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Longitudinal studies occur frequently in many different disciplines. To
fully utilize the potential value of the information contained in a longitudinal data,

various multivariate linear models have been proposed. The methodology and

analysis are somewhat unique in their own ways and their relationships are not
weil understood and presented.
mode! for longitudinal data and attempts to provide a constructive formulation of
the components in the mean response profile. The objective is to point out the
extension and connections of some well-known models that have been obscured
by different areas of application. More importantly, the model is expressed in a
unified regression form from the subject matter considerations. Such an approach

is simpler and more intuitive than other ways to modeling and parameter
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longitudinal data can be easily implemented with standard software
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designs is thai each individual ot subject is observed on several occasions. The

the contents apply directly to repea

formulation and derivaticn

JREFEES

designs so different from others, that is, the “time” and “subject” dimensions, the

components of the mean response profile are characterized specifically by the
nature of the covariates and design matrices involved. First, the covariates are
classified as fixed or time-varying. Second, it is often makes sense for
longitudinal studies to impose some resirictions relating the sequence of
observations of each subject at differen: time periods. In this case, the mean
response profile is assumed to include a time-related within-subject design matrix.
Overall an incidence matrix is needed for situations of unbalanced and incomplete

structure.
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able 1. The classification scheme for components of the mean response

incidence matrix | MANOVA model* seemingly unrelated

regression model*

time-related within- GMANOVA model* pooled time series and
subject design matrix cross-sectional model*

#*These are speciai cases.

for}
=

components, It turns out that they are either by themseives well-known modeis or

n models as g rmits new insights

-

Elswick {1985), Hand and Crowder (1996), Park and Woolson {1992), Patel
{1986), Stanek and Koch (1985), Timm and Mieczkowski {1997} and Verbyla

(1988), among others. However none of them has made such distinction.

2. SPECIFICATION OF THE MGDEL
Consider the following situation. Let y;, j = 1, ..., T, be the sequence of
observed measurements on the i of N subjects, and t, j = 1, ..., T;, be the

corresponding time periods at which the measurements are taken on the i subject.
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differences between and within
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for the {" subject with j* row {Xj1» ---» Xyp)- & 18 a vector of random error with

covariance mainx 2. [t i1s faken o be an appropriate T, x T, submairix of a T x T

this article. For the discussion of alternative models of covariance, see Diggle,

(1985) and Wolfinger (1993).

Now we shall discuss the components for the mean response profile in

Table 1.

2.1. Component for fixed covariates and incidence matrix

rh

of fixed covariates for subjectifori=1, .., Nandlet& bea T x r, matrix o

it G ey, (% E
ul g oW (SiGly v 510”}),

baseline covariates at time j, j = 1, ..., T. For unbalanced and incomplete

longitudinal data, the mean response profile is of the form
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K& L, = (K1, )vec(§,) = X8, )
where X, = (K®£,) and 8, = vec{§,), and K

Example 2.1. It is easy to see that the classical MANOVA model is a special case

of (1) with K, = [; and {,; is the vector of 0’s and 1’s which indicates the treatment

PE £ = (D& YeclE N =¥ 8 3
KPE, by = (P, )vec(§,) = X8, (2

where X, = {(P,®1,), B, = vec(&,), P is the T x m, within-subject design matrix
which describes the change pattern for the model over T time periods through PE,.
The most obvious candidates as attributes for a subject’s response profile are the

linear, quadratic, cubic, etc., terms of the polynomial regression on time. In this
. I m . .
case, the j" row of P is (4, t;, ..., t ), m, < T. &, is the m, % r, parameter matrix,

is the r, x 1 between-subject design vector composed of r, values of fixed
covariates, P, = K;P has dimensions T, x m, and is the time-related within-subject

design matrix for i" subject, i =1, ..., N.
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Example 2.2. For the completely balanced case, K, = I; and P, = P for all i, it {eads

to the general MANOVA model or growth curve medel (Potthoff and Roy, 1964)
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2.3. Component for both types of covariates and incidence matrix
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associated with both time-varying and fixed covariates at time j. Hence one gets

*® &
Kdag(&,,, ..., §p)My; = (C/O5L)K &3 = XyB, (3)
-
&a 0 _i
E_. i
L ® H 232 E
Wiere ;‘31 = Kth & t}l )j\i s p} =q3, Cﬂag{g“, s Gyt ! !9
L. 0 &n._l
M Cun Tl I C, 0 7 Te T
Ruy Wy 031
l Cic | I Cie Ti . & l
My; = [ @1y, Ly =1 lis T ey X 1, 6= |1
A | | - .
12
L Cliir) . L0 Cl(i-ﬁ) . L&y
T . T T L
n,Yc,; ¥ I, and K 18 4 1y 3¢y X 1, 2.¢y; mairix with T, x T blocks and the (j, j)
=1 =

block = (j', j) element of K, times Irgcl,- forj’=1,..,T,andj=1,...,T.

Example 2.3. If ¢y =1 forj=1, ... T and C,(i)') =1forj=1,.. T, then (3)
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common for al jects, 1= 1, .. T. rmore, if each su

covariates r inds, then {3} has a close relationship

with the seemingly unrelated regression model which will be discussed in Section

f=t

[¥8]
3]

Although v,’s may be unbalanced or incomplete, a typical case is that
gy, p yp

o s
e time peripds, Hence a stroctural
31 1048, mience sirugeiw

w
&
a
<l
(72}
&
2,

Z.4. Component for both types of covariates and time-related within-subject
design matrix

&

N

We shiow thai (2) is an extension of {1} by i

J

otherwise for subject i. Let f; be the r, x 1 between-subject design vector
composed of r, values of fixed covariates. Define &, as the m, x (c,r,) parameter

matrix associated with both time-varying and fixed covariates. Let Q be the T x

o 0 1 m .
;i N —_— 4 —
j re~=¢ﬂ-~(zj,tj,...,tj L, m, <T,1=1, ..,

=

my, within-subject design matrix wit
4 dl §

T. Now we have the most general component

Kdiag(Q&y ..., QE )My = (C/®f,)Q &4 = X4, @)



Downloaded by [National Chiao Tung University ] at 01:31 28 April 2014

747 SHIEH

n
{
2 2 E
where X, = (Cy/®1,)Q;, B. = %3, diag(Q&s, ., Qi) =
{
|
L

o, r o 71
! | i !
| Gy | I
My :5 §®t4i: 2 :} % is ¢, T, x T, &4 = vee(Gy), Qi =
! i | :
) i
L Cyry Lo Coipy

{(KQ)®ic,r, 18 Tie,r, X 0C,1;.

{4). One can write
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where X, = (X, X X5 Xy and B =] 17 | with Var(g) = KK/ fori=1, ..., N.

[

T o

L

|

If one is interested in completely balanced situation where K; = I, then a useful

expression 1s

Vs s Yo)

<
il

= &F, +PE,F, +diag(&;, ..., )M, +diag(Q,L,, ..., Q:E)M,

+ (&1 - &by {6)
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where F} = (Fn, cais FIN), M1 = (1\/1“, taey PA,N) and Mg = (MZIs . MZN) In case

hat several well-known and widely applied

Lt
-
et
fon]
[
5
o
o

3
™
[a]

H

Pl

3
e
]

2
s

3
L.

two models and it might arise in a one-way MANOVA design in which it is
convenient to express treatment effects as a polynomial growth curve over time,
whereas it might not be desirable to express covariate effects in the same manner.
This mixed model essentially equivalent to {6) with only the first two components

of mean response profile retained and consequently is a special case of (5).

3.2 Seemingly unrelated regression models

The seemingly unrelated regression {(SUR) models proposed in Zeliner

(1962) is defined as
* yr‘ r\* ® . r
Vit = X 1 B T & pa fori=1, .. N (7

It describes possibly different regression equations for N correlated vectors of

dependent variables y; with respect to corresponding specification matrices X
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a firm or a state. It seems that (7) agrees with {5} However the common

meanwhile the contemporansous correlation may be responsible for the somehow

limited connection and recogunition in application outside economic and social
science. Afterward Stanek and Koch {1983) tried to recognize the connection
between the SUR model and growth curve model by showing the equivalence of
parameter estimates for the two models with a proper choice (more exactly, a
clever transformation) of SUR model, Here we provide 2 simpler and more

Tim mdiiscan
11C LU
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vt Ao e v £ amd of ag
HoP deiniv y alliy & a5

* ® ) # *

’(Yj j:}'R: + g where diag{“,, ey sz} 1

(%]

% &
block-diagonal matrix with diagonal elements X, ..., Xy. For our purpose of

relating a SUR model to a more natural setting with covariance matrix 1;®Z, we
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carrange y* and €7 into ¥ = (Y11, Y21, -+-» YNis «-<» YIT> Y275 -+ Yn7) @A €% =

-y

= @ = & @ * % = . % %
- = . in fal
(g4, & 2 ENts -oes E4Ts £27% ..., Ex) Where vy and g are 7 element of v; and s;,
[
PXy
| o
1 i i ae
romertiuely Than o new cvmrescinn o o = Ve £FF b Wes
respectiveiy. 1hen a new expressionis yo = X *3* + £ where X i : f«‘{j
! PO
Lxy |

fTi=1, ..., T. Now i is easy to

cach subject has its own set of (1) covariates recorded across all time periods.
Hence for every SUR model with N units and T time periods, there exists a

corresponding multivariate linear model with time-varying covariates in the

context of longitudinal designs with T subjects and N time periods. We believe

in Stanek and Koch (1985) is through some proper transformation of SUUR model

with the restriction ;= t for all j = 1, ..., T. Furthermore, a growth curve model
usually does not involve any time-varying covariates other than age or time

elapsed as in Example 2.2 of Section 2.2. We now conclude that SUR models are
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in the class of models (5). It will be shown in later sections that such phenomenon

33 A multivariate model for repeated measures designs with time-varying
covariates

1 1 e & i : 3 H 1 - P

Patel (1986) introduced a multivariate linsar model that accommiodates

measures designs, The model sy =EA + 3T X + ¢ wherevisa T x N matrx of
o J > Lot gihg 3 VYIS R £ A7 Aaniia f
o=
~ T et o E PNm Fliviesters S N A . RN S il oS |
a i * [ [iatiix 01 pafaimeices, A i a1 A [N GeSighn mainix o1 1nxed
a T x T diagonal parameter mairix with diagonal elements

tho thivrd camnmanen ~AF 6N otk £ o T Yl — Y ~7 Ry :
the third component o1 (6) with Gy = (1 s o L gh Sy (Aigips -0 Ac(ji))’ }iq(ji) 18
the (j, i) element of X, and f;; =1 for i = 1, =1, ..., T. Without the

general expression of (5), Patel (1986) proposed an iterative scheme for the
estimation of parameters. The estimation procedure is somehow cumbersome and
it motivates Verbyla {1988) to rewriting it as a SUR meodel and estimation can be
carried out simply. Here we show it belongs to the class of models (5). The

estimation procedure is standard and well known (Jennrich and Schiuchter, 1986).
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the form of the model is algebraically equivalent to a SUR model, it is

more natural to keep the between-subject design matrix of fixed covariates apart

2.4 An extension of the SUR mode! for unbalanced and incomplete longitudinal

data with fixed covariates

tHamnied tn 1L
HE g v 1oy

o view the SUR model i

1,
4 fhime
ume

subjects and T time periods) and a multivanate linear model in the context of
longitudinal designs (with T subjects and N time periods) as discussed in Section

3.2, this phenomenon can be shown to

3]
ii

£

unbalanced and incomiplete SUR model with N subjects and varying (T, 1=1, ...,

N) time periods is equivalent to a multivariate lincar model in the context of
longitudinal designs with T (= T, i = 1, ..., N) subjects and varying (N, <N, j =

1, ..., T) time periods.

Besides the component of the fixed covariates for each subject is defined
to be identical for all time periods in Park and Woolson {1992). Hence it only
includes intercept terms and can not reflect the possible systematic change pattern
associated with the fixed covariates across all time periods. This can be found in

their expressions (in Sections 4.2 and 5) where the time-alike covariate (age) is
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treated as time-varying covariate. A careful examination wili reveal that the fixed

»-41
..
=§
%]
o
«w
pim

covariates are also included in the term and 1t leads to an ambiguity ¢

s

omponent {3) combined with (1), (2) or both whenever necessary.

S

3.5 Models for pooled time series and cross-sectional data

hmn car:ao anAd ~rrmnco_cants 1 Anta  Iss
L 5 Raild WiOOToWWLIVIIGR MGa, 2

K .
=8+ v%.8 + g, where y, is the value

1§ s Sk ki ij Jij

k=1

nf denendent variahie a the valne af D avnisnatnry varahis smd = i tha
0L Gependent vahiavle, &y 1s e vaille Of & VCApLaiiaiuly Vailauvic and &y IS Uic

error term for cross-sectional unit i and time period j. The parameters B, as the
subscripts suggest, for the most general case they can be different for different

subjects and in different time periods. However, in most cases more restrictive

K
Y; = By + i + 7“1,‘) + ki( B+ + }\'kj)xkij + &, )

i=1, ..., Nrefers to a cross-sectional unit and j = 1, ..., T refers to a given time
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Uxx, caey "ikN) + {?\‘Zj) i )®(1\¥X! (‘-’7(1 = {\qus AKU) C‘) - K ~ | and I4i 1S e
¥ column of I,
The other models for pooled time seriss and cross-sectional data with

intercept B,; and/or slope (B,;, ..., By;) coefficients varying only over i, only over

raonantive B
il TeEpecuve pa

Comi e

1’s, or both omitted from (9). The error term g

o1 N itk Tia Y = N and Varleal — F Uasvover
LUL 177 by ovay 1IN WL LAG) Y oaiiu Y aiy oy i, BV VYUY,

independent
to assume ¢; is contemporaneously correlated disturbance as in the SUR model.
Under this assumption we only need to organize the observations y; with respect

to time period instead of subject.

3.6 Doubly muitivanate iinear modeis

In this section we extend the discussion to the doubly multivariate linear
models which allow one to analyze vector-valued repeated measuremenis or
longitudinal data by obtaining d-variates on N subjects at each of T time periods
(Timm and Mieczkowski, 1997, Chapter 6).

The model is Y = BF + E, where Y is the dT x n matrix of observations

with i" column Y, is the dT responses of subject i, B is a dT x r parameter matrix,

F is the r x N between-subject design matrix of full rank r, and E is a dT x N
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matrix of random errors. The columns E, are independent for 1 = 1, ..., N with
mean § and Var{E;} = 27, a dT x dT positive delinite mainiz. The mean responss

[ I,

Cadii ufinf pend

covariance X° may have a kronecker product structure 2 = 2,®%,, where I, and

pES

Syare d x dand T x T matrices, respectively (Galecki, 1994).

we focus on a combination of SUR model and double multivariate

Z,
&

*

e
Ty Bi ted; ti Txg;

=1 LN,

fAanily dr
nEohy G

|
-

be the j* row of Y, 1 =1, ..., N. By stacking Y:j’, e Y;}»’ together into one

column. We obtain an expressicn similar to (%)

%
<7 a4 LAY v Tne 0 7100
Y =4{Y., Yarnl = X. K7 + H IRV
1j VEdgjp -ory IN)) S DT Ly, \2V)

L x * N *®
X; = diag(1y®Xy;, ..., 1a®Xn), a d x 3 dit; diagonal matrix, Xj is the | row of

i=1

* * * . N h *
Xi, B* = (vec(B,), ..., vec(By)) is a Tdt; X 1 vector of parameters, E; = (Ey;, ...,
i=1
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*
), By is the i" row of E;. In terms of a genera! multivariate linear mode! for

es]

=

.
iongitudinal studies, Y; can be viewed as the d responses observe

[N
oS ]
e
o)
=
Z,
w
3
[t

component (3). Hence a SUMR model with d, measurements for i=1, .., N

subjects at all T time periods can be transformed into a general multivariate linear

KR T I . T
mode! with time-varying covariates for 4 and T subjecis. Tiis
evrilae raes obvirdsmed e O b - 1 § .t oo 1

reduces o the regular case studied in Section 3.2 whend, =1 fori=1, .. N

propose a class of osener Al multivariate linear madele for lanoitndinal

We propose a class of general multivariate linear models for longitudinal

i 1 P P |
studies with the mean response profile composed of four components. The

classification scheme of the components is based on the nature of covariates and

design mairices involved in a longitudinal design. We show that several well-

the general muliivariate linear modei.

Furthermore their estimation and connections are unified, clarified and extended

through the general regression expression. 1t can be easily adapted to standard

software for implementation. However we do not cover the covariance modeling.

and Wolfinger (1993) for further details.
Although we have confined the discussion to the fixed eff

general multivariate linear model can be easily extended into a mixed effects

model by introducing additional term for random effects and adjusting
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