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G w ~ w e i i  Shieh 

Department ol Management Sc~ence 
Xatio~al Chiao Tung University 
Hsinchu, Taiwan 30050, ROC 

Lsngitudina! sPddies cccu: frequent]y ir: EaEy different discip!iEes. rg 
. . r' 

fii!!y utdize the pote~tia! va!w of the infh-nation contained in a longitudinal data, 
irarious multivariate h e a r  models have been proposed. The methodology and 
snalysis are somewhzt unique in their own ways and !heir relationships are not 
wc;i and presented. ~ ; 7 i ~  describes a genciai muiiivanaie linear 

model for longitudinal data and attempts to provide a constructive formulation of 
the components in the mean response profile. The objective is to point out the 
extension and connections of some well-'mown models that have been obscured 
by different areas of application. More imporiantly, the model is expressed in a 
unified regression form from the subject matter considerations. Such an approach 
is simpler and more intuitive than other ways to modeling and parameter . . 
est:mamx. '4s a cmsequeace the ana!yses of the gezerai cizss cf ~ d e k  f ~ r  
1---:&..A:..-l An+, ,,.. h- ., :-, --,,to ..,;th ~ t ~ - A ~ , . r l  
I I J L I ~ L L U U I I I ~ I  u a ~ a  4a11 L J 4  Laai!j r t l r t r l b r i r c t l r d  WIU, a r u t t u a r u  i r v l r r  u ~ r .  

Copyright O 2000 by Marcel Dekker, Inc. 
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' x - , T T - c . n T  7 -:.-.>: 
i .  iiu I KUUUC 1 IU:V 

-, 
I ne defining characreristic of ioniiudinai desigx 0;- repzated measures 

designs is rhar each inditiidual or subject is obse-ived on several occasinm ' 1  ne 

, : : , .A : - . . : : . . -  ? ---...-=? *L---  L ,- ;--:- ' . < 
j p - 3  iS1 uc$i,yi-iS is i!icaSuicriien[s are recoraeo L,i3tiliLL:UlL a z L V Y G L " , l  < i i c 2 G  twe - 

. * . -  .. . - - 
ai &Ki'ci.cnt ilnc pc;iods or iiiiae; i;iirereni cxpeiimenia; ,-ondi<ions, iiir.c 

iepeated fiirasui-es design.: are considersd as a subset of ionqir~dina! designs a d  

the contents epply directly to repeated rnsasures 2na~i;sis. &J For 2 gczeral .'iscnssioi, 

" .. . , - . . . . . . . . . . 
a: :inear rFs&els fcr the acai-ysj; 3' ::azntii&cal s i i d i ~ q  t he  p==ciPT rer=T.-e& - 
-. ::',!are(!98=!.;,i!are ( 1985 ), 

. . ~. 
- " = T ~ ,  mr.-,* ?%4-Q-r *fir,: <.2 6.- .A a-.- I.>.- - -.-,. t- 2 9:  -=:-- -.. ;.i -.., --.4-;,;1.,: -.-- Y. i i i i . . i i  bdG; I.. i.. i**l<i.ii&? 6-4 ~ I V L U L I L ~ ~ ~  i:iljiii . i - - 

. % "  . .-.- iii%JUC# 
- .  ;GI- *:-a moe+*  --cs-, \m..a >- .*,. G$<. -F-:.T .-.,.Let- ".,> ----- A -  

iiiv li l \rClli  ii.JpL.L1J%. FiUIt1L.  i l l l a  LalilblZ ai15ii iQ13 LU ~IUVIUI; 9 

. . constriictlve introduction of ~g i f i va r i a f e  ii1i;ear niodeis f t t T  ivngitudis& sp2dies 

fhro,xrrh the f3mGizt,i9r. 3Cd rjPjiiafiS2 Cf the --on* ,----.-*--- -*--F'=, Tk-. 
-!Y- i t  p i  " l iL 

" ,.- .. .. extension and connections sf scme wd1-howz models oi alliereii; dlscipiines are 

. . .  
rhe ma;?. - J ~ Z  em~hasis.  a Accordizg i c  the intir,sic fea~~ire  :hat ~ a k c ;  ~ong;;iidina: 

designs so different fronri others, tihat is, the "time" and "subject" dimensions, the 

components of the mean response prcfile are characterized specificatly by the 

nature of the cavariates and design matrices involved. First, the covariates are 

classified as fixed or time-varying. Second, It is often makes sense for 

!ongiiudi~al studies to impose some restrictions refzting the seqiueace 02  

,.- 
o'o~ervaiims of each subject ar axrerenr rime periods. Ir, this case, the Glean 

response profik is assumed 40 include a time-rehied within-subject design matrix. 

. . 
Overall an incidence matnx 1s needed for situations of unbdanced and incomplete 

structure. 
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GENE?-AIL MULTIV.M?IATE L-WEAR. MODEL 737 

Table i .  The classification scheme for components of the mean response 

incidence mztrix ! M A N O W  node!" seerning!y unrelated 
regression model* 

he-re la ted  within- 
subject design matrix 

pooled time series and 
cross-sectional model* 

GMAN@VA model* 

* i'hese are speciai cases. 
I 

2. Si'ECIFICATION OF THE MODEL 

Consider the following situation. Let Y , ~ ,  j = 1, ..., Ti, be the sequence of 

observed measurements on the ith of N subjects, and tij, j = 1, .... Ti, be the 

corresponding time periods at which the measurements are taken on the ith subject. 
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73 3 SHIEH 

2.1. Component for fixed covariates and incidence matrix 

- - L  L' 1.- - .. ., 3 , - - L  i . r s  1.. ilr n r. A 1 Dt.LWeen-~u~jpL.t ypct~r which ~ ~ r o m ~ ~ & i e S  r ,  xv~aiues -- - I :  -- - - I  

of fixed covariates for subject i for i = 1, ,.., N and let 5, be a T x r, matrix of 

*-,. --tnrO ; ih  ..nl., paAa La> .<*,z* iu<, b!j7 . . . 9  -----='--- ------ - - > ' - -  -- ulb yarulinLkLo bvri~ap0~1UJaig tv I ,  

basdine covariates at time j, j = 1, . .., T. For unbalanced and incomplete 

longitudinal data, the mean response profile is of the form 
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primary interest. it is often more appropriate to consider an extension of the mean 

response profile in ji j as 

where XIi - jPi8f2,'), P, = vec(tz1), P is the T x m, within-subject design natrix 

which describes the change pattern for the model over T time periods through PC,. 

The most obvi~us  candidates as attributes for a subject's response profile are the 

iinear, quadratic, cubic, etc., terms of the polynomial regression on time. in this 

0 1 m 
case, the jth row of P is (t,, t!, .. ., tj =), m2 I T. k2 is the m, x r, parameter matrix, f,, 

is !he ri x i between-subject design vector composed of r, values of fixed 

covariates, Pi = Kip has dimensions Ti x m, and is the time-related within-subject 

design matrix for i'h subject, i = 1, . . ., N. 
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740 SHIEH 

2,3. Component for both types of covariates and incidence matrix 

L e t  ( i , ,  ...> i,J be the subset of { i ;  ...: T) corresponding to ihe time 

periods that y, being observed. Let C,(ij,, be a c , ,~ ,  x 1 vector of values of ci,., time- 

. . 
v x v i n ~  , ---= covxiates 2t time period i: = i . .  I >  .... I i ,  / I  and be a c t j  x 1 l~ector of '0's 

orherwise for subjject i. Ir is m r  required here e h s  the same group of covariares is 

associated with both time-varying and fixed covariates at time j. Hence one gets 

block = (if, j) element sf K, times Ir,c,j for j' = 1, . . ., Ti and j = 1, . . ., T. 

Exampie 2.3. If c, j  = 1 for j = 1, ... T and C,(i,,, = 1 for j' = I ,  ..., T,, then (3) 
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G E N E M I ,  MiiLTIVARWTE LIXEAil MODELS 741 

reduces to ( i j  which inciudes only fixed covariaies. If C3, = i for ai'i i, then (3) 

reduces to a model with only time-wiving covanates and <he parameter c,, is 

-;...~rii :hz seemingiy mreiated regression model which wiii be discussed in Sectim 

3.2. 

Although y,'s may be unbalanced or Incomplete, a typical case is that 

2.4. Con?ponent rbr both types nf covarlates and ime-reiated within-subject 
design matrix 

-" - 
we show h i  (2j is an eiiieilsion of (1) by imposiiig sirail5 resii-ictitoii on 

the parameters associated with the sane covariaies across diRereni time periods. 

7 x 7  we naw appiy the same idea 10 the set ~f coii&:es being rec~rded f ~ r  ail 

possible time periods in (3). Let C2(,1r, be a c, x 1 vector of values of c, time- 

& . 
valy;ug c u v a k s  at :me period . ., = : XI, ..., iT, . ,.-.A allu I.- vb 2 C~ Y ! .rPminT 7 rrl..lI ~f O'S 

otherwise for subject i. Let f4i be the r, x 1 between-subject design vector 

composed of r4 values of fixed covariates. Define 5, as the m, x (c2r4) parameter 

matrix associated with both time-varying and fixed covariates. Let Q be the T x 

T. Now we have the most general component 
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(4).  wne can wrlte 

where Xi = (XI,, X,,, XTi, X,,) and = i o r i  = 1, . . ,  N. 

If one is interested in completely balanced situation where K, = I,, then a useful 

expression is 
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3.2 Seerning!~ unrelated regression models 

-. 
'lhe seeningiy unreiated regression (SUK) modeis proposed in Zeilner 

(1962) is defined as 

* 3 * 7 -. 
Yi T;:=,%i T A t ; P ;  ti;i+ci 7.1 f o r i =  l j  .;.jE. (7)  

It describes possibly different regression equations for N correlated vectors of 

* * 
dependent variables yi with respect to corresponding specification matrices Xi 
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* * 
concatenation of y i ,  pi and ~ i ,  respectively. So that Var(~') = C@1,. The SUR 

* e * 
=.,ode! czr, bz xrittzr, as y" = &:ag<Xl, . .., X&3' + E*, where dng(X,, . .., X,<) is 

i 

block-diagonal matrix with diagonal dements XI ,  ..., XN. For our purpose of 

relating a SUR model to a more natural setting with covariance matrix !,@C, we 
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* 1 t * * 
ieariange y' and E' into y"' = i y l  ' !, yz i ,  . . ., yx i ,  . . ., yIT,  y27, . . ., yNT) and E"' = 

,- f a -  / XI i 
! 

* - 
= diagix;,, . . , XNI), XIj is the jLh row of %:, and Var(~*") = i@C. For each section 

sse that the , ~ j  .p' in (8) is agree with the component (3) by setting K, = I,, i,i = i ,  

* * C , f  = xi i from 1 T,  aesides tiie poss&ie 

:?iffere::ces. y a t-mical , .  SUE rnsri:! wi!! involve only time-vzwifig covariates and 

each subject, its o ~ f i  5-'i of (1.3 c.c;.yariates resorbed across ?imp periods. 

Hence for everj SUR nodei with N units and T time periods, there exists a 

corresponding multivariate linear model with time-varying covariates in the 

context of longitudinal designs with T subjects and N rime periods. We believe 

. . 
such coiiiiecti~n is irrGie appropxiatc and congmen: with the attribute of the  me- 

varying covariates involved in a SUR model. As mentioned above, the connection 

.- i i ,  ctmqn ,,,,,,!, , acb Koch <!985) is tlRros4 s a x e  proper transfxmati~r. of SUP- m ~ d e !  
3 

with the restriction t, = t for all j = 1 ,  ;,:, T. Furthermore, a growth curve model 

usually does not involve any time-varying covariates other than age or time 

elapsed as in Example 2.2 of Section 2.2. We now conclude that SUR models are 
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both fixed and time-varying covaria'tes for the analysis of complete repeated 

C 

with 6 ,  = 5 and F, = A. The second term T,X, can be rewritten in the form of 
q= l 

general expression of (9, Patel (1986) proposed an iterative scheme for the 

estimation of parameters. Thc estimation procedure is soniehow cumbersome and 

it motivates Vetbyla (1988) to rewriting it as a SUR model and estimation can be 

carried out simply. Here we show it belongs to the class of models (5). The 

estimation procedure is standard and weli known (Jennrich and Schluchter, 1986). 
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*!?'nough the f ~ m  of the model is aigebraicaily equivalent to a SUR mode!, it IS 

more natural to keep the between-subject design matrix of fixed covadates apart 

3.4 A:! extensim of the SrZR model for unbalanced and incomplete longitudinal 
data with fixed covariates 

context of longitudinal design and extended it to a general ciass of multivariate 

subjects and T time periods) and a muiiivariaie linear rnudei in the coiltext of 

longitudinai des~gns (with T suqiecis and N time periods) as discussed in Section 

3.2. Foliowing the same idea in Sectioa 3 2 ,  this phenomenon car, be shown to 

. * 1 r ir- . . - I - -1 - - - -A  --6 :,- . -n-i,.*,, ..., +L. .rn-r . -rr  
ix2g1 I:);' C~IL: L~!::?S:Z:~CC'-? ~.'CGi--parir i _ f i p ~  V V ~ ~ ~ ~  y;lir T: in (7 ) .  Therefore an .. - - .  

unbaianced and incomplete SLJR model with N silbjects and varying (T,, i = 2 ,  . . ., 

% 7 ,  . . .  
nl tirrit: is tquivaieni a miiliii;ariatc liiicar 5062 ;  ;i; the context of 

longitudinal designs with T (2 T,, i = 1, ..., N) subjects and varying (N, 5 N, j = 

I ,  T) time periods. 

Besides the component of the fixed covariates for each subject is defined 

to be identica! for a!] time periods in Park and Woolsor. (1992). Hence it on!y 

includes intercept terms and can not reflect the possible systematic change pattern 

associated with the fixed covariates across all time periods. This can be found in 

their expressions (in Sections 4.2 and 5) where the time-alike covariate (age) is 
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718 SHIEH 

treated as tirne-varying covariate. A careki examination wiii reveai that t i e  fixed 

cnvariates are aiso included in the term and if leads to an ambiguity of the model. 

&or tiif Filnozi; cf extending a [ci. !_rn&dznceiJ 2nd 

incornpiere longiruciinal data wi th  k e t i  covariatec, Lve can c o ~ s t ~ ~ t  a mode! w t h  

curiiponeni ilij combined w ~ t h  (i  j, j2j or both whenever necessary, 

. - .  
,-,f i:pnpnAen; vqr;.l'n:p v , C  +La L:b -.,- i - - 2 & - F .  - . - - - ~ a -  --.i 
u: U . - ~ L : : ~ U ~ ~ L  . ' a i : u v z b ,  P-j.ij zip- W C L i a b  d i  X GZxpi&l=LU~j '  Y d i ~ d U l G  Zikd E,, is 

error term for cross-sectional unit i and time period j. The parameters Pkij, as the 

subscripis suggest, tbr the most genera! case they can be different for different 

subjects and in different time periods. However, in most cases more restrictive 

assumptinns wi!! he made. For exmp!e, the:: may be common foi a!? i and j or 

may be varying on!y over i or only over j. We wi!! restrict w r  attention on the 

most genera: case since the others can be treated as special cases and the mndei is 

i = 1, .. ., N refers to a cross-sectional unit and j = 1, . .., T refers to a given time 
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3.6 Lloubly rnuitivariate linear modeis 

In this section we extend the discussion to the doubly multivariate linear 

mode!s which 2!bw one to ana!yze vectnr-va!uec! repeated measi~rements or 

!angitudina! data by obtainir?g d-variates on N subjects at each of T time periods 

(Tirnrn and Xieczkowski, 1987, Chapter 6). 

The model is Y = BF + E, where Y is the dT x n matrix of observations 

with i" column Y, is the dT responses of subject i, B is a dT x r parameter matrix, 

F is the r x N between-subject design matrix of full rank r, and E is a dT x N 
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= = 

covariance C^ may have a honecker product srrucnire 2' = Ci@L2, where C1 and 

d 

L2 are d :: d and L' x I matrices, respectlve~y (Galecki, 19%). 

Next we focm on a combinatioiz of SUR mode! and doilble multivariate 

be the jth row of Y,, i = 1, ..., N. By stacking Y;,', ..., Y;~' together into one 

column. We obtain an expression similar to (8) 

* * N 
where Yj is a d x ! vector of d = c d, observations for all subi--tc J - - - -  at time period j, 

i= 1 

.* N 
X, = diag(~,#3~Tj, . .., TdN@XNj), a d x zdi t i  diagonal matrix, X; is the jth row of 

i= l 

* * N ** * 
X i ,  Be = (vec(Bl)', . . . 9  vec(BN)')' is a diti x 1 vector of parameters, Ej = (El,, . . ., 

i= l 
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GENERAL MULTI'JARLATE LINEAR MODELS 75 1 

- 
t;,ja. E, i s  ine j" row of E:. In terms of a general multivariate linear mode! for 

-- 
iongitudinai studies, Y :  can be viewed as the t: responses &sewed at all i't'ti,we 

4. KgNCLUDING pJ&4$G<S 

PrOPOsE a elass of gci,,,d: ----.-l -li!~:-7.-.-:..r ia,u,i;c,,,,;e linezr modeis fgr ioiieirildinal ., 

studies with the =ear, response p:~fi!e composed of f o x  .compoiienis. The 

classification scheme of the comp~nents is bmed on the natxe  of covaiktes aiid 

design matrices iiivoived in a longitudinai design. We show that several well- 

. , kxGwn m&ejs are specis; czses of the geiie;ai nuitivariate i inea~ modei. 

Furthermore their estimation and connections are unified, clarified and extended 

L,. ~. ~ ~Lruugil the generai regression expression, It can be easily adaptcd to standard 

software for implementation, However we do not cover the cowriance modeling. 

For selection of stmctura! covariance mtrices, see Jen~zic!: and Sch!uch:er (1986) 

and Wolfinger (1 993) for further detai!~. 

A!though we have confined the disciissiun to the fixed effects model, the 

general multivariate linear model can be easily extended into a mixed effects 

modei by introducing additional term for random effects and adjusting 
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accord~ng!y the covariance mamx for the random effects and errors. Finally fhe 

generalized !inear models and nonlinear mode!s for longitadinzi or repeated 

mrasurement dataj f i r  zxampie, Qiggk, Limg mi? Zeeer - (1944, C&pt~r 7)> 

. . .. - -  .. 
Davidian and tj!li!nan ( l t i Y 5 )  and bbnosh and Chinchiiii i;i997j, stiil invoive the 

sane process of modeling fhe mean response profile, 'The results presented here 

the analysis then will be simplified to some extent and efforts can be focused on 

p-h;M,.:*;ii; ,i,,,,,,,i,;,3 - v, - - p&. 3;;d E i ~ i ~ k ,  R, M. (i985); A -:ixpj:e of the $&QJQxiIq end 
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