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In order to understand the end effects of rectangular resonators on narrow channels a linearized
potential theory has been applied to study the deformation of waves by rectangular resonators in
narrow channels, when the width of the channels is less than one half the incident wavelength. The
“‘exact” solution is obtained by matched eigenfunction expansions; the resulting matrix equation is
solved numerically. The numerical solution of the boundary integral equation method (BIEM) has also
been obtained for comparison. The present two-dimensional mathematical model complements the
previous laboratory investigation of James (J. Fluid Mech. 1970, 44, 615-621). The numerical results
of the present analytical and numerical models are compared 10 James’ laboratory measurements.
Results show that both analytical solutions and BIEM solutions for the fundamental resonance mode
are in reasonably good agreement with the laboratory experimental data. Therefore the considerable
effect of main channel width on optimum resonator width and resonator length is further confirmed
by theoretical analysis. The usual resonance theory, which predicts complete reflection on the incident
wave train when the length of the branch canal is one quarter of a wavelength, was found incorrect
by James’ laboratory study. James’ finding is proved theoretically by rigorous analytical and numerical
models in the present study. In addition, higher resonance modes of extreme shape as well as inter-
mediate shape rectangular resonators, not discovered in either James’ laboratory investigation or his
one-dimensional approximate analysis, were also discovered in the present study.
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Introduction

A resonator is taken to be a short rectangular branch
canal on a narrow main water wave channel. Valembois'
investigated models of short rectangular resonators built
orthogonally onto parallel entrance breakwaters of a
harbor but did not observe any end effects. Rayleigh?
had previously developed an approximation for the end
effects of an acoustic tube in a semi-infinite domain,
an analogous situation. James® examined the end ef-
fects for rectangular resonators on narrow channels by
experimental study and observed very interesting phe-
nomena. James classified the resonator into three types
by their geometry: a long and narrow resonator, in
which the motion is in a direction normal to that of the
waves in the main channel; a short and wide resonator,
in which the motion is parallel to that in the main
channel; and a resonator intermediate in shape be-
tween the extremes. A one-dimensional approximate
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theory, plane wave theory, was developed by James*
for extreme values of resonator geometry. But the plane
wave theory can only discover the fundamental reso-
nance mode of a long and narrow rectangular reson-
ator. The generalized behaviors for short and wide
resonators and intermediate shape resonators have not
been treated mathematically before.

In the present paper, instead of James® one-dimen-
sional approximation, a more reasonable two-dimen-
sional analysis has been developed successfully, using
both matched eigenfunction expansion and the bound-
ary integral equation method (BIEM) to study the be-
haviors of resonators, of extreme shapes as well as
intermediate shapes, built into channels or breakwaters
of a harbor entrance. These methods have been widely
used to solve water wave problems.>-'° Their accuracy
is believed to be very good. In the present study the
accuracies of the solution techniques are demonstrated
by comparison of numerical results and James’ labo-
ratory data. Numerical results also show that more
than one resonant mode exists, even for long and nar-
row resonators; this has not been observed in James’
experimental study. In general, the dimensions of a
resonator should be carefully chosen so that most of
the incident wave can be reflected back into the up-
stream domain.
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Theoretical formulation of the problem

The fundamental assumption is the monochromatic
small-amplitude motion of an inviscid, irrotational fluid
with free surface. The geometry of a water wave chan-
nel with a built-in rectangular resonator is shown in
Figure 1. A coordinate system is established with z
positive upward and equal to zero at the free surface
and the y-axis extending along the intersection of up-
stream channel and resonator. The channel depth is
considered to be uniform in all regions.

Because of the assumption of inviscid and irrota-
tional flow, a velocity potential ® must exist in the
entire domain and must satisfy the Laplace equation,

Vb =0 e
together with a free surface boundary condition,
(I) 2
© _Ze=o )
az £

where o is the angular frequency of the monochromatic
motion and g is the acceleration of gravity. The no-
flow boundary conditions on the solid boundaries give

b

n 0 (3)
where n is a unit vector outward normal to any of the
fixed boundary segments in Figure 1. Since we are
dealing with a channel of uniform water depth #, the
boundary condition at the channel bottom is

®_y

a4z
on z = —h. Reflection and transmission waves in re-
gion 1 and region 3, respectively, must also satisfy the
radiation condition!! at x = *x; i.e., the disturbance
generated by the presence of a resonator must be out-
going waves. The above equations complete the for-
mulation of the problem of wave deformation in a con-
stant depth channel with a rectangular resonator.

Since the incident wave is periodic with angular fre-

quency o, we may assume that the velocity potential
is a product of functions of x, y, z, and ¢ such as

D(x,y,2,1) = Plx,y, e = F(x,y)G(z)e ™"
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Substituting the above expression into the Laplace
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Figure 1. Geometrical sketch
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equation, separating the functions of x, y, and z and
converting them to a constant, say, u?, one gets

P*F 9 F

E a—yz + ,LLZF =0 6)
G
2 KG=0 @)

Equation (6) is the Helmholtz equation, which is the
governing equation for wave diffraction in a uniform
depth wave field.!? The solution of (7) together with
the bottom boundary condition,

oG
5;=0 ®
on z = —his simply
G(Z)z{coshk(h+z) k=Vu2 >0
coskth+2) k=V—p? p2<0
&)

where k is related to the angular frequency o and the
water depth A through the free surface boundary con-
dition. This relation can be obtained by substituting (5)
and (9) into (2). One will find

, _ |gktanhkh wr=k>0
T T —gk tank,h w2 = —k2<0
n=1,2 ... (10

where k is seen to be the usual wave number and %,s,
as was shown by Biesel,!? satisfies (n — 0.5)7 < k,h
< nr. Since the water depth in all regions of the present
problem is uniform and the interfaces are vertical planes,
it can be proved that the G(z) = cos [£,(h + 2)] term
must disappear. The problem now is to obtain the so-
lution of (6) with the boundary condition

oF
_=0
Jn

on the solid boundary. By using the separation of vari-
ables method the general solution of F(x, y) can be
obtained as

(In

F(x’y) = E [Ameia,,,x +Bmevi¢x,,,x] coS [Bm
m=0

X (y + B/2)] (12)
with

Bu="5 an=VF-B (13)
where m is any integer, A,, and B,, are unknown coef-
ficients, and B is the channel width.

Substituting equations (9) and (12) into equation (5),
and with the radiation condition, one gets ¢ at each
region:

M1
dilx,y,2) = {6”“ + 2 Rpe P m(y)

m=0

+ i R,,,e“"""r"d/‘;,m(y)}coshk(h+z) (14)

m=M1+1
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Xy =V k2 - B;Zn (15)

in region [1], where M1 is determined as an integer
satisfying
Mlxm M1 + Dar
<

<k
B B

or
B
M1<2E<M1+1 (16)

and L is the wavelength of the incident wave;

M2 o
&ax,y,2) = { > [(Cre** + D, e 2=y (y) + 3 [Cpe* + Dme’““*“"]dfy,m(y)} coshk(h + 2)

m=1

with

Am =V k2 - ‘an (18)

_mn
Ym = b

in region 2, where b is the width of region 2, w is the
length of the rectangular resonator, and M2 is an in-
teger that must satisfy

M2<gLé<M2+1 (19)

The functions ¢(y) are given by

Yg.m(y) = cos B,,(y + B/2)
y.m(y) = cos y,(y + B/2)

The velocity potential in region [3] is
M1

di(x,y,2) = { > Teen ="y (y)

m=0

+ 2 T, eiam(x~w)¢3’m(y)} coshk(h + 2)
m=M1l+1
(20)

In the assumption of narrow channels the channel width
is less than one half the incident wavelength. Equations
(14) and (20) can be reduced to

¢](x’y, Z) = {eikx + Roe’ikx
M1

+ > R,,,e""'""(/lﬁ,m(y)} coshk(h +z) (21)

m=1

¢3(x,y, Z) = {Toeik(x—w)
M1

+ > T,,,e""‘m("‘w’(//&,,,(y)} coshk(th + 20 (22)

m=1

where «,, are imaginary numbers. The first term in
equation (21) is the incident wave, which is presumed
to be incident from x = — in region 1.

Solutions to the full problem must satisfy certain
matching conditions over the vertical planes separating
the fluid regions, namely,

¢1=¢2
(x=0;—h=z=0;—-B2=<y<=B/2) (23)

M2+1

(17)
¢]x=¢2x
(x=0;,~-h=z=0;,-BR2=y=B/2) (24)
b2 =
(x=w;—h=z=0;,-B2=y=B/2) (25)
¢2x: ¢3x

(x=w; —h=sz=0;,—-B/2=y=B/2) (26)

These conditions provide continuity of pressures and
horizontal velocities normal to the vertical interface
planes.

Since all terms in the summation series of equations
(21) and (22) are decayed exponentially with distance
x away from the interface planes, the wave motions
persisting at some distance from the intersections are
seen to be given by

b = (™ + Roe ") coshk(h + 2) (27)
in region [1] and
b3 = Toe* " cosh k(h + 2) (28)

in region [3]. Therefore R, and T, are the reflected and
transmitted coefficients, respectively.

Numerical solutions

In order to construct a solution the infinite series in
(14), (17), and (20) must be truncated to a finite number
of terms, given by M. We then must solve for 4M +
4 unknown coefficients R,,,, C,,, D,,, and T,, (m = 0,
1,2,...,M). Matching and boundary conditions are
manipulated in the following manner. Using the eigen-
function expansions for each region in the matching
conditions (23)-(26) and employing the orthogonality
of these functions, we obtain the following equations
for computing coefficients in the eigenfunction ex-

pansion®'0:
B/2 B/2
[ sy 9dv= [ 6:0.5.0d (29)
—B/2 —B/2

B/2

[ 0.5, 945,

—B/2
B/2

= [ 60,5, 20,00y (0)

—~B/2
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withn =1,2,..., M,
B/2 B/2
f 210,y 20dy = f—a—(Oyz)dy
” /b B/2
= f%(O,y,Z)dy 31

—B/2
B/2

f il ©,y, D¢, .(y)dy

—B/2
B/2

¢2 220, , ) dy
—B/2
b—B/2
= —"’3(0 ¥, Dty n(y) dy (32)
—B/2
withn =1,2,...,M;
B/2 B/2
f d(w,y,2)dy = j ds(w,y, ) dy (33)
—B/2 -R/2

B/2

f bW, y, DY (y) dy

—B/2
B/2

| sy 08.00dy 34

—B/2

withn =1,2,...,M;

B/2 B/2

9 9
fﬁ(w,y,z)dy= f—¢2(w,y,z)dy
ax 0x
-B/2 ~ B2
b—B/2
9
- —;”S(W,y,z)dy (35)
X
—B/2

B/2

0
f ai;é(w,y, 2D, A(y) dy

—B/2
B/2

= f ﬁ(w ¥, D, (y) dy

ax
~B/2
b—B/2

+ —"’2(wy Dy dy  (36)

—B/2

withn = 1,2, ..., M, where the shift of integration
limits in the last term of equations (31), (32), (35), and
(36) is possible, since there is no contribution to the
horizontal velocity field from the contours [B/2 <y <
(b — B2); x = 0 and x = w], i.e., equation (11). The
resulting set of 4M + 4 simultaneous equations (29)—(36)
is solved numerically as a linear matrix equation.
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There is still a matter of the choice of M, and the
infinite series must be truncated. Numerical tests show
that solutions seem to converge faster for longer waves.
To reduce computation times and as a matter of con-
venience for the present study, 11 terms (M = 10) in
every domain are used in all computations. The ac-
curacy of these numerical results will be checked by
comparing with solutions obtained from the BIEM in
a later section.

Numerical results and comparisons

James3+* studied the end effects of rectangular reso-
nators on narrow channels. His study included both
theoretical and experimental works. He developed a
one-dimensional approximate theory, the plane wave
theory, examining the resonance reflection of waves
due to long and narrow rectangular resonators on nar-
row channels. His solution provides the reflection and
transmission coefficient values. However, his one-di-
mensional approximate theory can only investigate the
fundamental resonance of long and narrow resonators.

To get a more accurate solution and to find other
possible resonance modes, a two-dimensional analysis
is required. The present two-dimensional analytical
model is used to study the end effect of rectangular
resonators, of extreme as well as intermediate shapes,
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Figure 2. Typical results for narrow resonator; w/L = 0.34,
B/L = 0.385. (a) Reflection coefficient and (b} transmission coef-
ficient: solid line, analytical solution, @, James’ experimental
data, and O, BIEM solution
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Figure 3. Typical results for wide resonators; w/L = 0.60,
B/L = 0.385. (a) Reflection coefficient and (b) transmission coef-

ficient: solid line, analytical solution, @, James' experimental
data, and O, BIEM solution
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Figure 4. Geometry for resonance: lines, analytical solutions
and @, James’ experimental data

on narrow channels. The numerical results of a narrow
resonator with w/L = 0.34 and B/L = 0.385 are plotted
in Figure 2; the numerical results of a wide resonator
with w/L = 0.60 and B/L = 0.38S5 are plotted in Figure
3. James’ laboratory experimental data are also plotted
in Figures 2 and 3 for comparison. The notation d is
the width of a rectangular resonator defined in Figure
1. The agreement is reasonable. Since viscosity has
been neglected in the present theoretical analysis, slight
differences between analytical solutions and the lab-
oratory observation data in Figures 2 and 3 are ex-
pected. A series of computer runs are made to find the
geometry for resonance for different values of w/L and
are plotted in Figure 4 to compare with James’ labo-
ratory results. Again, the agreement is excellent for
the fundamental resonance mode. More resonance
modes have been discovered in the present two-di-
mensional analysis; two of these higher resonance modes
are shown in Figure 4 for reference.

BIEM solutions

The BIEM has been used to solve a variety of problems
in theoretical hydrodynamics.'> For water waves the
BIEM has been used by Lee,’ Yeung,® Salmon et al.,'®
Lennon et al.,'” Liu and Abbaspour,” and Dalrymple
and Kirby.? It is believed that the accuracy of the BIEM
is excellent. In order to further confirm the correction
of the above two-dimensional analysis a BIEM with a
constant element model will be used to study the end
effects of rectangular resonators on narrow channels.
More sophisticated models exist!®; however, as long
as a sufficient number of elements are used, the ac-
curacy is the same. Since the cited references provide
detailed explanations of the BIEM technique, only a
brief discussion is provided here.

As shown in Figure 2, in region 2, Green’s identity
formula is applied, and the Hankel function of the first
kind and zero order H§" (kr) is chosen to be the fun-
damental solution of the two-dimensional Helmholtz
equation,'®i.e., equation (6). Therefore the wave func-
tion F, at any position in the domain of interest can
be expressed in integral form as a function of the value
of F, and its normal derivative dF>/dn on the boun-
daries:

i

9
Fa(xo,yo) = —7 [Fz(x,y)SZ(Hé)”(kr))

- Ha”(kr)f;(Fz(x, y))] dste,y) (7)

where r is the distance from the interior point (xq, yo)
to the boundary, S. The second part of the integrand
of (37) represents a distribution of sources (or sinks)
along the boundaries with strength 3F,/on. On the other
hand, the first part is a distribution of doublets located
on the boundaries with a strength F,(x, y). In order to
be able to determine the wave function F,, at any in-
terior point of region 2, either the value F, or the value
dF,/an on the boundaries of the region must be known.
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Figure 5. Discretization of boundaries for BIEM

For the present problem the boundary is divided
into eight parts, §,, S>, . . ., Ss, as shown in Figure
5. Since the boundaries of S,, Sy, . . ., Sg are a rigid
wall, their boundary conditions can be expressed as

OF, _

on (38)

which is the same as equation (11), for the upwave and
downwave lateral boundaries, §, and S;, where the
channel is assumed to have a uniform cross section.
The wave function F; can be represented analytically
by using an eigenfunction expansion with unknown
coefficients, as equation (12) shows. By placing the
lateral boundaries sufficiently far from the rectangular
resonator, only the progressive waves in the eigen-
function expression are necessary, which is due to the
assumption of a narrow channel, and the evanescent
modes will exponentially decay away from the inter-
sections. Therefore the wave functions on S, and S,
will be

i

— ikx+ —ikx) _
Fi(x,y) = [e Roe ]coshkh

(39)

Fi(x,y) = Tye™™ (40)

cosh kh
where R, and T, are the reflection and transmission
coefficients to be determined. Because of the conti-
nuity of pressure and normal velocity over the inter-
section boundaries the boundary conditions on S, and
S5 can be established.®

In the present study the lateral boundaries are placed
three wavelengths away from the rectangular resona-
tor, and boundaries are discretized to 232 elements.
The numerical results of BIEM are plotted in Figures
2 and 3. The agreement among solutions of matched
eigenfunction expansions, BIEM numerical solutions,
and James’ laboratory data are clear. Therefore the
accuracy of the present two-dimensional model is fur-
ther confirmed.

Conclusion

James’ one-dimensional approximation method of ex-
amining the fundamental resonance of an extreme shape
resonator on a long channel has been extended to a
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two-dimensional study. The two-dimensional anal-
yses, both analytical and numerical models, provide
an accurate means to determine the fundamental res-
onance mode as well as other possible resonance modes
for extreme shapes as well as intermediate shape re-
sonators. The accuracy of the two-dimensional anal-
yses is confirmed by comparing numerical results with
James’ experimental data.

The present study is constrained to narrow channel
conditions; i.e., the width of the channel is less than
one half the incident wavelength. Otherwise, if channel
width is larger than one-half wavelength, lateral oscil-
lation waves become important and even dominate in
the channel sometimes. This phenomenon is due to
the cutoff frequencies.? Therefore the efficiency of the
resonator will be doubted. Penny and Price?! also have
shown that the maximum zone of protection in the
downstream domain provided by a resonator at reso-
nance is limited to a width of one half the incident
wavelength, from the view of linear wave theory. To
examine this complex phenomenon, we may need to
consider the higher order effects, instead of the present
linear analysis, which therefore are not included in the
present study.

Acknowledgment

The research report herein is supported by the National
Science Council of the Republic of China (Grant No.
NSC80-0410-E009-14).

References

I Valembois, J. Etude de I'action d’ouvrages résonants sur la
propagation de la houle. Proceedings of the Minnesota Inter-
national Hydraulics Conference, 1953

2 Rayleigh, L. The Theory of Sound, Vol. 2. Macmillan, 1929

3 James, W. An experimental study of end effects for rectangular
resonators on narrow channels. J. Fluid Mech. 1970, 44, 615-621

4 James, W. Rectangular resonators for harbour entrances, Pro-
ceedings of the 11th Conference on Coastal Engineering, ASCE,
pp. 1512-1530 Am. Soc. Civil Eng., 1968

S Lee, J. J. Wave induced oscillations in harbors of arbitrary
shape. W. M. Keck. Rept. No. KH-R-20, Lab. of Hydrol. and
Water Res., Calif. Inst. of Technol., 1969

6  Yeung, R. W. A hybrid integral equation method for time har-
monic free surface flow. Proceedings of the 1st International
Conference on Numerical Ship Hydrodynamics, 1975, pp.
581-607

7  Liu, P. L.-F. and Abbaspour, M. An integral equation method
for the diffraction of oblique waves by an infinite cylinder. Int.
J. Numer. Methods Eng. 1982, 18(10), 1497-1504

8 Kirby, J. T. and Dalrymple, R. A. Propagation of obliquely
incident water waves over a trench. J. Fluid Mech. 1983, 133,
47-63

9 Dalrymple, R. A. and Kirby, J. T. Water waves over ripples,
J. Waterw. Port Coastal Ocean Div. Am. Soc. Civ. Eng., 1986,
112(ww2), 309-319

10 Wu, J. and Liu, P. L.-F. Interactions of obliquely incident
water waves with two vertical obstacles. Appl. Ocean Res.
1988, 10, 66—73

11 Sommerfeld, A. Mechanics of deformable bodies. Lectures on
Theoretical Physics, Vol. 2. Academic, San Diego, CA, 1964

12 Berkhoff, J. C. W. Computation of combined refraction-
diffraction. Proceedings of the 13th Conference on Coastal
Engineering, Am. Soc. of Civ. Eng., 1972, pp. 471-490



End effects for rectangular resonators on narrow channels: Y.-C. Wu

Biesel, F. Les appareils générateurs de houle en laboratoire.
Houille Blanche 1951, 6, 147-165

Hudde, H. and Letens, U. Scattering matrix of a discontinuity
with non rigid wall in a lossless circular duct. J. Acoust. Soc.
Am. 1985, 78, 18261837

Ligget, J. A. Location of the free surface in porous media. J.
Hydraul. Eng. 1977, 103(hy4), 353-365

Salmon, J. R., Liu, P. L.-F., and Ligget, J. Integral equation
method for linear water waves. J. Hydraul. Eng. 1980, 106(hy12),
1995-2010

Lennon, G. P. and Liu, P. L.-F., and Ligget, J. A. Boundary

18

19

20

21

integral solutions of water wave problems. J. Hydraul. Eng.
1982, 108(hy8), 921-931

Brebbia, C. A., Telles, J. C. F., and Wrobel, L. C. Boundary
Element Techniques. Springer-Verlag, New York, 1984
Greenberg, M. D. Application of Green’s Functions in Science
and Engineering. Prentice-Hall, Englewood Cliffs, NJ, 1971
Boyles, C. A., Acoustic Waveguides. John Wiley, New York,
1984

Penny, W. G. and Price, A. T. The diffraction theory of sea
waves and the shelter afforded by breakwater. Philos. Trans.
R. Soc. London Ser. A. 1952, A244, 236-253

Appl. Math. Modelling, 1992, Vol. 16, June 313



