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Abstract—This paper describes our analysis of using extra  clustering algorithms identify the clusters through

constraint terms regarding relations between cluster prototypes
in possibilistic c-shell clustering. The extra constraints are
implemented as additional terms in the cost function. This
allows users of these algorithms to incorporate additional
knowledge regarding properties cluster prototype into the
clustering process. Our analysis here focuses on the use of one
extra term for locating circles (shell clustering with circular
prototypes) with similar radii. An adjustable factor is used to
control the strength of this constraint. For possibilistic
clustering, this couples the update procedure of the otherwise
independent prototypes. Our experiments, using both
simulation and real image data, indicate that this is especially
useful in locating actual clusters when the available data are
noisy.

I. INTRODUCTION

HE ability to locate specific shapes in images is

important for many image analysis problems. Fuzzy and
possibilistic c¢-shell clustering algorithms have been
demonstrated to perform well for the task of locating lines,
circles, and quadric curves in 2-D images (or hyperplanes,
hyperspheres, and hyperquadric surfaces in higher
dimension data) [1-4], rectangles [5], and template-based
shapes [6]. Examples of their application to real-world
image analysis are in [7,8]. Among the two (fuzzy and
possibilistic) approaches, the possibilistic approach is more
immune to the effect of noise points, and is the basis of our
algorithm discussed in this paper. Compared with the
generalized Hough transform [9] or template matching, shell
clustering has much smaller memory and time requirements,
and the precision of prototype parameters is not limited to
the bin size in the Hough transform or the parameter
resolution of the templates [2].

Existing c-shell clustering algorithms allow the
specification of the number and type of prototypes, the
initial conditions (membership values or prototypes), and a
distance or similarity measure between prototypes and data
points. They do not allow the inclusion of additional
constraints on cluster characteristics in the clustering process.
However, in some particular applications there may be other
desirable properties for the clustering results. For these cases,
we present here the idea of introducing approximate
constraints on cluster prototype parameters that correspond
to the desired cluster properties. Since fuzzy and possibilistic
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minimization of cost functions, it seems natural to try to
incorporate these additional constraints on cluster
parameters in the cost functions, and this is the approach we
describe in this paper.

There are many different types of additional constraints,
depending on the particular applications and the extra
information we know about the desired clusters. Such
constraints can also be applied to the relations between
clusters. For example, in c-shell clustering, we may want
linear/planar prototypes that are approximately parallel to
each other, or circular prototypes with similar radii.
Different constraints mean different constraint terms added
to the cost function. Here we focus on one example, where
we look for circular prototypes that have similar radii, and
use this example to illustrate some properties of using such
additional constraints. In the following, section II describes
the formulation of the original and our modified possibilistic
c-shell clustering (PCSC) algorithms for circles. Section 111
contains simulation results, and section IV describes an
application in a real world scenario. Section V is our
conclusion and discussion.

II. DESCRIPTION OF ALGORITHM

A. The Original PCSC for Circles

The original PCSC algorithm, presented in [2], is an
extension of the possibilistic c-means (PCM) algorithm [10]
with shell-shaped prototypes. Here we limit our description
to circle prototypes only. The following distance measure
between a point x; and a circle prototype {c;, 7:},

2 2 Y
dj =(||xj‘ci“ 7 j ’ M

is used to allow an analytical form for updating the
prototypes, avoiding the numerical methods used by [4] for
the original fuzzy c-shell clustering. The objective function
of PCM is

C N w2 C N ”
i=1j=1 =l =l

Here u; is the possibilistic membership of vector x; in
prototype {¢;, v}, N is the number of vectors, C is the
number of clusters, and #; and m are two parameters that
determine the dependence of #;; on d;. The update equations
for the possibilistic membership values and the prototypes
are
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These update equations are derived by setting to zero the
derivatives of the objective function J relative to u; and p;.
We can perform the original PCSC algorithm using the
procedure below:
1. Initialize the prototypes.
2. Repeat until convergence or for a predefined number of
iterations
2.1. Calculate cluster membership U = {u;} using (3).
2.2. Update the prototypes using (4).
Convergence can be defined as when the changes of
prototypes between iterations fall below a preset threshold.

B.  The Modified PCSC for Circles

Since we are considering circle prototypes with similar
radii, we add an extra term J, to the original cost function J
in (2) to take radius similarity into account:

J'=J+J,. (5)
For the purpose of simplicity, let us consider only two
clusters now. Let (c,,r;) and (c,,r;) represent the respective
prototypes. For the constraint of radius similarity, we can
use the following form for J.:
Je=alt-n") . (6)
Here a is zero or a positive number indicating how strong
the constraint is. The selection of its value will be discussed
later.

The next step is to derive the update equations. With the
added term J., we are not able to derive a single equation
like (4) that simultaneously updates both the center and
radius of a prototype. It is necessary to differentiate J'
relative to the center and radius of a prototype separately,
and minimize J' by setting these derivatives to zero:

oJ' 4l 2
gz—ZZ(ug)m(xj—C;)(llxj‘ci —’72)=0’ ™
i Jj=1
and
o' G 22
e
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+2&(7"i2_r3_i2)=0«
Here =1, 2.

Equations (7) and (8) do not allow us to obtain simple
closed-form update equations for the prototype parameters,
¢y, 11, ¢; and r;. This is because both r; and r, appear
together due to the added term J.. Therefore, an iterative
method is necessary for finding the solutions. Similar to [4],
we choose to solve (7) and (8) using Newton's method.
There are 6 quantities to be optimized simultaneously (2
each for ¢; and ¢, for two-dimensional data, and one each for
r; and 7).

The procedure and stopping criteria of the modified PCSC
algorithm are similar to those of the original PCSC, except
that we update the prototypes by solving (7) and (8) using
Newton's method. To reduce the amount of computation
time, we further limit the prototype parameter updating step
to only one iteration of Newton's method. This was indicated
in [11] to still give good clustering results, which we find to
be the case.

In order to gain some insight into the effect of the new
parameter ¢, let us first consider a "perfect" scenario where
the data points fall exactly on two circles and are evenly
spaced in each circle, with (¢;",r;") and (¢c,’,r>") being the
centers and radii of the two underlying circles. In addition,
these two circles are assumed to be well separated so their
corresponding data points can be treated as two separate sets
(called X1y and X,y below), with the membership of a data
point in one set to the cluster of the other set assumed to be
zero. This makes the clustering process more like two
separate clustering processes of X, and X, coupled only by
the constraint term J,.

For this special case, one solution to (7) is when ci=c,*,
regardless of the value of r;. This can be understood by
considering the assumed symmetry. When ¢=¢; , all the X; in
X have the same dj;:

dij2 = [(Fi*)2 —%2]2

which is independent of j. This makes the memberships u;;
independent of j as well. (We will use u;, and ug) to
represent the j-independent memberships.) Combine these
with the assumption of evenly spaced x;, and we can see that
the summation in (7) becomes zero when c¢=c;". Since we
have not made any assumption regarding the prototype radii,
this proves that ¢,=¢, " is a solution.

Our next task is to solve for ; and r, given ¢/=¢;” and
cr=cy . First, from (8) we can obtain the following relation
between r; and the other parameters:

2
r?= X _ . ©)
o+ Z(U(l))

xeX

for x; in X,

Let N; and N, are the number of data points in X(;) and Xz,
respectively, and N,'=N,(u1))" and N,'=Nx(u(»))" be the total
membership in the two individual clusters. By into (9)

. . * * .
substituting ”x ¢ 1" = "x i " =r; for x;in X;;, we get
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and similarly
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We can further derive separate expressions (r;)* and (r2)” as
weighted averages of (/Y and (> )
2 _ (@N,)r) H@t NN, ()’
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and
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This implies that solutions of both »; and r, have values
between r1* and I‘g*. When o=0, we have r=r; and r=r; as

expected. When ¢« is much larger than N; and N, (and V'
and N,' as well), it turns out that r; and r, become identical:

b2t NI TN ) 1)
N;'+N,'

Equations (11) and (12) are not solutions of »; and r,. This
is because N;' actually depends on 7; through d,-jz and ug). A
special case when we can obtain simple analytical solutions
for r; and r, is when we set 77; 77,>0, and from (3) we have
u;~1. This in turn makes N;/=N,. This allows us to compute
analytical solutions of ; and r, directly using (11), with N,'
and N, replaced by N, and N.. In addition, because
membership values are constant, these solutions will not
change between iterations of the clustering algorithm. In
other words, they correspond to the prototypes found by our
modified PCSC algorithm under the conditions above. In the
following we continue to assume N;'=N..

The purpose of the derivations above is to understand how
the relations between 7, r, 7, and r, are affected by the
relations between ¢, N; and N,. One interesting aspect to
look at is the ratio between [(r;)’—(r;')] and [(r>")Y'—(r;")*].
This is a measure of how much the radius of a prototype is
affected by the difference between the two underlying
circles. We can easily obtain this ratio by subtract (r; )y from
both sides of (11a):

(11b)

2 2
(rl*)z (’,‘]*)2 — aNZ , (133)
() =) aN,+(a+N;,)N,
and similarly,
2 %2
(FZ*) (rZ*)z — aNI . (13b)
) =) aN;+{a+N;)N,

We can draw a few observations for special cases of (13):
(1) The ratio in (13a) is close to one when oV, >> (&+N,)N;
(i.e., after divided by aV;N, N, ,'>>a7'+N,™). This occurs
when both arand N, are much larger than N,. In this case, we
have 7;=~r>". On the other hand, the ratio in (3.33b) is close to
zero under the same condition because oN; << oV, <
(ortN))N,, resulting in ry~r, . One observation we can draw

is that, when « is large compared with the number of data
points, and there are many more data points in one set than
the other, both prototypes will have radius similar to that of
the underlying circle of the larger data set.

(2) When a>>N,=N,, both ratios in (13) become 1/2, giving
ri* = rit = [(r,Y+(r>')")/2. This means that both prototypes
end up with the same radius when « is very large and both
sets have the same number of data points.

(3) The ratio in (13a) is close to zero when aV, << (@+N;)N,
(i.e., after divided by oN;,N, N,”'<<o/'+N,™). This occurs
when either @ or N, is much smaller than N,. In this case, we
have r=r;", meaning that 7, is barely affected by the extra
constraint.

Overall, for the extra constraint to significantly affect the
clustering result, o should be large compared with either N,
or N;.

For more thorough investigation of how the relations
between ¢ N, and N, affect the clustering result, we plot in
Fig. 1 ; (solid lines) and r; (dashed lines) relative to r,” and
r," as functions of ¢ for a few different combinations of N,
and N, computed from (11). The radii of underlying circles
in this simulation are set to r1*=10 and r, =20. We can see
that »=r,” and r>=r>" when =0, and that both r, and r,
appear to move toward the same value when ¢ is increased.
In addition, this value shifts toward r,” when NN,
increases, and toward r," when N,/N, increases.

III. SIMULATION RESULTS

In this section our modified PCSC algorithm is applied to
two dimensional simulation data. The assumption of
independent sets of data for individual clusters is used
throughout this section just for illustration purpose. This
assumption does not affect the actual usage of the algorithm
because in the possibilistic approach to clustering, each
prototype is updated independently regardless of what
happens with the other prototypes, except for our added
inter-cluster constraints.

For comparison with the derivation in the previous section,
we start with the "perfect” scenario. We plot in Fig. 1 7,
(squares) and r; (circles) obtained by applying our modified
PCSC algorithm, instead of using the analytical results, for a
few different values of . The simulation results are
obtained with perfect initialization (initial prototypes
overlapping with underlying circles of the data points),
7=500000, and m=1.5. The value of 77 is made very large so
that all membership values will be close to one, as assumed
for the analytical results. We can see the prototype radii
obtained through clustering are consistent with the analytical
results.

Fig. 2 contains the data points and prototypes found with
various combinations of ¢, N; and N, Parameter values
7500000 and m=1.5 are used. The small dots are data
points and the large circles are prototypes found. Fig. 2(a)
and (b) have =0, and the prototypes found match perfectly
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Fig. 1. Radii of prototypes found by PCSC relative to the radii of
underlying circles of the data points, as functions of @, N, and N..
Each individual plot corresponds to a different combination of N; and
N-. Radii of underlying circles are r,"=10 and r,"=20. The solid and
dashed lines are analytical results for r; and r,, respectively, and the
small squares and circles are simulated results for r; and 7,
respectively.
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with the underlying circles of the data points. In Fig. 2(c),
we have o0 and N#N,, but both prototypes match
perfectly with the underlying circles and have the same
radius because we have set »,’=r,". Fig. 2(d)-(f) correspond
to @0, Nj#N,, and r;'#r". In Fig. 2(d), we have N,>>N,, and
the resulting prototypes match better with X;). This is
reversed in Fig. 2(e). Fig. 2(f) is the same as Fig. 2(d) except
that « is larger, causing the two prototypes to have even
closer radii. The change is more evident for X|;), which has
less data points.

It may seem strange that the extra constraint term actually
makes the prototypes different from the underlying circles
with different radii, such as in Fig. 2(e). The analysis using
the perfect scenario is to help us understand the relations
between o and other parameters. A more practical use of the
modified PCSC algorithm is to more accurately locate the
prototypes that are expected to have similar radii when the
data are noisy. For example, assume that X(;, contains only
data points along a circle; we can find this underlying circle
with PCSC easily. In the other hand, for example, let X, be
so noisy that simply clustering its data points produces a
prototype very different from the underlying cluster. In such
cases, we can think of the "coupled" clustering as having the
prototype for X, pulling the prototype for X, along in the
clustering process.

The scenario in the last paragraph is illustrated with
simulated data in Fig. 3. Here X{;) and X, have the same
number of data points (N,=N,=48), but X|,, contains only
part of a circle (16 points) and the rest are noise points (32
points). The underlying circles have the same radius,
;' =r,’=8, and are centered at (0,0). We apply our modified
PCSC algorithm using different values of &, Fig. 3(a)-(d)
correspond to a = 0, 5, 20, and 400, respectively. Initial
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Fig. 2. Simulation example of PCSC with constraint using noiseless
data. The small dots are data points to be clustered, and the circles are
found prototypes found by our algorithm. Both axes of each small
rectangle have ranges of —25 to 25. Parameters used are: (a)
ri=ry =10, N=N;=20, 0=0; (b) r,"=10, r,’=20, N;=N,=20, a=0; (c)
r1"=r"=10, N;=20, N;=60, 0=20; (d) r;"=10, r,’=20, N;=20, N;=60,
a=20; (a) r,"=10, r,'’=20, Nj=60, N;=20, a=100; (a) r;"=10, r,"=20,
N;=20, N=60, 0=100. The left and right rectangles of each of (a)-(d)
correspond to parameters with subscripts 1 and 2, respectively.

prototypes are set to be the underlying circles so that no
error is caused by bad initialization. The value of 7 is set to
(r1")*/2=2000. The solid circles are the final prototypes after
10 iterations of our algorithm, and the dashed circles are the
underlying circles overlapped with Xy, for comparison. The
actual centers and radii of the prototypes found are also
listed in Table 1. It is evident that, by increasing o, we are
able to better identify the underlying circles in the noisy data
set (X(2)) through clustering. For the two larger o values, the
prototypes found for cluster #2 are so close to the underlying
circles that they are almost inseparable.

To more systematically investigate the power of the
constraint term in locating the correct underlying circles for
this scenario, we repeat for 100 times the same experiment
as in Fig. 3 with the same underlying circles but different,
randomly generated noise points. Furthermore, the initial
prototypes have randomly selected centers within r,"/4=2
from (0,0) and radii of between 8+2. We include the
variation in initialization to make the experiment more
realistic. The statistics is listed in Table 2. The quantity
"radius error” is the absolute radius difference between the
prototypes found and the underlying circles. The quantity
"deviation" represents the maximum separation between the
final prototype and the underlying circle and is used as a
measure of how accurately the clustering algorithm finds the
underlying circle. Cluster #1, which corresponds to the
noiseless set of data points (X(;)), remains very close to the
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underlying circle for all o values. On the other hand, for
cluster #2, which corresponds to the noisy set of data points
(X2)), both deviation and radius error are significantly
reduced when « is increased. Even =1, which is much
smaller than both N, and N,, results in significantly more
accurate prototypes than when o=0.

(a) (b)
f‘ﬁ’x s ) ( ,'-\‘\I b )’/M‘v)
et | N o
(c) (d)
’r"m"" ‘x‘i ‘ ) ("—:\\‘ l’r"m"'l
_— N L
Fig. 3. Simulation example of PCSC with constraint using one set of

noiseless data and one set of noisy data. The small dots are data points
to be clustered, and the circles are found prototypes found by our
algorithm. Both axes of each small rectangle have ranges of =20 to
20. (a)«(d) correspond to a=0, 5, 20, and 400, respectively. The left
and right rectangles of each of (a)-(d) correspond to parameters with
subscripts 1 and 2, respectively.

TABLE 1
PROTOTYPES FOUND IN FIG. 3

Plot o Cluster #1 (left) Cluster #2 (right)
Center Radius Center Radius
(a) 0 (0.00, 0.00) 8.01 (2.10,0.12) 9.85
(b) 9 (0.00, 0.00) 8.09 (0.15,0.05) 8.79
(c) 20 | (0.00, 0.00) 8.07 (0.33,0.04) 8.20
(d) | 400 | (0.00,0.00) 805 |(0.21,0.02)| 8.05
TABLE 2
PROTOTYPE ACCURACY
o Cluster #1 Cluster #2
Deviation Radius Error Deviation Radius Error
0 0.01£0.00 0.01£0.00 3.3849.95 1.41+4.35
1 0.024+0.02 0.02+0.02 2.16£1.40 0.88+1.05
5 0.06+0.04 0.06+0.06 1.51+0.92 0.55+0.67
20 0.0740.06 0.07+0.09 0.92+0.49 0.254£0.30
100 0.08+0.06 0.08+0.09 0.71£0.36 0.134£0.15
400 0.08+0.06 0.08+0.10 0.65+0.33 0.09£0.11

Accuracy of prototypes found by our PCSC algorithm using one set

of noiseless data and one set of noisy data.

TABLE 3
PROTOTYPE ACCURACY
a Deviation Radius Error

0 1.60+2.66 0.59+0.88

1 1.32+1.44 0.4840.60
5 1.1240.82 0.42+0.49
20 1.0440.77 0.39+0.45
100 1.03+£0.69 0.4010.45
400 1.03+0.69 0.3910.45

Accuracy of prototypes found by our PCSC
algorithm using two sets of noisy data.

Fig. 4. Processing of eye images in with the PCSC algorithm with
constraint. (a) The eye images. (b) The detected potential pupil
boundary pixels of (a). (c) and (d) are the same as (a) and (b), with
solid and dashed circles indicating pupil boundary locations obtained
with our algorithm and by manual labeling, respectively. (e) and (f)
are the same as (c) and (d), except that the original PCSC is used.

It is also interesting to investigate the performance of our
algorithm when both X, and X, are noisy. For this purpose
we repeat the experiment with both X{;, and X,y consisting
of 24 points along a partial circle and 24 noise points. The
statistics of 100 randomized trials are listed in Table 3; the
parameters and initialization conditions are the same as
those used in generating Table 2. While there is still some
improvement in accuracy here with increased ¢, this
improvement is evidently less dramatic as compared to the
results in Table 2 even with very large ¢. The reduction in
deviation and radius error seems to level off at larger ¢,
indicating that we can not achieve better accuracy by
increasing «.

IV. EXAMPLE FOR REAL IMAGE DATA

After all the experiments with simulated data, we show an
example of the application of our modified PCSC algorithm
on real data. Here the goal is to simultaneously find the
pupils, which are circles, from a pair of eye images obtained
in a screening test [12]. The procedure to extract the pupil
boundary pixels from the images is given in [13].

Fig. 4 shows a case where the contrast between the pupils
and surrounding regions is very low in one eye. Fig. 4(a) is
the original eye images and Fig. 4(b) shows the extracted
boundary pixels, which serve as the data points in shell
clustering. In Fig. 4(c) and 4(d) the circles (pupil boundaries)
obtained through the original PCSC are overlapped with the
images in Fig. 4(a) and 4(b).The solid circles indicating the
pupil boundaries found by our algorithm and the dashed
circles indicating manually labeled pupil boundaries. The
boundary of the darker pupil is not correctly located because
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the algorithm is affected by data points that do not fall on the
pupil boundary. The parameters used for PCSC here are
m=1.5 and 772000. In Fig. 4(e) and 4(f) we plot the
clustering results with the modified PCSC using o=100. We
can see that the new algorithm gives much more accurate
pupil boundary locations.

V. CONCLUSION

We present in this paper the use of extra cost function
terms as a method for incorporating additional desired
properties of cluster prototypes. The focus of our analysis is
on the locating circular prototypes with similar radii,
although the general approach certainly is not limited to this
case. The effect of the constraint strength factor «, as
analyzed in sections Il and III, should be applicable to other
cases with constraints on relations among clusters. We
believe that this approach can enhance the applicability of
clustering in various applications. Possible directions of
future research include the investigation regarding other
types of constraints, the effect of adjusting o between
iterations, and the effect on overlapped clusters.
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