures.

A. Probability of Correct Acquisition

In the proposed scheme, 7 is estimated with the quantities of
|we ;(N)|?,j =0,1,...,U — 1. To evaluate the probability of
correct acquisition, we have to characterize the statistical prop-
erty of |w;_j(n)|? first. From the analysis shown in the previous
section, we see that in the steady-state (n — 00), wi(n) has a
mean vector of

E{Wt(n)} = Wito- (77)
Its covariance matrix, denoted as C 2=  E{[wy(n)
—wyo][Wi(n) — wy o]}, can be derived as follows. As a
common practice, the step size is usually small. Thus, we can
use the Taylor expansion to expand 1/(2—pA, ;) in (65) with
respect to pt), ; = 0. Then, we have

71 L + L Avj +
= — — UMy i -
(2= pAry ;) 2 Piade

(78)
From (63), it can be seen that the matrix P(n) will become
diagonal as n — oo. Using this property and truncating the
terms higher than the first order in (78), we then have

2
P(n) = SJminl + - JinA (79)
Premultiplying and postmultiplying both sides of (79) with Q
and QH , we obtain

H’Jmin I + N2Jmin

P(n) == 4

R,. (80)

Note that the U x U upper left submatrix of P(n) corresponds
to the covariance matrix C. Finally, we have

2 .
C = Juin [ﬁ + “—} I a Hming 81)

2
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From (81), we can see that the filter taps are independent
and identically distributed (i.i.d.). Let us consider the AWGN
channel with an integer delay first. When w;(n) approaches
its steady state, w;(n) can be assumed to have a Gaussian
distribution [30]. From (77)—-(81), we can find that when n is
large, |w; -(n)|? has a noncentral chi-square distribution with
two degrees of freedom, whereas other taps |w; ;(n)|?, j # T,
have chi-square distributions. Let Z; = |wy j(1n)[*|n— oo,
7 = 0,...,U — 1. The probability density functions for the

filter weights are then
[Weor|” +y |we.o.r|
202, Lo\ vy a2

)
(83)

1
pz.(y) =5 307 p(—
y >0

pz;(y) = exp (—%) y>0, j#T
Jw

where Io(-) is the zeroth-order modified Bessel function of the

first kind and crﬁ, = tJmin/2. The conditional probability of

correct acquisition for the AWGN channel, denoted as P.(-), is

given by

1
202

w

Pcc(z‘r) :Pr(zﬂ' > Z07 N s ZT—17
20 > Zogdyeooy2r > Zu—1|Zs = 27)
U-1

II PrGz> 712 = 2)

J=0,j#7

z U—-1
1

U e (o)l

Note that the i.i.d. property has been applied in (84). The prob-
ability of correct acquisition, denoted as P., is then

(84)

z, (y)dy. (85)

P = / Pouly) - p
JO

Note that pz_(y) in (85) is the function shown in (82) with
|wm,7|2 = 1.

Next, we consider the scenario of the AWGN channel with
a fractional delay. In this case, two nonzero successive peaks
in optimum filter weights will result [see (35)]. As mentioned,
T = p+ 0. Thus, Z, and Z,; will be the peaks. We will claim
correct acquisition if either Z,, or Z,; is the maximum of all
Z;. Define two events as

Ey 2{2p > Zo, ... 2p > Zp_1,

Zp > Zpto, ... 2p > Zy_1|Zy = zp}
EP-H {Zp-i-l > 2oy, Zp4+1 > Zp_l
Zp41 > Zpy2, - Zp41 > ZU-1|Zpt1 = zpia}-

(86)

Thus, correct acquisition corresponds to the event £, U F,4 1
Then, the conditional probability of correct acquisition can be
formulated as

2 Pr(Ep U Epi1)
=Pr(Ep) + Pr(Ep41)

Pee(zps 2p41)
= Pr(Ep) - Pr(Epi1)
87
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where
U-1
Pr(E) = [ Pz > ZilZ, = 2)
7=0,j#p, p+1
21 U-2
= — d 88
[ mpee(am)]
U-1
Pr(Byi) =[] Pr(zpsr > ZjlZps1 = 2p11)
7=0,j#p,p+1
Zpi 1 U—2
= d 89
[z ag)e] e

Note that both Z,, and Zp+1 are functions of ¢ (though the de-
pendence is not shown explicitly). Thus, the probability of cor-
rect acquisition is

1 oo oo
PC - / / / PCC(G
0 0 0

where ¢, (, and § stand for the dummy variables of Z,,, Z,11,
and 0, respectively. Note that pz (-) and pz, ., , (-) are obtained
by replacing |wy , - |* with |w; o ,|* and |wy o p+1]? in (82), re-
spectively.

For general multipath channels, we can also evaluate the
probability of correct acquisition. Since the procedure is similar
and the result is complicated, we omit the details here.

pr (6) 'pr+1(<)d6d<d5 (90)

B. Mean Acquisition Time

Mean acquisition time usually serves as an indicator showing
how fast a receiver can complete the acquisition. It is generally
derived with a Markov chain model [1], [3]. Since our system
is different from the conventional serial-search correlator, the
commonly used model [1], [14] cannot be applied here. Fig. 3
shows the model derived for our system [32]. As the figure
shows, the system iterates for N chips for filter convergence
and the probability of acquisition error is P., which is equal to
1—P.. If the acquisition fails, it will wait for a period of time
T, (chips) before the system restarts the acquisition. Here, 7T}, is
generally referred to as the penalty time [1]. The transfer func-
tion of the model in Fig. 3 is shown to be [32]

(I_PS)U

Hacaluw) = T—p 3w

O

where u is the unit-delay operator. The mean acquisition time
can be found as

d
Tac é -5 .
9 du P e
From (92), it is easy to see that if P, = 0, T,,cq = V. Thus, NV
can serve as a performance bound for T},.

acq( )|u 1—N+(N+T) (92)

VI. SIMULATIONS

In this section, we report simulation results to demonstrate the
effectiveness of the proposed algorithm. We set common param-
eters used for all simulations as M = 8, K = 5,1, = 100U
chips, w,(0) = 0, and w; ;(0) = 1/VU, j = 0,1,...,U — 1.

A. AWGN Channel

Let the power of each jammer be 3 dB stronger than that of
the desired user (i.e., || = 1 and |ag| = 2 fork = 2,..., K).
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Fig. 3. Markov chain model for proposed code acquisition system and its simplified model (right-hand side).
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Fig. 4. Convergence curve for squared temporal filter tap weights, [w; ,(n)|?
and |w; ,4+2(n)|?. Theoretical values are shown with horizontal lines and ob-
tained from (35).
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Fig.5. Convergence curve for MSE. Theoretical values are obtained from (67).

Also, 02 = 1,U = 16, and x = 6 x 107%. The DoAs are set
as {¢p}E , = {0.3152,0.5586,0.7754, —0.2014, —0.5236}
(radians). Simulations with 400 independent trials are con-
ducted. Figs. 4-6 show the adaptation results for the pro-
posed algorithm. Also shown in these figures are the corre-
sponding theoretical predictions derived in Sections III and IV.
Fig. 4 shows the convergence curves for averaged |wy ,(n)|?
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Fig. 6. Convergence curve for SINR. Theoretical values are obtained from (71)
and (72).

and |wy ,42(n)|?. Note that the convergence behaviors for
|we j(n)|%, 4 # p,p + 1, are all similar. Two delay scenarios
with 6 = 0 and § = 0.5 are considered. As we can see,
|we »(n)|? converges to its optimum values, one for § = 0 and
0.5 for § = 0.5. By contrast, |w; ,+2(n)|* converges to a small
value close to zero. Fig. 5 gives the convergence curves for
MSE. As expected, the MSE for 6 = 0.5 is larger than that for
6 = 0. Using (67), we obtain theoretical steady-state MSEs
for 6 = 0 and 0.5 as 0.158 and 0.278, respectively. From the
figure, it is apparent that the experimental result matches the
theoretical one quite well. The corresponding output SINR for
the beamformer is shown in Fig. 6. The theoretical SINRs are
calculated with (72) and (71), and they are 7.34 and 4.25 dB
for 5§ = 0 and 6 = 0.5, respectively. As seen, the SINR is in-
creased from —12 to 7.34 dB in 700 iterations (for 6 = 0). The
beamformer in the proposed algorithm effectively suppresses
the interference.

As mentioned in (37), ¢ can be estimated from w ,(n) and
wy p+1(n). Simulations are carried out to evaluate the perfor-
mance of the estimation. We randomly generate p and 6 for 500

trials. The MSE, defined as E {|5(N) - 6|2}, is used as the

performance measure, where ) (N) denotes an estimate of ¢ at
n = N. Here, we let 1 = 4 x 1073 and N = 1000 chips for
filter adaptation. For simplicity, we perform estimation of 6 only
when |w; ,(N)|? and |wy 41 (N)|? are the first two maximums
of all weights. Fig. 7 shows the simulation result. As we can see,
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p —+— AWGN channel
—e— Multipath channel
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SNR dB

Fig. 7. MSE for fractional delay estimate in AWGN and multipath channel.

the estimation errors is small. For an SNR (per chip) of —2 dB,
the MSE is only 10~. The SNR here is defined as ||?/o2 and
|| = 1. Note that in the same figure, the result for a multipath
channel, which will be discussed later, is also included.

Next, we will consider the performance of acquisition. Let
us first examine the probability of correct acquisition [(85) and
(90)]. Fig. 8 gives the simulation results for various step sizes.
Here, we let U = 16, N = 400, and the array input SINR (per
chip) be —15 dB. Theoretical values calculated with (85) and
(90) are also shown for comparison. It is clear from Fig. 8 that
the experimental results highly agree with the theoretical ones.
When § # 0, the probability of correct acquisition is somewhat
lower. This is due to the fact that optimum values of |w; ,(n)|?
and |w; p+1(n)|* are smaller than one. Also, we can see that
the experimental probability of correct acquisition is lower than
the theoretical one. This indicates that N is not sufficiently large
and adaptive filters have not reach their steady states. As we will
see below, experimental results can be very close to the results
calculated with (90) when N is large.

We then substitute the experimental probabilities shown in
Fig. 8 into (92) to derive the mean acquisition time. The result
is shown in Fig. 9. It is seen that the proposed algorithm can
acquire an integer delay in a short period of time. For example,
T.cq is 402 chips when p is 3 x 1072, The mean acquisition
time for fractional delay is slightly larger than that for integer
delay. In Fig. 9, NV is selected somewhat arbitrarily and the value
may be not optimal. Fig. 10 shows the mean acquisition time for
various N with = 3 x 1073 and 5 x 10~3. The lower bound
being T,.q = N serves a performance benchmark. For integer
code-delay, when N is greater than 350, the mean acquisition
time becomes close to the lower bound. Also, we can see that
the minimum mean acquisition time is around N = 300 for u =
3 x 1073, The acquisition performance for fractional delay will
be poorer if NV is too small. For N larger than 400, it becomes
close to that in integer delay. The minimum mean acquisition
time is around N = 350 for p = 5 x 1073,
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Fig. 9. Experimental mean acquisition time (in chips) versus step size for
AWGN channel.

From Fig. 10, we can see that there is an optimum N for a
given array input SINR. To let the system be operated in its op-
timum conditions all the time, we can build a table for optimum
N's (versus input SINR) offline and then obtain an optimum N
with a table lookup online. If we assume that the power of the re-
ceived signal is dominated by MAI, an estimate of input SINR
can be M x E {|y(n)*} /E {||lr(n)||*}. We have found that
this SINR estimate can converge fast and provide good results.

B. Multipath Channels

For the scenario of multipath channels, we let the number of
channel paths be two (Lj, = 2) for all users. Also, let N = 2600
and 1 = 4 x 1073, Other related parameters used in simula-
tions are summarized in Table I. This setting leads the antenna
array operating in a heavily loaded case (i.e., the number of
overall multipaths is greater than that of array sensors). Simu-
lations with 500 trials are conducted. Fig. 11 shows some ex-
perimental beam patterns derived from w,(/N) and the theo-
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TABLE I
PARAMETERS USED FOR SIMULATIONS IN MULTIPATH SCENARIO

Pr1,Pk2 | Ok1,0k2 | Pr.1, Pr2 (radians) | Jogal, [k ol
F=1 3, 7 0.44, 0.65 | —0.5236, 0 1, 0.85
k= 8,10 | 0.81, 029 | —0.8481, —0.4115 1, 1
E=3] 3,11 0.74, 0.45 | —0.2014, 0.3047 T, 1
E=4] 6, 14 | 0.52, 0.80 1.1198, —0.3047 T, 1
k=5 0, 5 0.35, 0.62 1.0353, 0.1708 1, 1
1100 ; . . :
4 —0—5=0, u=3x10"2
1000+ —h—5-0, p=5x10"2|
1=0= 1§20, u=3x10"3
900r r=4= 520, u=5x10"2| |
®© Lower bound
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Fig. 10. Experimental mean acquisition time (in chips) versus N and step size
for AWGN channel.

retical beam pattern from Section III-C. Note that the arrow
signs indicate the DoAs of all users, and only the DoAs of
the desired user are labeled. The beamformer forms two main
beams collecting the desired signals coming from the angles 0
and —0.5236 rad. From Fig. 11, we see that some interference
cannot be deeply nulled. This is because their incident angles
are close to the desire user’s DoAs. The convergence behavior
of the MSE and SINR is similar to those shown previously, and
the corresponding figures are then omitted. Specifically, we find
that the steady-state MSE is 0.35 and output SINR of the beam-
former is 1.98 dB. We then examine the performance of frac-
tional delay estimation. We randomly generate code-delays for
all paths and all users for acquisition and calculate the MSE,
defined as £ {212=1 16,(N) — §1|2}. The SNR here is defined

as (212=1 |y |2) /o2 Fig. 7 gives the result with 500 trials. We
can see that the performance is worse than that in AWGN case.
Also, it is more sensitive to the SNR. When SNR is low, the per-
formance is seriously affected.

C. Performance Comparison

Finally, we compare the proposed scheme with the corre-
lator-based scheme described in [14]. Since the scheme in [14]
does not consider the case with fractional delay, we let the code-
delay be integer. Also, the channel is an AWGN channel. We
assume U = 64, |a] = 1, |aa| = --+ = |axk], and o% = 2.
The setting of DoAs is the same as that in Section VI-A. For
the proposed system, we let P, = 0.01. Then, we experimen-

0
DoA in radians

Fig. 11. Experimental and theoretical beam patterns for multipath channel.
Arrow signs indicate DoAs of all users; the labeled are DoAs of the desired
user.

tally search for an optimal set of {u, N} giving minimal mean
acquisition time for each input SINR. For the system in [14],
we let Py = 0.01 and N, = 1. Note that K,, = T,,/N, [in
(5)]- As addressed in [14], the convergent filter-weight vector is
not exactly identical to the steering vector of the desired user,
and there exists a gap between the experimental and theoret-
ical performance (for M > 2), especially at low SINR. In other
words, the theoretical threshold derived from [14] may not guar-
antee Py = 0.01. Let N. = JU, where J is a positive scalar.
To ensure a fair comparison, we experimentally search for the
threshold .J and step size to achieve the optimum performance.
Fig. 12 shows the mean acquisition times versus the array input
SINR for the correlator-based and proposed schemes. From the
figure, we can see that the proposed system significantly out-
performs the correlator-based system, especially for low SINR.
For example, when the SINR is —30 dB, the performance gap
between the proposed system and the correlator-based system
exceeds two orders of magnitude. The poor performance of the
correlator-based algorithm stems from the slow convergence of
the adaptive filter and its necessity for code-phase searching.
The proposed scheme simultaneously performs beamforming
and code acquisition, yielding much better performance in in-
terference suppression and filter convergence.

VII. CONCLUSION

In this paper, we propose a novel adaptive antenna array
for code acquisition. Unlike the correlator-based serial-search
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scheme, the proposed system can simultaneously perform
beamforming and code acquisition. Another distinct feature
is that the proposed algorithm can deal with both integer and
fractional code-delays. For multipath channels, the proposed
system can acquire multipath delays and serve as a channel
estimator. We also theoretically analyze the properties and
performance of the proposed algorithm. Closed-form solutions
for optimum solutions, steady-state MSE, and SINR are de-
rived. We also show that experimental results highly agree with
analytical ones. Simulations results show that the proposed
system significantly outperforms the correlator-based one in
[14]. In this paper, we consider the scenario of single transmit
antenna. However, the proposed algorithm can also be applied
to the scenario of multiple transmit antennas. Acquisition in the
multiple-input multiple-output system is a potential topic for
further research.
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