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泛用型動態虛擬實境操控與運動復健輔助系統研發   

子計畫 一：動態 VR 運動復健輔助系統之行為轉換與即時模擬研究 

計畫編號: NSC90-2213-E-009-104; NSC91-2213-E-009-036;  
執行期限:90/08/01 - 93/07/31 

主持人: 李祖添 講座教授; 共同主持人: 蘇順豐 教授 
參與人員：陳松雄、張原彰、陳政達、王彥評、林君彥、游雅婷、李世翔、劉家和、

張富傑 
國立交通大學電機與控制系、國立臺灣科技大學電機系 

一、計畫概述 
在本計畫研發的系統中，操控員透過操控界面下達指令，以操控系統中的虛擬的運動

訓練的輔助設備或載具。此操控命令將被輸入所模擬之設備或載具的精確物理模型中，以

求得真實情況下系統的反應(包括姿態、速度、加速度、力道等)。這些反應將透過本子計

畫的行為轉換與控制模組，而由六軸運動平台、力迴饋模組(Force feedback)及虛擬實境顯

示器表現出來，以讓操控員獲得身歷其境的感受。這整個系統中，因為行為轉換模組的設

計扮演實際環境裡物體運動狀況以及虛擬環境中操控員身體感受之間橋樑，如何讓操控員

有身歷其境的感受，有賴於在動態模擬系統發展過程中，適當的人(操控員)機(動態模擬器)

溝通界面及迴饋學習技術，以獲得最符合人類感覺的行為轉換模式。 

在虛擬實境的運動訓練的輔助動態模擬系統中，當虛擬系統接收到控制命令，而設法

產生應有的運動行為描述時，在虛擬實境的顯示以及在模擬運動平台的運動行為，則是要

儘可能地模擬並使其有身歷其境的感受，以達到虛擬實境的目的。文獻上之動態模擬有固

定平台及動作平台二類，動作平台大部分是在飛機模擬用，動作平台之動作方式若不符合

真實情形，比不用還要糟糕。而為了達到此一目標，上述的運動行為描述必須恰當的轉換

給虛擬實境運動平台的控制系統。對虛擬實境的顯示而言，由於在顯示部分其為一動畫系

統；並在理想上，將盡可能的和真實系統貼近，而且所有之運動行為都是以顯示的方式來

呈現，並且由於虛擬實境的顯示的產生是可以由系統再修正，因此在運動行為的呈現上較

容易。因此，本子計畫只要將相關之運動行為提供給顯示子系統即可。Stewart Platform 為

一具有六自由度運動能力之機械平台，但其運動範圍受到其工作空間的限制，有些動作是

無法達成的，因此為了在其有限空間下模擬出騎馬、飛機、輪船等交通工具時之運動感覺。

所以一般是以沖淡演算法(Washout Algorithm)架構出對模擬器的力的感受。 

本子計畫主要在於建立所欲模擬之場景及運動項目的精確物理模型，以便當接受子計

畫三所傳送之使用者操控指令時，能精確獲得被模擬之運動項目在真實環境下的反應，而

經由行為轉換與控制送至子計畫二，在虛擬實境中展現出來。因此本子計畫相當於整個動

態虛擬實境運動復健輔助系統的輸入單元。在本研究中，由於真實系統並不是在旁邊實際

動作，因此如何真實地精細架構真實系統之模式，以產生逼真的系統反應行為於虛擬實境

的動態模擬器中，便是個非常重要的課題。同時由於希望能更精確的反應出行為來，傳統

的模式建立可能無法達成如此精確的要求，因此本子計畫將研究如何地綜合利用物理運動

定律，輸出、入行為，以及利用子計畫五之技術所擷取的人為修正訊息等，來精確地架構

出真實系統模式。本子計畫的另一個研究主題為如何將真實系統之運動行為轉換成模擬器

的控制命令，以及如何將無限空間中之運動感受，轉換成有限空間中運動的感受（如在加

速度前進所感受之反作用等）。因此本子計畫扮演本計畫中真實世界與虛擬世界的橋樑，它

將接受即時模擬單元來的行為狀態，再參考子計畫二所提供的六軸動作平台姿態訊息，以

及子計畫二、五所感測的使用者運動狀況資訊後，對子計畫二、三、四發出高階的控制命

令，以便使用者可以感受運動項目的姿態變化、力迴饋及場景更新。在模擬系統建立過程

中，本子計畫也將接受經由子計畫五來的使用者感受反應而調整其行為轉換及控制方式。 
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二、沖淡演算法級行為轉換演算法 
本子計畫主要在於當虛擬系統接收到控制命令，設法產生應有的運動行為描述以及在

模擬運動平台的運動行為，以達到虛擬實境的目的。目前文獻上對於如是的轉換是以

Washout 演算法或稱 Washout Filter 的方式來設計[1-15]。Washout Filter 的輸入為由數學運

動模型所求得的比例力與角速度。所謂的比例力(Specific Force)是指單位質量所受的非重力

力。由向量的觀點來看的話，比例力即是慣性加速度與重力加速度之差，因此比例力可定

義為 gaf vvv
−= 。此比例力的觀念在航太工程中被廣泛的使用，主要的應用是判斷飛行員在

飛行過程中是否會遭遇過大的比例力而飛生不可預期的危險，以及飛行載具的機械結構是

否足以承受。 
在這裡，我們將完整介紹沖淡演算法的架構以及它在整個系統裡所扮演的角色。目前

實現沖淡演算法的方法很多，在此我們是採用廣泛被使用的典型沖淡演算法(University of 
Toronto Classic Washout Algorithm, UTCWA) [10-12]。圖一為沖淡演算法的架構，我們將以

此架構將模擬器上之一參考點之運動感覺轉換為其在上平台對應點之運動。沖淡演算法其

實是一種概念，它主要是利用人類對感覺具有門檻值的特性，適當地將某些頻率成分的線

性運動或轉動運動加以濾除，並將持續的比例力感覺用緩慢轉動一傾斜角的方式來實現，

這個傾斜角所產生的轉動被控制在人類對轉動感覺的門檻值以下，操作員將不會有明顯的

感覺，以避免混淆原本的轉動運動的感受。 

 
人類對轉動運動的感受主要是由來自半球管，而比例力則是來自內耳石。這裡人体運

動感覺模型的輸入為我們前面所介紹的比例力與角速度，並且各自獨立的處理與運作，而

得到新的人体真正感覺得到的力與轉動運動。人体對頻率為 0.2 rad/sec~10 rad/sec 的角速度

的感覺極為敏銳，當角速度或角加速度較為低頻或為一常數時，感覺較為遲鈍；而對頻率

為 0.2 rad/sec~2 rad/sec 的比例力的感覺也極佳，而對持續的加速度感覺則趨於零。沖淡演

算法正是利用人類此一特殊的感覺模型所架構出來的。根據上面所述，人体對比例力與角

速度之感覺類似一帶通濾波器，但我們在實做上為了將較人体感覺更高頻的部份表現出

圖 一 



 3

來，所以我們以高通濾波器來實現。在平移運動(Translation Motion Channel)的部份，將駕

駛員在模擬器的數學模型下，所推導出來的力經過運動學轉換成本身的受力，經過一個比

例及極限處理器，或稱為 scale block。這個 scale block 的主要作用就跟人体運動感覺模型

中的非線性衰減器一樣，其理由是人類對在門檻值以下之比例力感覺較為遲鈍而將之省

略，如此可以避免平台之高頻震顫，同時亦可以調變值的大小，並限定此輸入的大小以免

超出平台的動作極限，使其值更適合平台。 1f
v
和 1ω 為機身座標的作用力描述，而在 washout 

filter 中，大部分都會將 1f
v
和 1ω 轉為慣性座標上的描述(也就是做座標轉換乘以 sL1 和 sT )。

如是的轉換會使在模擬運動時，較容易回歸原點。可是在慣性座標上，運動及轉動動作軸

間二者間有 Coupling 的效應。而在早期的實驗研究中[12]，可以看出這些 Coupling 效應是

較可忽略的，比起使用機身座標所產生原點的偏移。將 1f
v
利用轉換矩陣 ISL 轉置為慣性座

標系的座標向量後加上重力加速度 Igv ，最後將之通過一個高通濾波器。此濾波器主要的功

用是將比例力中較低頻的部份加以濾除，只保留高頻中人体所以感受得到的部份，且能使

平台在原點附近動作以免超過其工作空間，這也是我們使用沖淡演算法最主要的用意－確

保平台在其原點動作而不至超過其工作空間，並能在有限空間內模擬出人体對動作的感

受。接下來將濾波器的輸出值 Hav 經過兩次積分以得到我們所要的平台三個軸所對應的動作

姿態的值，這個值就是模擬操縱者在模擬器中的受力情形所對應的位移運動。而轉動運動

(Rotation Motion Channel)的動作跟平移運動是很類似的。這個角度是模擬操縱者在模擬器

中所受到的轉動運動所對應的角度，但輸入平台的角度還必須加上如下所要說明的斜傾座

標所產生的傾斜角。 
而斜傾座標系(Tilt Coordinate Channel)的作用，主要是用來模擬低頻的受力情形。在

模擬器最難實現的模擬狀況之一，就是一段長時間持續加速的過程，因為平台沒有足夠的

空間來完成這個動作。但是對人体而言，我們能感受的到的也只有一開始加速時身体受到

慣性作用，及向後傾與結束加速時身体向前傾的兩種受力情形。而中間這段時間大多是沒

有感覺的。但是我們一般可以利用視覺上的效果，來使人認為目前是正在動作的，這個動

作就是斜傾座標系利用重力加速度在 X-Y 平面上之分量所製造出來的效果。這就是傾斜座

標的作用，傾斜一個角度造成視覺上的假像，並利用重力加速度的分量來模擬低頻的比例

力。利用重力加速度來產生傾斜角度 Lβ
v

=[ xθ yθ zθ
T] ，其中 )(sin 1

g
f Ly

x
−=θ 、

)(sin 1

g
f Lx

y
−−=θ 、 0=zθ ，而 Lyx fg =⋅ )sin(θ 和 Lyy fg =−⋅ )sin( θ 。再將斜傾座標所產生的 Lβ

v

與轉動運動所產生的 SHβ
v

兩向量合起來前， Lβ
v
還需經過 Rate Limit Block，這個 Rate Limit

最主要的用意是將 Lβ
v
限制在人体對轉動速度感受不到的角度內，使人身体無法察覺斜傾座

標所產生的轉動動作，避免影響轉動運動所產生的動作，而僅是視覺上的模擬。然而斜傾

角的改變速率限制上必須要有限制，以免操作者感受到此一斜傾行為。在斜傾角速率限制

上，一般為在 pitch 方向為 13deg/s，在 roll 方向為 2deg/s。 
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圖二 

在文獻中[7-9]也有提出調適式的 Washout filter 如圖二為一調適式之 Washout filter，
其概念是根據線上取得的資訊去調整 Filter 中的增益。其主要是將平台的運動和被模擬之

運動之間的差異及平台特性的考量來，架構出一性能指標。並經由一最佳化的運算，來找

出增益調適的法則,由於指標函數及增益間之關係複雜及即時的需要。一般都是以最陡下降

(steepest decent)法來產生。如欲追隨之運動已知，則也可利用最佳控制的概念，來直接尋

找最佳之線性 filter [10,11]。此一調適演算法主要的功能，即是要減低錯誤動作方式及使平

台儘量維持在原點。而在如圖二的架構中,其斜傾處理的計算也有所改變。首先其所利用的

信號本身就不一樣。在調適式架中由於是針對慣性座標軸，因此有許多的運動的斜傾反應，

也進入角度運動環路中了。因此其在調適的考慮上也變得非常複雜[15]。因此在[15]中，作

者也是出以傳統 Washout filter 架構的調適 Filter。因此本計畫將嘗試在這些方面進行探討

的研究，就我們所要研究的輔助系統來探討不同的 Washout 演算法在不同狀況下的效能評

估。 
表一 平移運動之非線性衰減器之參數 

平移運動之非線性衰減器之參數 
 X 軸 Y 軸 Z 軸 

Threshold Value Td  )sec/( 2m  0.17 0.17 0.25 
Slope Tk  0.5 0.5 0.5 

 
表二 轉動運動之非線性衰減器之參數 

轉動運動之非線性衰減器之參數 
 Roll Pitch Yaw 

Threshold Value Rd  
sec)(deg/  3.0 3.6 3.6 

Slope Rk  0.5 0.5 0.5 
 

表三 濾波器之參數 
Transfer 

function of Filters 2
2

1
1

2
2

1
10

1
)( −−

−−

++
++

=
zaza
zbzbb

zT  

 High-Pass Filter 1 High-Pass Filter 2 Low-Pass Filter 1 
0b  0.0378 0.9565 0.0015 
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1b  0 -1.9131 0.0030 

2b  -0.0378 0.9565 0.0015 

1a  -1.9187 -1.9112 -1.8890 

2a  0.9244 0.9150 0.8949 

在目前交大的 Washout Filter 的參數(針對汽車運動)的非線性衰減器的參數值列於下表

一、二、三中。而必需說明的一點是，這些值並非是絕對的，因為每個人對運動的感受程

度不同值就會不同，甚至當時的身体狀況、心理狀況與專心程度不同也會影響的這些值，

所以表中所列的值僅是參考。我們將以這些參數來當一初始研究的標的，並進而了解在不

同狀態下，washout 演算法的調變效果，及若以加強式學習調變參數時，其效能及可變化極

限的研究。 
而在目前研究中，washout 演算法大部分都是以飛機飛行為主要考慮對象。飛行動作

平台主要功能是訓練駕駛員，因此針對 Washout 演算法的設計由於被模擬的飛機是不變

的，因此可透過不斷的調整及改變使其效果變好，而且由於飛行模擬必須考慮極大的操作

範圍，不過其範圍不會突然變動很大，有時候是以數個不同的 Washout 演算法來設計。在

本計劃的研究中，由於是屬於地面上的運動，而且根據不同的需求及不同的狀態。因此如

何使 Washout 演算法能在這些系統中仍適用，或必須做恰當的轉換是值得探討與學習的。

同時由於地面運動體的運動反應一般較快而多變，這是因為運動體的質量小，因此當施於

作用力時，其必然能產生較顯著的反應。因此在 Washout 演算法的設計上也變得較困難。

由於運動轉換主要的著眼點是操作者感受的正確性，因此取得操作者的回饋來進行系統修

正變得相當重要。因此在本子計劃的研究中，也想將操作者的回饋信息用來修正運動轉換

的相關機制。 
固定平台的虛擬實境主要是靠影像部分來達成，當運動為直線定速時，如是的模擬是

相當不錯的，可是當運動路徑是多變的時候，在轉彎加速或上下起伏時，在固定平台上的

感受就差很多。若使用動作平台時，由於虛擬系統能設法產生一些相對應的動作反應，使

操作者能感受到類似的感受力，此時在輔以影像的虛擬，確實能使虛擬實境達到更逼真的

效果。可是當動作平台產生誤動作時，整個系統的感受將是很不好的。因此如何去設計好

的動作，便是虛擬實境系統中不可或缺。此一部分的設計一般統稱為 motion cue。然而針

對 motion cue 的設計，大致可分為兩類，其一為事先已知運動內容的，例如動態電影院或

虛擬歷險等，其所運動的路徑及方式都是事先已經設定好了。因此在實務上大多以經驗法

則加上現場測試調整來達成。另一類則是無法事先知道運動的內容，例如相關模擬操控系

統，其運動內容是由現場的命令來驅動的。因此無法以如上述的方式來設計 motion cue。
在飛機模擬系統中，大部分則是以前面所討論到的 washout filter 來執行。在我們的研究中，

以上兩種行為轉換的 motion cue 我們都將加以探討。在前者由於場景的設計及規劃大致其

運動範圍是固定的，而許多反應可能是來自於場景而非運動本身。因此我們將以運對動態

電影的分析來架構 motion cue 的經驗法則。 
Motion Simulation is to rebuild the feeling of passengers in a vehicle from a locally moving 

simulator. The most popular device utilized in motion simulation is Stewart platform. Stewart 
platform is a six-degree free device. Because Stewart platform is complicated and hard to design, 
washout filters are often used to fulfill motion simulation. The idea of washout filters is to ignore 
the frequency so that a limited workspace of platform can generate infinite motion. Originally, 
motion simulation is developed to train flight pilot. Nowadays, motion simulation not only is 
employed in flight simulation, but also can be used in various vehicle simulations. We design a 
spring device to be added after the washout filter to reduce the chance of reaching the boundary 
of the workspace. 

The position of 6-degree free platform is defined by (x, y, z, roll, pitch, yaw). We divide it 
into two domains, the shift domain (x, y, z) and the angular domain (roll, pitch, yaw). Now we 
construct the relationship between each two vectors in each domain respectively. We now focus 
on the shift domain. Figs. 3~5 are the mutual relationships of each two vectors while other 
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variables are zero. The outer ellipses are the approximation field of the available field, and the 
inner ellipses are the safe zone.     The fixed vector far away the origin the effective area is 
smaller. Hence, we can approximate the boundary of shift domain as an ellipsoid. The ellipsoid is 
described as 

2 2 2

2 2 2

( 15) 1
160 160 100

x y z+
+ + =                                    (1) 

The mutual relationships of each vector in the angular domain are shown in Figs. 6~8 while 
other variables are zero. The boundary of angular domain can also be approximate as an ellipsoid, 
and it is described as 

2 2 2

2 2 2 1
15.8 16 15.2
roll pitch yaw

+ + =                                     (2) 
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Fig. 3 The mutual relation between x and y with z=0. 
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Fig. 4 The mutual relation between x and z with y=0. 
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Fig. 5 The mutual relation between y and z with x=0. 
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Fig. 6 The mutual relation between roll and pitch with yaw=0. 
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Fig. 7 The mutual relation between roll and yaw with pitch=0. 
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Fig. 8 The mutual relation between pitch and yaw with roll=0. 

We have defined the boundary of the working space and the warning zone and dangerous 
zone are described in Table 4. 

Table 4 The equation of the working space surfaces. 
 (x, y, z) (roll, pitch, yaw) 

Boundary Surface 2 2 2

2 2 2

( 15) 1
160 160 100

x y z+
+ + =  

2 2 2

2 2 2 1
15.8 16 15.2
roll pitch yaw

+ + =  

Warning Surface 2 2 2

2 2 2

( 15) 1
80 80 50
x y z+

+ + =  
2 2 2

2 2 2 1
7.9 8 7.6
roll pitch yaw

+ + =  

Dangerous Surface 2 2 2

2 2 2

( 15) 1
120 120 75

x y z+
+ + =  

2 2 2

2 2 2 1
11.85 12 11.4
roll pitch yaw

+ + =  

We consider a continuous acceleration motion. In Figs. 9 and 10, the solid line is the original 
position and the dash line is the position after spring device. We can see the dash line is very 
similar to the solid line. Thus, the feeling of pilot on the platform is very similar even the same. 
From Fig. 10, we can find that while the original trajectory is closer to the working space 
boundary, the new generated trajectory is changed bigger. In the other words, it is harder to move 
the actuators while the platform is closer to the working space boundary. In Fig. 10, we also can 
find the three still part of the original trajectory, the new generated trajectory moves slightly 
toward the original. In Fig. 11, the solid line is the original length of actuators and red dash line is 
the length of actuators after spring device. We can see the dash line is closer to origin than the 
solid line obviously. 
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Fig. 9 The displacement outputs after spring device. 

 
Fig. 10 The angular outputs after spring device. 
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Fig. 11 The length of actuators after spring device. 

 
三、行為轉換演算法 

在我們的國科會研究中，我們取得美新科技一組影片及對應的平台操控命令列，目前

我們在探討以資料庫的方式來建立的 motion cue 的對應法則。有關 motion cue 方面，我們

也分析了一段雲霄飛車的影片，企圖來了解一般在 motion cue 方面的設計概念。所得到的

心得如下：軸一主要操控上下的運動，而腳長縮短表示感受向上的力(加速度)，例如轉為

下坡運動的起始瞬間。而腳長伸長表示感受向下的力(加速度)，可分為兩種狀況，一是運

動轉為上波的瞬間，其二是一個下坡路段的盡頭，即轉為平地。軸二主要操控左右的運動，

而腳長縮短表示向左的力，例如右彎、右側的碰撞或路面右側高起。反之腳長伸長表示向

右的力，例如左彎、左側的碰撞或路面左側高起。軸三主要操控前後的運動，而腳長縮短

表示受到向後的力，例如加速。而腳長伸長表示受到向前的力，例如減速或是與前方物體

碰撞。軸四主要操控以平行車身為軸做旋轉的動作，而腳長伸長表示向左旋轉，例如路面

右側突起或是由左側突起路面轉為平地，也可用來輔助左彎。反之，腳長縮短表示向右旋

轉，例如路面左側突起或由右側突起路面轉為平地，也可輔助右彎。軸五主要操控以車身

的鉛直線為軸的旋轉運動，而腳長伸長代表逆時針旋轉，例如在左彎時。腳長縮短代表順

時針旋轉，例如右彎。軸六主要操控以左右方向為軸的旋轉運動，而腳長縮短代表往下旋

轉，例如路面轉為下坡或上坡結束。腳長伸長代表向上旋轉，例如轉為上坡或下坡結束。

另外直接以運動的觀點說明腳長的變化；加速為軸三縮短，軸六伸長。減速為軸三伸長，

軸六縮短。上坡為軸一伸長，軸六伸長。下坡為軸一縮短，軸六縮短。右彎為軸二縮短，

軸五縮短，若是傾斜路面軸四縮短。左彎為軸二伸長，軸五伸長，若是傾斜路面軸四伸長。

最後，我們觀察在這段影片中是否有偷偷把腳長拉回原點的動作。我並沒有發現有偷腳長

的現象，而是設計者以不超過平台運動範圍內任意設計，因此我們估計並不是每個類似動

作發生時乘坐在平台上的人員的感受強度都會一樣。可能發生在影片中這段的加速度比較

大但是感受卻比加速度比較小時來的強烈。也就是針對各種模擬主體的運動，我們將建立

其相對應的平台運動方式。 

There is another way of dealing with the motion of simulators and is referred to as the 
motion cue. It is often used in the so-called virtual reality emulation theaters. Because this kind of 
application is an off-line system, engineers can design the platform variation to generate motion 
cues by their experience. Because of this property, there are two major advantages for motion cue. 
One is that because motion cue is an off-line mapping, we can plan the whole motion to avoid the 
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movement of actuators out of the working space. The other one is that special movements can be 
added to generate more entertaining effects. Because motion cue deeply relies on an experienced 
engineer to arrange a good motion cue trajectory of Stewart platform positions, we attempt to 
build fuzzy rules to make the motion cue design more easily. The performance of motion cue 
deeply depends upon the experience of the designer, and it can usually be designed delicately. 
The disadvantage of motion cue is that a well-designed motion cue always relies on engineers’ 
experience. Hence, we would like to discuss a method that engineers can plan motion cue easier 
even that the engineer is with less experience. Then, we focus on the trajectories of actuators. If 
we can find the relationships between motions and the length of actuators, we can easily design 
the motion cue without experience. Now we have a series of trajectory of length of actuators. We 
have found some relations between motions and length of actuators, and the main relations are 
described in Table 5. 

Table 5 The relations between motions and actuators. 

 
First Second Third Fourth Fifth Sixth 

Accelerate forward   Shorten   Shorten 
Up slope Extend     Shorten 
Turn right  Shorten   Shorten  
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Fig. 12 The motion cue design process with fuzzy model. 

Although we have found some relations between motions and length of actuators, it is not 
easy to build a fuzzy rule set. It is because it is hard to understand the physical meaning that the 
motion cue provides. Hence, to focus on the trajectories of the length of actuators is not a good 
way to design motion cue. In order to satisfy the physical meaning, we then focus on the position 
of the platform. In this study, as shown in Fig. 12, a process is proposed to design motion cue 
with fuzzy rules of position of the platform. While a film is obtained, we first classify the motion, 

Actuator 
Motion 
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and then map different types of motions maps to different fuzzy models. Fuzzy rules are to form 
trajectories. Then, a pilot is to test whether the generated is realistic. If it is not good enough, the 
motion cue is tuned until the pilot satisfies the effects. We then have the rule tables as shown in 
Tables 6~10. 

Table 6 The Z variation fuzzy rules of upward slope. 

 Short Normal Long 

Slow L S S 
Normal L M M 

Fast L L L 
 

Table 7 The moving rate of Z fuzzy rules of upward slope. 

 Short Normal Long 

Slow S S S 
Normal L M S 

Fast L L M 

Table 8 The Z variation fuzzy rules of downward slope. 

 Short Normal Long 

Slow L S S 
Normal L M S 

Fast L L M 
 
 
 

Table 9 The fuzzy rules of making a turn motion. 

Radius of Curve Velocity Length of Curve Variation 
Percentage of Y

Moving Rate of 
Y 

L L L L S 
L L M M S 
L L S S S 
L M L M M 
L M M S S 
L M S S S 
L S L S S 
L S M S S 
L S S S S 
M L L L L 
M L M M M 
M L S M S 
M M L M M 
M M M S S 
M M S S S 

Length of the 
slope 

Length of the 
slope Acceleration 

Acceleration 

Acceleration 

Length of the 
slope 
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M S L M M 
M S M S S 
M S S S S 
S L L L L 
S L M L L 
S L S L L 
S M L L L 
S M M L L 
S M S L L 
S S L M M 
S S M S S 
S S S S S 

Table 10 The moving rate of Z fuzzy rules of downward slope. 

 Short Normal Long 

Slow S S S 
Normal L M S 

Fast L M S 

According to the film offered by Occam Corp., we utilized the fuzzy rules to generate the 
platform position. Fig 13 is the surge variation of an upward slope motion, in which the solid line 
is the trajectory offered by Occam Corp. and the dash line is the trajectory generated by the fuzzy 
rule. Fig 14 is the sway variation of an turn right motion, in which the solid line is the trajectory 
offered by Occam Corp. and the dash line is the trajectory generated by the fuzzy rule. 

 
Fig 13 The Surge(Y) variation. 

Acceleration 

Length of the 
slope 
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Fig 14 The Sway(Z) variation. 

四、函數型類神經網路 (FFANN) 

可是這樣的資料庫再使用上可能會很難，因為 generalization 的能力是相當缺乏的。而

且此資料庫的型態是以函數為本質而不是點。在我們的研究中我們將研究利用 Function 
Artificial Neural Network(FANN) [23-26]來做 Motion cue 資料的建立。而在第一年的研究

中，由於其運動體就是操作者，所以其所需要的動作平台的模擬反應較小，而且是可預測

的。因此在研究上我們將考慮在我們先前研究中運動轉換資料庫的設計上，運動轉換資料

庫主要的概念是針對已知的運動行程(如動態電影院)，直接設計平台動作的方式，由於此部

分有些專家的經驗，因此針對如是的資料庫，我們可以累積經驗使之成為與被模擬機構及

平台機構無關的運動轉換法則，而為了能達到知識粹取的過程，利用類神經方式的建模是

值得探討的，除了其能利用 recognition without definition 的特質質，其將知識參數化，也可

提供未來進一步學習修正的依據。 

而在 motion cue 的記錄方面，我們考慮使用函數型類神經網路來記錄 motion cue。在

傳統的類神經網路，通常以點對點的方式在時域當中進行系統的建構。而所建構的網路以

適應性網路進行網路鍵結值的學習。近來，一種函數型類神經網路架構已發表出來，函數

型網路架構使用數學的方式進行函數對函數的輸出輸入對訓練網路之鍵結值。因為函數型

網路使用平行處理之數學計算，可以快速估計出約略所需的輸出鍵結值。由於它優異的函

數近似能力，使得我們可以將其運用在系統之頻域響應當中。 
FANN 在 1997 年的時候由 Newcomb 及 de Figueiredo 所發表出來的一種類神經網路

架構、整個的神經網路架構如圖 15。其突破傳統神經網路以點對點的輸出輸入對的方式訓

練神經網路，而改用 function 取代原本以 point 為主要架構。輸入、輸出、鍵節值皆以 function
來表示。而 FANN 在鍵結值修正學習的機制裡為順向傳遞。由圖可見 ( ) ( )⋅⋅ nuu L1 為 functional 
input，若 ( ) ( ) ( ){ }⋅⋅= nuutu L1 ，則 n 為它的取樣個數。輸入層與第一層隱藏層所連結的鍵結

值為 pattern 的取樣值，進入第一層隱藏層之後，經過 Volterra series 的 model 所產生的值與

鍵結函數 ( ) ( )tctc nL1 做乘加，所得出結果 ( ) ( )tyty nL1 。其他的應用，還有參考資料[16]－
含未知非線性系統之類神經網路控制，所發展新架構的 FCPBUM，在傳統點對點的類神經

網路，為了達到良好的函數近似結果及快速收斂的目的，引用我們所發展的 CPBUM（以

契比雪夫多項式為基底的統一模型的類神經網路），在函數的學習上運用 FANN，在學習架

構上使用 CPBUM，而達到更多的優點，包含最佳化的近似，及良好的內差能力之外，根

據相似度及靈敏度加入了知識拓展的優點。得以克服目前點對點神經網路在未知線性系統

軌跡追蹤學習的缺點。另外在[17]中，作者所提出的 D-FANN 架構。在文中發表一新式函

數型類神經架構，唯一非線性適應性時間序列預知器，以 discrete cosine transform basis 
function 為基底而產生的 filter bank 來做鍵結值，主要用來 model 一些非線性的動態訊號，

例如：人類的與音訊號。 
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圖 15：MIMO FANN 基本架構 

而在我們的未來工作之中，可望結而各種演算法，解決如輸入必須為能量有限的輸入

（即為非週期且遞減的輸入曲線）的缺點，例如 sin 跟 cos 訊號的學習。藉由前置的離散訊

號處理以頻率域替代傳統的時間域學習，並期望在噪音的環境之下由在頻率域作業的優

點，而產生抑噪的功能；第二步，並將頻率分解，由 FANN 的近似能力來學習，進而追蹤

期望訊號；第三步輸出並轉換為時間域。這個架構可結合訊號處理的優點（高速、抑噪），

而達到我們想要的結果。目前 FANN 正處於萌芽時期，其中尚有以上一些缺點必須解決，

對於週期性的輸入便無法辨識，還有當期望輸出上下限落差大，FANN 也無法學習，及鍵

結值的學習速度也在改進的範圍之中。希望藉由我們提出的架構來改善以上所提之缺點，

並提升神經網路的效能。FANN 以函數為輸出及輸入的類神經網路。而為了能進一步粹取

出轉換法則，我們也將使用 Function Fuzzy Network(FFN)的方式來設計。FNN 的架構及其

學習效果等，都是本研究所要探討的。 
FANN is a powerful and fast approach of modeling complex systems. All structure is 

developed by the mathematical theorem, named the Volterra series. The Volterra approach has 
been used for modeling nonlinear systems, when prior information is available about the internal 
characteristics of such systems or when the complexity of the system prevents the postulation of 
explicit parametric models.The identification problem of a single-input single-output (SISO) 
nonlinear dynamical system is considered in [26], under the assumption that the input-output 
relationship can be described by a Volterra series 

( ) ( )( ) ( )( )⋅== uVtuVty t  

( ) ( ) ( ) kk
It

kk
Itk

dtdttututtth
k

k

⋅⋅⋅⋅⋅⋅⋅⋅⋅⋅⋅⋅⋅= ∫∫∑
∈∈

∞

=
111

0
,,;

!
1

1

        (3-1) 

where the input u belongs to real ( )IL2 . I is an interval of the real line, and, for some 
nonnegative integer n, the output y is a member of the Sobolev space ( )IH n

2  of real-valued 
functions y on I such that ( ) iii dtydy /= is absolutely continuous on I, 1,,1,0 −= ni L , and 
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( ) ( )ILy n 2∈ . On physical grounds, these conditions state that u and y and sufficiently many, n, of 
the output derivatives have finite energy by taking all such functions to be square integral over I. 
It is proven in [26] that when a set of test pairs ( ) ( )( ) }{ NjIHyILu njj ,,1:, 22 L=∈∈  is 

available, where ,  1, , ,ju j N= L  are distinct elements of ( )IL2 , then the optimal estimate 

( )uVt̂  of ( )uVt  is  
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The set of test pairs, ( ) ( )( ) }{ NjIHyILu njj ,,1:, 22 L=∈∈  that describe (12), serve like 
exemplars of artificial neural networks. This leads to the development of FANN [9][10], which 
implements as a feed-forward neural network with functional weights ( )⋅jc . In this respect, 
exemplars of functions while conventional neural networks are trained with exemplars of point 
values.  

The block structure of FANN may be realized as a two hidden layer network [25], where the 
synaptic weight associated with the connection from ( )ku  to the thj  neuron of the first layer 
represents the value ( )ku j  of the thj  exemplar input. The output of each neuron in the first 
layer being exponential over the sum of weight input products. The second hidden layer consists 
of a single linear neuron, with synaptic weights ( )tw j  and output equal to ( )ty . 

The FANN under consideration, implements an operator that is an optimal 2L  interpolation 
map of a function ( )⋅u  into another function ( )⋅y  over a time interval I, according to the 
formula: 

( ) ( )( ) ( ) ( ) ( ) 







∆⋅⋅=⋅= ∑∑

==

Ns

k

j
N

j
j tkuku

r
twtVty

T

11

1exp                (3-5) 

for input over discrete time of N samples. In general, ( )tu  and ( )ty  are vectors of real values at 
time t; i.e., ( )⋅u  consists of n elements being functions of t, and ( )⋅y  consists of m elements 
being functions of t, resulting in a multiple-input multi-output functional artificial neural network. 
The patterns ( ){ }{ }NjIttu j ≤≤∈ 1,,  are exemplar inputs for training the network. In the 
implementation of a FANN, the exemplar training inputs ( )⋅ju  are represented by N samples in 
the time interval I, and treated as weight vectors for the first of the two layers of the FANN. 
During training, ( )tw j  is calculated for discrete time instances, or else it is modeled as a 
continuous vector function. Given an unknown pattern ( ){ }Ittu ∈, , FANN evaluates the 
similarity of this pattern to each of the exemplars ( ){ }{ }NjIttu j ≤≤∈ 1,, , and estimates ( )⋅y  
through weighted average of high selectivity over the corresponding exemplar actions ( )⋅jy , 
where the degree of selectivity may be adjusted through r. Thus, if ( )⋅u  is very similar to ( )⋅ku  
and quite dissimilar from all other exemplars ( )⋅iu , then ( )⋅y  is approximated by ( )⋅ky . 

FANN was further generalized to multiple-input multi-output (MIMO) cases, by replacing 
( )IL2  with ( )ILn

2  and ( ) ( ) ( )[ ]Tnuuu ⋅⋅=⋅ ,,1 L  is a vector of n functions and 



 17

( ) ( ) ( )[ ]Tmyyy ⋅⋅=⋅ ,,1 L  is a vector of m functions. Also, the index j is placed as a superscript in 
the MIMO case (it was a subscript in the SISO case) in order to avoid confusion with indexing 
the elements of the vector. Then 

 ( ) ( )( ) ( ) ( ) ( )∑ ∫
= ∈









⋅⋅⋅=⋅=

N

j I

jj
t duu

r
twuVty

T

1

1exp
τ

τττ ,  (3-6) 

where r is a positive real constant, ( ) ( ) ( ){ }1 , , : ,  1
Tj j j

nu t u t u t t I j N = ∈ ≤ ≤ L  are N 

prototype output patterns, ( ) ( ) ( ){ }1 , , : ,  1
Tj j j

ny t y t y t t I j N = ∈ ≤ ≤ L  with 
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and [ ]ijGG =  where  

( ) ( ) 







⋅⋅= ∫

∈I

ji
ij duu

r
G

T

τ

τττ1exp .                       (3-8) 

The set of test vector I/O function pairs, ( ){ }Njyu jj ,,1:, L=  are the exemplars for training the 
FANN, i.e., calculating the set of vector functional weight ( ){ } NjIttw j ≤≤∈ 1,: . 
    If an unknown input pattern ( ){ }Ittu ∈:  is presented, the FANN evaluates the similarity of 
this pattern to each of the exemplars ( ){ }Ittu j ∈: , Nj ≤≤1 , and the estimates )(ty  through 
weighted averaging of high selectivity over the corresponding exemplar outputs )(ty j , where 
the degree of selectivity may be adjusted through γ . From (3-7) and (3-8), notice that ( )tw j  is 
inversely proportional to the exponential of the inner product of ( )tu j  with each of the 
prototype input patterns, and it is proportional to )(ty j . Notice (3-6), ( )tw j  is multiplied by the 
exponential of the inner product of ( )tu j  with the input pattern ( )tu . In this configuration, the 
exponential terms define normalized weights that emphasize similarity in the averaging. Low 
selectivity results in smooth averaging over the exemplar outputs, while high selectivity results in 
a crisper approximation where the output that corresponds to the exemplar input that best matches 
( )⋅u  is emphasized in the averaging. Thus, if ( )⋅u  is very similar to ( )tu k  and quite dissimilar 

from all other exemplars ( )tu l , then )(ty  is approximated by ( )ty k . If the similarity of ( )⋅u  
to more than one exemplar input is high, then )(ty  is approximated as an average over their 
corresponding exemplar outputs weighted by a measure of the corresponding similarities. 

The following is listed the algorithm of the FANN,  
Training Phase 

Step 1. Set the numbers of input layer neurons, second layer neurons, and output layer neurons. 
The weights between the first layer and second layer are defined in (3-8). From (3-8), 
the parameter γ  is needed. 

Step 2.  Forward the input [ ] [ ]nunx =  into the first layer. 
Step 3. By (3-8), the matrix of second layer neurons, ijG , is calculated. 
Step 4. By (3-6), compute the output sequence of output layer neurons,Y . From (3-7), the 

weights between second layer and output layer are calculated. These are the output 
weights we want.  

There is something to be noticed. In the training phase, the algorithm of FANN does not have the 
learning procedure. That may infect the accuracy of the output, ( )ty . 
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Testing Phase 
Step 1. Forward the input testing exemplars into the first layer. 
Step 2.The weights between the first layer and second layer as step 1 in training phase is used 

to compute ijG  using (3-8). 
Step 3.The weights between the first hidden layer and the output layer as step 4 in training 

phase is used to compute testing output sequence, [ ]ny . 
The structure of the FANN in the frequency domain is now proposed. A main difficulty for 

neural networks working in the frequency domain is that they need complex-valued weights for 
the networks. Because of complex-valued weights, there are four algorithms are discussed. In 
order to perform learning for this situation, the structure of FANN must be modified. The 
modification is to provide mechanism for transferring training data in the time domain into the 
frequency domain and to improve the performance, as we require. In the first, a FANN-based 
neural network is constructed. To consider signals in the frequency domain, the fast Fourier 
transform and inverse fast Fourier transform are necessities. In this stage, some details about 
sample points and aliases are important to reconstruct signals in the time domain.  

It is well known that when the analysis or design of a system is conducted in the frequency 
domain, the result should be more robust to noisy and/or outliers compared to that in the time 
domain. For analysis in the frequency domain, sometimes, a discrete low pass filter is required. In 
our study, the Kaiser window [32] is employed to design such a low pass filter. The Kaiser 
window is defined as  

[ ]
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where 2M=α , and ( )⋅0I  represents the zero-order modified Bessel function of the first kind. 
The Kaiser has two parameters: the length ( )1+M  and a shape parameter β . Let sω  be the 
stop-band cutoff frequency and pω  be the pass-band cutoff frequency, the width of the 
transition region is defined as ps ωωω −=∆ . Define δ10log20−=A . The value of β  is given 
by 
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Then M must satisfy 
ω∆

−
=

285.2
8AM .  

The structure of our functional network networks is shown in Fig. 16. In the FANN, the 
approximated function is obtained through (3-2~3-4). The functions give the FANN a roughly 
range of global minima. But the network cannot find the optimal output near the desire output. 
For BP or FP (forward propagation) types of learning algorithms, their learning is usually slow 
and has several local minima. In [28], the approach of mixing the BP learning algorithm and the 
original algorithm used for FANN was proposed and the learning of that approach is fast and 
powerful in finding global minima.  

There are four algorithms used in our implementation of the FANN in the frequency 
domain. First, the original algorithm of the FANN is still used. That is the FANN in the 
frequency domain without learning. It is the traditional FANN. 
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Fig. 16 The modified structure of FANN 

Algorithm 1. 
Step 1. Transform all signals into the frequency domain. All signals become complex data. 
Step 2. Set the numbers of neurons in the input layer, in the second layer neurons, and in the 

output layer neurons, respectively.  
Step 3. Set weights between input layer and hidden layer as exemplars.  
Step 4. Compute the values ijG  of neurons in the second layer by using (3-4). 
Step 5. Compute the output values iY  of neurons in the output layer by using (3-5). 
Step 6. Compute the weights between the second layer and the output layer by using (3-3). 
Step 7. Input the testing signals and compute the output signals by the weights. 
Step 8. Transform the output signals into the time domain. 

Because complex-valued parameters are used for representing signals in the frequency 
domain, CNET (Complex-valued weight Neural Network) is proposed to model systems in 
[28-31]. The error signals are defined as [ ] [ ] [ ]nynyi ififdesi ,, −= −ε , Nni ,,2,1, L=  [30]. Then, 
the cost function is usually defined as the sum of squared errors and is 

 [ ] [ ] [ ]∑
=

⋅=
N

i
ii nnnE

1
εε ,                                 (3-9) 

where [ ]niε  is conjugate of [ ]niε . The BP algorithm minimizes the cost function (3-9) by 
recursively altering the weights based on the gradient search technique. The partial derivative of 
E  with respect to the real and imaginary part of the weights must be derived separately. Let 

[ ] [ ] ][niwinwrnw ijij += .                                 (3-10) 
Consider the adaptation rule of the output layer as 
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Combining (3-11) and (3-12), we have  
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where ( ) θ+== ∑ fff wuyyfz , . They are commonly used in neural networks. f is the 

sigmoidal function and is defined as ( ) ye
yf −+
=

1
1 . Then,      

( ) ( ) ( ) ( ) ffffdesffffdes uyfyyuyfyy
wr
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−− .             (3-16) 

Similarly, 

       ( ) ( ) ( ) ( ) ffffdesffffdes uyfyyiuyfyyi
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∂
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−− .          (3-17) 

Combining (3-16) and (3-17), we have 

        ( ) ( ) ffffdes uyfyy
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+
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−2 .                      (3-18) 

Substituting (3-18) into (3-13) 
       [ ] ( ) ( ) ffffdesijij uyfyynwinwi ′−+=+ −µ][1  .                  (3-19) 
Equation (3-19) is the basic update rule. 
Algorithm 2 

Steps 1~6 are the same as that in Algorithm 1. 
Step 7. Input the training patterns and update weights by (3-19). 
Step 8. Input the testing patterns and compute the output signals by the weights. 
Step 9. Transform the output signals into time domain. 
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              (a)                              (b) 

 
(c) 

Fig. 17 (a) The output before learning (b) The desire output (c) The algorithm must to depress the 
signal we do not want and grows the wanted signal up. 

There exist problems in the above algorithm. The learning procedure updates the real and 
imaginary parts of the weights. Algorithm 2 uses only one learning rate to tune the weights and 
the range of the real part value is different from that of the imaginary part value. That means if 
the range of the real part value is [–50, 50], the range of imaginary part may be [–0.5, 0.5]. By the 
algorithm in traditional FANN, the input signals and output signals of FANN do not have to 
normalization to [–1, 1]. As a consequence, the updated weights are not optimal. The other 
problem is the disturbance. The trace after learning is like the desired trace plus a sinusoid with a 
fixed frequency. The phenomenon is shown in Fig. 17. The output contains a small impulse in the 
amplitude of the Bode plot. It is obvious that the obtained amplitude is not what we want. After 
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the signal is reconstructed in the time domain, such an unwanted impulse in the frequency 
domain becomes a sinusoid in the time domain. 

The complex numbers can be expressed as the following form: 
(a) (real part) + (imaginary part) j                    (3-20) 
(b) (amplitude) × )( phaseje                            (3-21) 

In the next discussion, we separate the complex numbers into two neural networks. In (3-20), the 
FANN (a) is to model the real part of the complex-valued weights and the FANN (b) is to model 
the imaginary part. Similarly, in (3-21), the FANN (a) is the neural network to define the 
amplitude of the complex-valued weights and the FANN (b) is to define the phase of the 
complex-valued weights. Note that the learning rate in FANN (a) is different from that in FANN 
(b). 
Algorithm 3 with ((real part) + (imaginary part) j) method 

Step 1~6 are the same as those in Algorithm 1.  
Step 7. In the FANN (a), input the training patterns (the real part of all signals) and update 

weights by (3-19) in the FANN (a). 
Step 8. Input the testing patterns (the real part of all signals) and compute the output signals 

(the real part of all signals) by the weights.  
Step 9. Do Step 1~8 for the FANN (b). The output signals (the imaginary part of all signals) are 

calculated. 
Step 10. Combine the real part and the imaginary part into complex numbers. 
Step 11. Reconstruct the signal in the time domain. 

Algorithm 4 with (amplitude) × )( phaseje  method 
Step 1~6 are same as the Algorithm 1.  

Step 7. In the FANN (a), input the training patterns (the amplitude of all signals) and update 
weights by (3-19) in the FANN (a). 

Step 8. Input the testing patterns (the amplitude of all signals) and compute the output signals 
(the amplitude of all signals) by the weights.  

Step 9. Do Step 1~8 for the FANN (b). The output signals (the phase of all signals) are 
calculated. 

Step 10. Combine the amplitude and the phase into complex numbers. 
Step 11. Reconstruct the signals in the time domain. 

In Algorithm 4, updating amplitude and phase is very sensitive in time domain. Algorithm 3 
overcomes the disadvantages mentioned for Algorithm 2 and Algorithm 1. The network learns 
the system quickly and robust. The tracking performance is better than that of the FANN in the 
time domain. To reserve the idea of the FANN, all the structures and algorithms in our 
implementation follow the formula in equation (3-8). In other words, all weights between the 
hidden layer and input layer are not updated. 

 
Fig. 18 Example and the parameters we define 

The case of a car and a driver-system, which was also used in [8], is used as an example in 
our implementation. In this example, the output is expressed by its moving direction. The goal of 
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the driver-system is to keep the car on the road. As shown in Fig. 18, this car is assumed to move 
on a path resides on the WW YX −  plane of the world coordinate system (WCS). The desired path 
is represented as a function of traveling time t. Let a point on the path then can be expressed as a 
parametric pair, like ( ) ( )( )tytx ww ,  and ( )tφ  be the angle of the slope of this path at a point 
through t and is obtained as 

 ( ) ( ) ( )( )tdxtdyt ww /tan 1−=φ                                    (3-22) 
Then, the sequence ( ){ }tφ  represents the shape of the path. Define ( )tθ  as the angle between 
the central axis across the car and the WX  axis of the WCS. Then ( )tθ  denotes the direction of 
the car. The driver’s goal, which is to keep the car remaining on the road, then can be expressed 
through the relation ( ) ( )tt φθ = . The action of the driver-system at time t is the amount of angle 
( )tw  by which the system must turn the wheels with respect to the central axis across the car to 

keep the relation ( ) ( )tt φθ =  satisfied for each t.  
     The road is modeled as a composition of segments, where each segment may be a path as a 
straight line or a concave path forming a turn. Assuming a minimum resolution time t∆  by 
which the driver-system scans the road ahead at a speed sU , the road segments are sampled at 
intervals tUS s ∆⋅=∆ . Each road segment then is modeled as a discrete-time sequence of angles 
of slopes ( ) { }{ }0,: ∪∈∆×= +Zititiφ . The driver-system has a perspective view of the road 
ahead, instead of its actual floor plan. Thus, it views a transformed image of the road ahead. 
Consequently it perceives a discrete-time sequence of angles of slopes 

( ) { }{ }0,: ∪∈∆×= +Zititiσ  on the transformed image. This sequence is used by the 
driver-system in order to plan its actions; i.e., to generate a sequence 

( ) { }{ }0,: ∪∈∆×= +Zititipω  before the car enters the viewed road segment. When the car 
enters the road segment, tit ∆×=  will be ( )( )iθtan , where ( ) ( ) ( )11 −+−= iii ωθθ , or 

equivalently, ( ) ( ) ( )∑ −

=
+=

1

0
0 i

k
ki ωθθ , and ( )iω  is determined by ( ) ( ) ( )iii pp ωωω ∆+= . Here 

pω  is the input pu  and pω∆  is the correction through feedback. 

 
Fig. 19. Floor-plan for eight case of road segments. 

Fig. 19 shows the floor-plan for N=8 cases of prototype road segments that are considered 
for training the FANN. In this example, each of those paths were generated by a third degree 
polynomial,  

01
2

2
3

3 axaxaxay wwww +⋅+⋅+⋅=                  (3-23) 
where the variables wx  and wy  refer to the coordinates of each point along the path. This is the 
least degree of polynomial that satisfies continuity in position and slope at both ends of each 
segment and allows their smooth concatenation in modeling general shapes of paths. Since it is 
desired that ( ){ } ( ){ }tt φθ = , we need to have the sequence ( ){ }tφ  for each of the prototype 
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patterns to train the FANN. Since the prototype path segments are generated by a third degree 
polynomial, the angle of the tangent at each point along the path is given as 

( ) ( ) ( )( )12
2

3
11 23tantan atxatxa

dx
dy

t ww
w

w +⋅⋅+⋅⋅=







= −−φ .  (3-24) 

The origin of each path is at the point ( ) ( )( )( ) ( )0,00,0 =ww yx  and then 00 =a . The slope 
of the tangent at the origin of each path is zero coinciding with the direction of the car as it enters 
the path segment, and also 01 =a . This assumption is natural in this example, because the 
driver-system may consider a single road segment head of it each time when the car is located at 
the origin of that segment. Besides, at that time, the moving direction of the car should coincide 
with the slope at the origin of the segment for a smooth ride. Then, it is also natural to perceive 
that segment as if it were described with reference to a world coordinate system whose origin 
coincides with the driver’s position and the wX  axis coincides with the moving direction of the 
car. Then, a straight segment becomes trivial since 00123 ==== aaaa , and thus ( ) 0=tφ  at 
each point along the segment. For this reason, we did not include a straight segment among the 
eight prototypes in this example, although we could have. 
     The WX  axis is calculated as 

             ( ) ( ) ( )( )itUixix Sww φcos1 ⋅∆⋅+−=
r

,                 (3-25) 

             ( ) ( ) ( )( )12
2

3
1 1213tan aixaixai ww +−⋅⋅+−⋅⋅≈ −φ ,       (3-26) 

and thus,  
( ) ( ) ( ) ( )( )( )12

2
3

1 1213tancos1 aixaixatUixix wwSww +−⋅⋅+−⋅⋅⋅∆⋅+−= −
r

, (3-27) 

where ( )iω  is calculated as 
             ( ) ( ) ( ) ( )iiii φφφω −+=∆= 1                           (3-28) 
      Next, the restoration map of the perceived image is calculated. Let [ ]ZYX CCC ,,  be the 
world coordinates of the driver’s camera, [ ]ZYX NNNN ,,=  be the viewing direction of the 
camera, V

r
 be a view-up vector that specifies the orientation of the camera, and d be the distance 

of lens from its screen. Choosing NVL
rrr

×=  results in a right-hand viewing coordinate system 
( NVL

rrr
,, ) centered at the lens of the camera. Then, a viewing transformation is used in order to 

map world coordinates [ ]www zyx ,,  to viewing coordinates [ ]vvv zyx ,, , and subsequently a 
perspective transformation maps the viewing coordinates to screen coordinates [ ]dyx ss ,, . The 
angle of slope ( )tσ  that is perceived at each point on the transformed image on the screen of the 
camera is a mapping of ( )tφ , and is calculated as 

( ) ( ) ( )( )tdxtdyt ss
1tan −=σ .                                    (3-29) 

Differentiation by parts,  
swwsss dxdxdxdydxdy ⋅=                                   (3-30) 

followed by long calculations, (3-29) becomes 
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tanσ , (3-31),  
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where ( )lσ  is the input and ( )kφ  is the output. In our simulation, the driver’s camera is located 
at 1.2m above the ground and mCZ 2.1= . The car is positioned at the origin of each segment. 
Then 0=XC  and 0=YC . The viewing direction of the camera coincides with the slope at the 

origin of each segment. Then 
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0
0

φ⋅=
w

w
X dx
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N  and 
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w
Y dx
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N . An 

elevation angle of o79  is assumed and then 
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0
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w
Z dx
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N . The direction of the 

camera is [ ]1,0,0'=V
r

. Then, V
r

 can be calculated as ( ) NNVVV
rrrrr

⋅⋅−= '' . Also, d=2.5 is assumed. 
This example is used to train the original FANN and the modified FANN in our simulations. 

There are eight patterns and 50 points every pattern. By the theorem of FANN, number of 
neurons in the input layer is 50, and number of neurons in the hidden layer is 8, and the output 
neurons is 50 in Algorithm 0. In Algorithm 1, 2, and 3, there are 64 points every pattern. Thus 
number of neurons in the input and output layer is 64, and number of neurons in the hidden layer 
is also 8. 

Five FANNs are used in this experiment, the original FANN, which is referred to as 
Algorithm 0, Algorithm 1, 2, 3, and Algorithm 4. Algorithm 1, 2, 3, and Algorithm 4 work in the 
frequency domain. The learned results of Algorithm 0, 1, 2, 3, and 4 are shown in Fig. 20. In all 
algorithms, the epoch is 1,000 to train the neural networks. Every vector contains 50 points. To 
avoid alias, all vectors are attached with 14 zero elements to become 64-points vectors. The 
stop-band cutoff frequency sω  is 0.6π , and the pass-band cutoff frequency pω  is 0.4π . A 
shape parameter β  is 3.3943.  

Next, we try to add noise signals and outliers to test the robust capability. The frequency of 
noise is 1.6π and the amplitude of noise is the value generated randomly from 0.2 to –0.2. The 
amplitude of outliers is 0.5 rad. The noise signals and outliers are generated randomly. We take 
the advantage of ten training times to calculate the error. Table 11 lists the error of testing phase 
computed in the time domain, and Table 12 lists the error of testing phase computed in the 
frequency domain. We define the error functions, respectively, in the time domain and in the 
frequency domain as  

       
outputdesire

outputrimentoutputdesire
Et _

_exp_
2

−
=                 (3-33) 



 25

outputdesire
outoutrimentoutputdesireimageoutputerimentoutputdesirerealE f _

)_exp_()_exp_( 22 −+−
=  

From the above simulation results, Algorithm 0 (FANN in the time domain) is not the best. 
Algorithm 1 is similar to Algorithm 0. Algorithm 1 is more precise than Algorithm 0. Considering 
the I/O pairs in different domain, the I/O pairs in the time domain are time-variant and changed 
every time index The I/O pairs in the frequency domain have the frequency index like ones in 
time domain. The modeled system has similar frequency responses for different input vectors. 
Thus the frequency range of the system is located at the same area. 
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Fig. 20 The vectors of output angle (a) Algorithm 0 (b) Algorithm 1(c) Algorithm 2(d) Algorithm 
3 (e) Algorithm 4 

    Traditional neural networks have some disadvantages like slow learning speed and difficult 
in tracking spectrums. The FANN can speed up the learning phase using Volterra series. But the 
performance is not good enough for spectrum analysis. In this research, we attempted to find a 
better neural network by combining the advantages of FANN and of frequency analysis 
techniques. 

Table 11 Error computed in the time domain 



 26

ERROR (%) Algorithm 0 Algorithm 1 1 Algorithm
1 with LPF

Algorithm 
2 

Algorithm 3 Algorithm 4

Testing  1.14 0.95 0.69 0.79 0.55 7.62 
+Noise  1.230 1.088 0.748 0.908 0.612 8.05 
+Outlier 1.108 0.950 0.666 0.789 0.55 7.61 

 
Table 12 Error value computed in the frequency domain 

ERROR 
(%) 

Algorithm 
0 

Algorithm 
1 

Algorithm 
1 with LPF

Algorithm 
2 

Algorithm 
3 

Algorithm 
4 

Testing  18.72 15.73 22.54 24.61 11.31 91.84 
+Noise  20.366 17.924 24.124 26.596 12.112 94.234 
+Outlier  18.752 15.620 22.27 24.605 11.33 92.062 

In this research, we introduced a new algorithm working in modified mixed-mode functional 
artificial neural networks in the frequency domain. The main structure of our neural network is 
based on the ideas in FANN. The structure is modified since the original algorithm only works for 
real numbers. The complex-valued neural network is separated into two parts, FANN (a) and 
FANN (b). FANN (a) calculates the real part of the complex-valued neural network and FANN (b) 
calculates the imaginary part. After the functional approximation, the learning engine updates the 
weights of FANN (a) and FANN (b). Our approach has managed to keep a correct proportion 
between the real part and the imaginary part. The new algorithm can model functions more 
precisely than the others do. Because of frequency domain spectrum is required, some Fourier 
transformation elements are necessary in our structure. The problems of sampling and aliasing are 
important and must be dealt with in the algorithm. Otherwise, those problems introduce large 
distortion in the reconstructed signals. This structure can also be employed to analyze the 
frequency response of control plants such that functional tracking control may become possible. 
Moreover, due to high computational power existing in the hardware of DSP, this approach is 
more powerful to control the system. 

五、訓練者修正的加強式學習 
在本子計畫的研究中，我們也將從事有關訓練者修正的加強式學習，主要的兩個方向

是在建模方面，另一則是 motion cue 的部分，主要的觀念乃是在虛擬實境上，主要是要人

的感受。因此當操作者對於系統有認為不好的地方，我們希望能將這一類的感受用於修正

系統，對建模部分而言，主要是對反應的不真實性，加以修正，若是能建立這樣的系統，

則針對建模部分就可以只要建一個簡單大致的模式，而後透過加強式學習來使得模式反應

更逼真，如是未來對不同的系統開發可以不需要每一次都要找一個所要開發系統的建模專

家，而只要有一對該系統反應狀況較熟悉的人就可以了。同樣的，在 motion cue 設計的部

分，也是如此，只要一感受靈敏的人，針對系統反應的評估，即可設計出較精準而感受逼

真的動態模擬系統。 
在 motion cue 的部分，我們也考慮到修正的問題。畢竟虛擬實境最重要的還是人的感

受。而一般 washout 演算法或 motion cue 設計是去經由設計者調整部分參數來改善。而在

調適式的 washout 演算法中則是以指標函數的設計來調整 Filer 的增益值，而我們考慮的是

以類似在加強式學習建模的的方式，來看是否能利用加強式學習[18-20]的方式來達到調適

的目的。而利用加強式學習一個重要的步驟是將系統參數化，然後利用參數改變所產生效

果的評估來作為加強式學習參數改變的根據。這一部份我們的研究也是分兩方面來探討。

針對 motion cue 資料庫的部分，若是以 FNN 架構資料庫的方式能有不錯的結果的話，系統

參數化部分就沒有問題了，此部分的研究不僅可以對我們計畫所要探討的問題加以解決也

可應用於動態電影院效果上。而針對 washout 演算法部分，我們當然可以直接套用原調適

式的演算法的架構，也就是將原來指標函數的部分，改用加強式學習中的評估網路來達到

所需要的效果。若效果的改善若有限時，我們目前也考慮將整個 washout 演算法，利用無

模式建模的方式來加以建模。此部分將會和 motion cue 資料庫的部分極為類似。所以在研
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究上其研究的價值是相當值得投入的。因為如果建模部分如果成功的話，由於我們將使用

TSK 模糊法則方式來建模。屆時，兩種系統的合併及效能比較的因素的分析等研究將可進

行。同時，由於其是無需模式方式的建模，其在多變數的 coupling 效應也較能處理。 
在模擬建模方面我們也將著手加強是學習的方式來做操作者回饋系統修正的研究。其

主要的觀念在於我們的模式為 TSK 模糊網路，因此其已經參數化了。所以將我們對在運動

轉換所提到的語言化加強式模式修正的概念應用於模糊模式的建模式。此系統的開發可以

使得未來在改變模擬樑時，不需大費周章來精準建模，而只需建立一大致模式然後經由修

正的方式來達到較精準的模式。同時在前面所提到的外差防制的部分在使用模糊網路建模

時更是需要考慮的一部份。 

 
圖 21 加強式學習系統架構 

在加強式的研究中，初步的架構如圖 21 上，訓練者在運動平台上，針對平台的反應來

修正而修正分為部分，其一為 Model 部分，而另一為 motion cue 部分。在做法上，我們要

研究訓練者的評估在加強式學習中的效能。而系統對訓練者其評估的不確定性，也是研究

所需要析的。這是因為對同樣的狀況，在不同的時候，由於人類感受評估的不精確性，其

可能會有不同的評估值。而同時，針對訓練者評估息的定義，也不必然和事先設定的概念

一致。因此如何的調適評估信息的歸屬函數，及其在加強式學習中的學習法則，都需要深

入的探討與研究。而目前我們加強式學習的架構是以[21]中的系統為基礎，並考慮用

SONFIN[22]的方式來使得每一網路的法則數不需要那麼多，可是由於 SONFIN 的學習在使

用 BP 下較慢，而使用 LS 方法其所欲之輸出不知道，這些在研究中我們都將加以探討。最

後，由於如上二種加強式學習。在訓練者的感受上似乎有不可分的現象。目前的概念是先

分別探討與學習，以便個別系統能正確做加強式學習，若在分析中能正確分割兩系統效應。

則可據以做加強式信號回饋的依據，若不能分割，則可考慮將二系統直接合併。由於加強

式學習本來就是可用於較複雜，而不容易數學化的系統而當系統參數化後，其利用

trial-and-error 的特質，也是可以架構出加強式學習系統的。 
由於運動轉換主要的著眼點是操作者感受的正確性，因此取得操作者的回饋來進行系

統修正變得相當重要，因此在本子計劃的研究中也想將操作者的回饋信息用來修正運動轉

換的相關機制。而這樣的系統面臨幾個問題，第一個問題為回饋信息認定的任意性及不精

準性，因此如何有效而強健的轉換操作者回饋的信息是需要設計與探討的。第二個則為將

運動轉換機制的參數化，以使信息類的加強式學習有操作的標的。而我們在先前的研究中

也針對在類神經網路及模糊系統都有探討且有一些成果。因此我們將運動轉換機制(也就是
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Washout 演算法及運動轉換資料庫)利用類神經網路或模糊網路加以參數化或部分參數

化，進而利用加強式學習來做修正。 
再者，當以類神經網路或模糊網路來建立 Washout 演算法及運動轉換資料庫時，我們

也必須克服這些網路在使用時，其外插效果的不可預測性。一般系統其外插的可接受，仍

是由於其系統是由物理定律或經驗法則所建立的這和類神經網路或模糊網路是不同的，因

此我們的研究中也將對此一問題提出解決之道；也就在將轉換機制參數化的同時也建立操

作範圍的確立方式，而後將物理定律或經驗法則加於操作範圍外。而在我們的先前研究中，

我們也提出混合式建模的概念，此方法則是將知識納入原網路的學習架構中，其效果相當

顯著，而在這裡我們所要設計的則完全不同，由於如是的物理定理或經驗法則將有可能減

低原訓練後網路的精準度，因此如何有效而精準的使用這些知識則是我們要研究的課題。 
同時，Washout 演算法及運動轉資料庫為兩種不同的運動轉換處理方式，因此在未來

的研究中，我們也將探討這兩者特質及其是否可合併的探討研究，具體的說其一的研究方

式是將資料庫中的轉換做去 Washout 的計算，如此資料庫或所謂的轉換法則就可和 Washout
合併動作，另一種作法則是將資料庫法則化及通用化，並將之納入 Washout 演算法中。不

過這些方法都有待設計與探討。 
在行為的轉換方面，目前文獻上所提到的是利用 washout filter 的方式來處理的。如是

的方式是可以將在無限空間中的運動設法在有限空間中呈現，可是在動態模擬器中許多的

運動效果並非只是簡單的物理運動定律所能描述的。較多而必要的是若干的特效運動感

受，而這些感受則是要利用所謂 motion cue 來設計。而傳統的動態模擬器，由於其設計上

也不是利用真實的運動物体的模擬建構來產生虛擬之運動感受，而是去設計不同的 motion 
cue 來搭配。因此本計劃的研究中即去了解 motion cue 及其效果。而研究主要是提出以訓練

的方式來達到對 motion cue 設計的探討。目前主要的構想是利用使用者的回饋信息來修正

motion cue 的內容。而修正的標的則可分為參數修正及段落重分。而由於回饋信息是由使

用者所給的，目前探討的學習主要是針對信息的認定，目前簡單作法是利用 reinforcement 
learning 修正。而信息的內容則是使用者對動態模擬器的動作行為加以評分，而由於必須在

try-and-error 的情形下學習，模擬器動作是由若干 motion cue 所組成而後重覆的操作，因此

使用者的評分行為和 motion cue 的修正能產生有義意的比對。而目前我們只考慮到參數修

正部分，也就是針對每一段 motion cue，我們以 TSK Fuzzy 模式表達，因此學習的行為就

化約為 membership function 及後件部參數的修正，在這一方面傳統的倒傳學習法被用來修

正參數(由於沒有確實想要的輸出值，最小平方差(LS)修正法無法使用)。而在內部加強式信

號的產生部分，目前我們是以傳統的 Temporal Difference (TD)預估的方式來進行。由於最

近的研究大都使用遺傳演算法，我們也會考慮使用，在未來的研究中我們將更進一步的探

討分析其結果，同時也將納入類似 washout filter 的概念以及段落分割之學習方面。 

六、加強式學習研究與探討 
Most of the supervised and unsupervised learning algorithms for neural networks require 

usable training data sets for setting the link weights and link connectivity of the neurons for 
various applications. For some real-world applications, usable data for supervised learning are 
usually difficult, expensive, and sometimes impossible, to obtain. For this reason, there has been 
a growing interest in the study of reinforcement learning algorithms. In this report, we report our 
investigation on the reinforcement learning based on the structure of TSK fuzzy model. 
 For reinforcement learning problem, training data are very rough and coarse. They are just 
“evaluative” information as compared with the “instructive” feedback in the supervised learning. 
Training a network with this kind of evaluative feedback is called reinforcement learning. In 
addition to the roughness and non-instructive nature of the reinforcement signal, a more 
challenging problem to the reinforcement learning is that a reinforcement signal may only be 
available at a time long after a sequence of action has occurred. To solve the long time-delay 
problem, prediction capabilities are necessary in a reinforcement learning system. Reinforcement 
learning with prediction capabilities is much more useful than the supervised learning schemes in 
dynamic control problem and artificial intelligence, since usually the success or failure signal 
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might only be known after a long sequence of control action. From the biological and cognitive 
points of view, reinforcement learning is much closer to the modern animal learning theory [65] 
than the supervised learning. This is also true to the learning of many high-level intelligent skills 
such as how to drive a car.  

In this report, we report our study of employing TSK fuzzy models as the networks in 
reinforcement learning systems. In our implementation, a TSK type of Reinforcement 
Neural-Network-Based Fuzzy Logic Control System (RNN-FLC) adopted from [66] is employed. 
In the structure, to achieve the goal of solving reinforcement learning problems in fuzzy systems, 
there are two NN-FLCs. One NN-FLC, the action network, is used for the fuzzy logic controller, 
which generates a proper action or decision according to the current input vector. The other 
NN-FLC, the evaluation network, is used as the fuzzy predictor, which performs the multi-step 
prediction. The fuzzy predictor provides the action network with more informative and 
beforehand internal reinforcement signal for learning. These two NN-FLCs share the first two 
layers. In other words, they use the same distributed representation of input patterns. This 
representation is the overlapping type and is dynamically adjustable through the learning process. 

Associated with the proposed TSK type RNN-FLCS is the reinforcement parameter learning 
algorithm which uses the temporal difference technique on the evaluation network to decide the 
output error for multi-step prediction. With the knowledge of output error, a supervised parameter 
learning algorithm can be applied to train the evaluation network to obtain the proper 
membership functions and fuzzy logic rules. For the action network, the reinforcement parameter 
learning algorithm allows its output nodes to perform stochastic exploration. With the internal 
reinforcement signals from the fuzzy predictor, the output nodes of the action network can 
perform effective stochastic searches with a high probability of choosing a good action as well as 
discovering its output error. 

It should be noted that in [66], the consequence parts are fuzzy singletons. From [66] or our 
simulation, it is possible to have fair learning if the initial values of those singletons are assigned 
reasonable. However, if those singletons are assigned arbitrary, the learning is very bad. It is 
expected because the values of those singletons are spread in the range of [−10, 10] and then if 
the learning constant is small, some rule of which the consequence values are large cannot have 
enough learning effects to achieve their values. On the other hand, when the learning constant is 
large, some rule of which the consequence values are small cannot have subtle learning effects. 
As a result, in our study, it seems impossible to have successful learning. In our study, we attempt 
to use TSK fuzzy models, of which the consequence parts are linear functions. Thus, when a 
linear function is used, it may become difficult to reasonably assign initial values. In order to 
solve the initialization problem in our TSK models, we employ a genetic algorithm to search for 
more suitable initial parameters. Because GA can search for better solutions for any problem 
through selection, crossover, and mutation, the GA based prior knowledge is suited for our 
learning process. 
 In this study, we perform the two kinds of learning process of previous chapter in different 
initial status of controlled plant. Besides performing, we will demonstrate the importance of prior 
knowledge. The initial weights in layer four of five-layered neural fuzzy inference network are 
developed through human-knowledge. Because the bell-shaped is used to describe the 
membership function, therefore, we can represent the membership function through center or 
width. We can collocate to the cart position and pole angle which is finding the rough and usable 
initial weight. Because the TSK type five-layered neural fuzzy inference network is more 
complex, we can not easily obtain rough and suitable initial weight. Then we will use GA based 
prior knowledge to solve complex condition. In [66], NN-FLC has the function of structure 
learning. We are finding some issue of structure learning in [66]. 
 The proposed RNN-FLCS with multistep fuzzy predictor has been written in MATLAB 
language for the cart-pole balancing problem or the so-call inverted pendulum balancing problem. 
This problem is often used as an example of inherently unstable and dynamic systems to 
demonstrate both modern and classic control techniques [67], as well as the learning control 
techniques of neural networks using supervised learning methods [68] or reinforcement learning 
methods [69] [70]. 
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As shown in Figure 22, the cart-pole balancing problem is the problem of learning how to 
balance an upright pole. The bottom of the pole is hinged to a cart that travels along a 
finite-length track to its right or left. Both the cart and the pole can move only in the vertical 
plane; that is, each has only one degree of freedom. There are four state variables in this system. 

θ : the angle of the pole from an upright position (in degree) 

θ
•

: the angular velocity of the pole (in degree/second) 
x : the horizontal position of the cart’s center (in meters) 

x
•

: the velocity of the cart (in m/second) 
The only action is f, which is the amount of force (N) applied to the cart to move it toward its left 
or right. The system fails and receives a penalty signal of -1 when the pole falls past a certain 
angle ( 12±  degrees is used here) or the cart runs into the bounds of its track (the distance is 2.4m 
from the center to both bounds of the track). The goal of this control problem is to train the 
RNN-FLCS such that it can determine a sequence of forces with proper magnitudes to apply to 
the cart to balance the pole for as long as possible without failure. 

θ

f

x  
Figure 22 The Cart-Pole balancing problem 

 The model and corresponding parameters of the cart-pole balancing system for our computer 
simulation are adopted from [66]. This model and its parameters are also used by Barto, Sutton, 
and Anderson [70]. The equations of motion that we used are shown below 

•
( 1) ( ) ( )t t tθ θ θ+ = + ∆  
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   + − −      + = + ∆  

where 
2-9.8 /g m s= : acceleration due to the gravity 

1.1 m kg= : combined mass of the pole and the cart 
0.1 pm kg= : mass of the pole 

0.5 l m= : half-pole length 
0.0005cµ = : coefficient of friction of the cart on the track 
0.000002pµ = : coefficient of friction of the pole on the cart 

0.02∆ = : sampling interval 
The constraints on the variables are -12 12θ≤ ≤o o , -2.4 2.4m mθ≤ ≤ , and -10 10N f N≤ ≤ . In 
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designing the controller, the equations of motion of the cart-pole balancing system are assumed to 
be unknown to the controller. A more challenging part of this problem is that the only available 
feedback is a failure signal that notifies the controller when a failure occurs; that is, either 

12θ > o  or 2.4x m> . This is a typical reinforcement learning problem, and the feedback 
failure signal serves as the reinforcement signal. Since a reinforcement signal may only be 
available after long sequence of time steps in this failure avoidance task, this cart-pole balancing 
problem belong to the reinforcement learning problems. Thus, a multi-step fuzzy predictor is 
required for the RNN-FLCS. Moreover, since the goal is to avoid failure for as long as possible, 
there is no exact success in finite time. Also, we hope that the RNN-FLCS can balance the pole 
for as long as possible for infinite trials, not just for one particular trial, where a “trial” is defined 
as the time steps from an initial state to a failure. The reinforcement signal is defined as 

              
-1     if ( ) 12  or ( ) 2.4 

( )
0      otherwise

t x t m
r t

θ > >= 


o

                (4.1) 

and the goal is to maximize the sum 
0

( )k

k
t kγ

∞

=

+∑ , where γ  is the discount rate. 

 In our computer simulation, the learning system was tested for ten runs by trying to use the 
same learning parameter values. A run means consisted of at most 100 trials, unless the duration 
of each run exceeded 500’000 time steps. Each run consisted of a sequence of trials; each trial 

began with the same initial condition (0) (0) (0) (0) 0x x θ θ
• •

= = = =  or with a randomized initial 
condition, and ended with a failure signal indicating that either ( ) 2.4x t m>  or ( ) 12tθ > o . 
The randomized initial condition means that, the initial configuration was independently and 
randomly chosen such that 1.8 (0) 1.8m x m− ≤ ≤  and 9 (0) 9θ− ≤ ≤o o . The input fuzzy 

partitions were set as ( ) 3T x = , ( ) 3T x =& , ( ) 7T θ = , ( ) 3T θ =&  for all runs. For each run, 

the input (output) membership functions were initialized so that they covered the whole input 
(output) space evenly, and the output fuzzy partition was initialized as ( ) 189T f = . In [15], the 
membership functions were chosen to be bell-shaped function (3.5) with initial centers and 
widths shown in Table 13. Figure 23 showing the membership function of input term nodes 
according to Table 13. 

Table 13 Membership Function of Input Term Nodes 

Parameter Linguistic 
Variable Term

Center Width 
1 -2.4 2.6 
2 0.0 1.5 x  
3 2.4 2.6 
1 -20.0 20.0 
2 0.0 10.0 x

•

 
3 20.0 20.0 
1 -12.0 6.0 
2 -6.0 6.0 
3 -3.0 3.0 
4 0.0 3.0 
5 3.0 3.0 
6 6.0 6.0 

θ  

7 12.0 6.0 
1 -100.0 100.0 
2 0.0 50.0 θ

•

 
3 100.0 100.0 
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 The results of three “trials” are shown in Figure 24. A run was successful and terminated 
after 500’000 time steps before 100 trials took place; otherwise, it was called “a failure” and 
terminated at the end of its 100th trial. The three trials shown in Figure 24 are three failure trials. 
The status of controlled plant and actual force in the cart-pole balancing problem are also shown 
in this figure. The example in Figure 24 is a trial in the early stage of a “run”, so it failed in only 
about 382 time steps. From the figure showing the cart position, we can see that the system failed 
at the 382th time steps because the cart bumped in to the right wall (the cart position and canter 
of track are greater than 2.4 meter apart). At this stage, the FLC had learned to some extent in the 
area around the zero state of the input space since the FLC did try to decrease the pole’s deviation 
angle before the failure occurred (see the figure showing the actual force). However, it still needs 
extensive learning in the other cart position of the input space. 
 

 
Figure 23 Membership Function of Input Term Nodes 

The prior knowledge is an important role playing in the TSK type RNN-FLCS that will 
decide the learning performance and learning speed when initial weight is great or poor. In TSK 
type inference, the initialization problem is developed. We use five parameters and four variables 
to describe our output term node. How do I define our initial weight for TKS type?  

In RNN-FLC, we can collocate to the cart position and pole angle to find the rough and 
usable initial weight (mean and variance) in RNN-FLCS. For example, if the cart position and 
canter of track are 2 meter apart and the pole angle away from the upright position -10 degree. 
Then, the output of action network must push to left which maintain the pole and cart within the 
boundary. Therefore, assuming the center of expected action is designed to -8.5 Newton in above 
case (Figure 25). The designed membership function is shown in Figure 26. 
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(a) 

 
(b) 

Figure 24 Three trials in the learning process of the NN-FLC on the cart-pole balancing problem 
(a) status of controlled plant (b) actual force 

 
In TSK type RNN-FLCS, the initialization of TSK type is more complex than other one; 

hence, we can not easily finding suitable initial weight. We adopt GA to solve the problem of 
TSK fuzzy inference initialization. The consequence of TSK is 

boundary boundary boundary boundary
i i i i i i

x xy a b c d ex x
θ θ
θ θ

= + + + +&&
&& , where ia , ib , ic , id , and ie  

are parameters of corresponding input variable respectively. We can not decide the weight of 
corresponding input variable from different status of controlled plant. Hence, it is very difficult 
job to obtain the initial value of parameter. 
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(b) 

Figure 25 Design prior knowledge (a) controlled plant status (b) after control 
 

σ

 
Figure 26 Designed membership function through controlled plant 

 

 
Figure 27 The performance of TSK type RNN-FLCS with random prior knowledge 
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Figure 28 The performance of TSK type RNN-FLCS with zero status prior knowledge 
 

 In order to solve the problem of initialization, we first adopt random initialization and zero 
initialization in consequence of TSK. The random initialization means that the parameters of TSK 
is developed through random; the zero initialization means that is all of the parameters of TSK 
are zero. We are performing learning process based on the two kinds of initialization. Figure 27 
and Figure 28 are respectively shown the results of random initialization and zero initialization. 
We are finding some issue in the initialization. In the random initialization case, because we can 
not control the initial values of parameter, hence, the performance of learning will be low if the 
initial parameters are extreme poor. Based on the above controlled plant status (Figure 25), we 
provide an example of extreme case to explain the problem of random initialization. If the status 
of controlled plant are 2x = , 2x =& , -9θ = , and =-50θ&  respectively. In extreme case, if the 
parameter of initialization are 2ia = , 2ib = , -2ic = , -2id = , and 2ie = , the value of TSK 
inference is 7.17iy =  (Figure 29). The consequence will speed up the cart position and pole 
angle bump the boundary. If all of the TSK rules are extreme case, the learning performance will 
be bad. 

In the other case, the learning performance of zero initialization case is poor. This case can 
not increase learning performance in condition of limited runs and trials. We are trying to raise 
the performance through increase learning rate, but the result is not our desired outcome. Because 
the linear functions are associative in different control status, the zero initialization case dose not 
success in the finite condition. 
In order to solve the problem of initialization efficiently, we adopt the genetic algorithm to search 
more suitable and efficient initial parameter. Because GA can search the better solution for any 
problem through selection, crossover, and mutation, the GA based prior knowledge is suit for our 
learning process. The operation not only solves the problem of initialization but also raise our 
learning performance conspicuously. In Figure 30, we clearly understand that the performance of 
GA based prior knowledge in our algorithm is actually solving our problem and raising the 
performance. In our algorithm, the GA process only provides the initial value of parameter to 
increase performance; this process has not the function of learning. 

2 m

9o

 
(a) 

 
(b) 

Figure 29 The extreme case of fail control (a) controlled plant status (b) after control 
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Figure 30 The performance of TSK type RNN-FLCS with GA based prior knowledge 

  
 We develop different condition to demonstrate the effects of different initial status of 
controlled plant. The seven cases of initial condition are shown in Table 14. 

 
Table 14 Seven cases of initial controlled status 

Case Initial Condition Unit 
Cart Position (x) 0 m 1 Pole Angle (θ) 0 degree 
Cart Position (x) 1.8 m 2 Pole Angle (θ) 0 degree 
Cart Position (x) -1.8 m 3 Pole Angle (θ) 0 degree 
Cart Position (x) 0 m 4 Pole Angle (θ) 9 degree 
Cart Position (x) 0 m 5 Pole Angle (θ) -9 degree 
Cart Position (x) 1.8 m 6 Pole Angle (θ) 9 degree 
Cart Position (x) -1.8 m 7 Pole Angle (θ) -9 degree 

 
The simulated results are shown in follow table. In best initial condition, case 1, we tried at 

least 31 trials to achieve success. The average value of trials is 38.2. In worst case, case 7, we 
must try at least 52 trials to achieve success. The value is worse than minimum trials of case 1. 
Because the initial controlled plant status are close to boundary of input variables, the controlled 
plant easily bump boundary. Hence, in worse case, the learning process must more trials to 
achieve success (i.e., extra fails). The case 1 is better than other cases; the average value is 
smaller than others. The problem is derived which the initial controlled plant status decide the 
speed of learning. Table 15 is shown the performance of different initial condition. 
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Table 15 The performance of different initial controlled plant status (RNN-FLCS) 

Control Trials 

Initial Condition Best Worst Mean 
Cart_Pos.=0 m 

Pole_Ang.=0 degree 31 46 38.2 

Cart_Pos.=1.8 m 
Pole_Ang.=0 degree 40 57 48.0 

Cart_Pos.=-1.8 m 
Pole_Ang.=0 degree 40 58 49.1 

Cart_Pos.=0 m 
Pole_Ang.=9 degree 47 66 55.5 

Cart_Pos.=0 m 
Pole_Ang.=9 degree 51 62 55.9 

Cart_Pos.=1.8 m 
Pole_Ang.=9 degree 56 69 62.5 

Cart_Pos.=-1.8 m 
Pole_Ang.=-9 degree 52 65 60.2 

 
Figure 31 shows the deviations of cart position and pole angle, cart velocity, angular velocity of 
pole, and actual force. 

Figure 31 
Consequence of learned RNN-FLCS  

 Based on the proposed learning process, we will perform the learning process for different 
initial controlled plant status. The different cases of initial controlled plant status are the same as 
those in Table 14. 
The difference between RNN-FLCS and GA based TSK type RNN-FLCS is in layer four. In 
RNN-FLC, we adopt bell-shaped membership function to describe output term nodes. Therefore, 
an output term node is described by mean (m) and variance (σ ). In GA based TSK type 
RNN-FLCS, the output term nodes are represented by TSK type inference system that are 
including four variables ( x , x& , θ , and θ& )and five parameters (a, b, c, d, and e), i.e., 
y ax bx c d eθ θ= + + + +&& . Comparing the inference system of layer four mentioned, the TSK type 
inference has more elasticity according to our requirement. Hence, the efficiency of TSK type is 
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better than other one. 
 
 

Table 16 The performance of different initial controlled plant status (TSK type RNN-FLCS) 
Control Trials 

Initial Condition Best Worst Mean 
Cart_Pos.=0 m 

Pole_Ang.=0 degree 22 35 27.6 

Cart_Pos.=1.8 m 
Pole_Ang.=0 degree 33 44 39.3 

Cart_Pos.=-1.8 m 
Pole_Ang.=0 degree 31 46 38.5 

Cart_Pos.=0 m 
Pole_Ang.=9 degree 38 52 44.4 

Cart_Pos.=0 m 
Pole_Ang.=9 degree 38 50 43.3 

Cart_Pos.=1.8 m 
Pole_Ang.=9 degree 49 58 53.6 

Cart_Pos.=-1.8 m 
Pole_Ang.=-9 degree 56 62 58.7 

 
In previous sections, we were obtained the performance of RNN-FLC and GA based TSK 

type RNN-FLCS through different initial cases. The consequence is shown in Table 17. In 
learning process of TSK type, because we can adapt five parameters for different input variables 
through backpropagation, the learning efficiency is promoted. We clearly understand the learning 
efficiency in this table. Figure 32 shows the deviations of cart position and pole angle, cart 
velocity, and angular velocity of pole. 

Table 17 The comparison with the performance of RNN-FLCS and GA based TSK type 
RNN-FLCS  
Average Trials 

Initial Condition RNN-FLCS GA based TSK type 
RNN-FLCS 

Cart_Pos.=0 m 
Pole_Ang.=0 degree 38.2 27.6 

Cart_Pos.=1.8 m 
Pole_Ang.=0 degree 48.0 39.3 

Cart_Pos.=-1.8 m 
Pole_Ang.=0 degree 49.1 38.5 

Cart_Pos.=0 m 
Pole_Ang.=9 degree 55.5 44.4 

Cart_Pos.=0 m 
Pole_Ang.=9 degree 55.9 43.3 

Cart_Pos.=1.8 m 
Pole_Ang.=9 degree 62.5 53.6 

Cart_Pos.=-1.8 m 
Pole_Ang.=-9 degree 60.2 58.7 
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Figure 32 Consequence of learned GA based TSK type RNN-FLCS 

 
 In [66], the learning process of RNN-FLCS is including structure learning. When entering 
this process, it means that the ith term node in layer four is improperly assigned as the sequent of 
some fuzzy logic rules which have just been strongly. The more proper consequent for these 
fuzzy rules should be the i-closest node. Before structure learning, the system must decide 
whether the current structure should be change according to the expected updated amount of the 
mean and variance parameters. The expected mean and variance are, respectively, computed 

new

new

( ) ( )
( ) ( )

i i i

i i i

m m t m t
t tσ σ σ

−

−

= + ∆
= + ∆

                  (4.2) 

From the current membership functions of output linguistic variables, [66] want to find the one 
which is the most similar to the expected membership function by measuring their fuzzy 
similarity. The fuzzy similarity measure determines the similarity between two fuzzy sets. 
 
 IF degree( , ) ( )i t tα<  
  THEN (1) create a new node new new( , )i iM m σ− −  in layer four 
        (2) denote this new node as the i-closest node 
     (3) do the structure learning process 
 ELSE 
  IF closest closest( , ) ( , )i i i iM m M mσ σ− − ≠  
   THEN do the structure learning process 
  ELSE do the following parameter adjustment in layer five: 

                        new
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 degree( , )i t  is similarity between two fuzzy sets, ( )tα  is monotonically increasing scalar 
similarity criterion such that the lower similarity is allowed in the initial stages of the learning. 
According to this judgment, degree( , )i t  is first compared to the similarity criterion. If there is 
not enough similarity, then a new term node (new membership function) with the expected 
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parameters is built because, in this case, all the current membership functions are too different 
from the expected one. A new node with the expected membership function is necessary, and the 
output connections of some just firing rule nodes should be changed to point to this new term 
node through the structure learning process. If no new term node is necessary, the learning 
algorithm will then check if the ith term node is the i-closest node. If this is false, some of the just 
fired fuzzy logic rules should have the i-closest (term) node instead of the original ith term node 
as their consequent. In this case, the structure learning process should be performed to change the 
current structure properly. If the ith term node is the i-closest node, then no structural change is 
necessary; only the parameter learning should be performed by the standard backpropagation 
algorithm. The learned RNN-FLCS with structure learning is shown in Figure 33. Based on the 
structure of Figure 33 and parameters of Table 18, the status of controlled plant is shown in 
Figure 34.  
 The problem of structure learning is developed. Because the structure learning process 
reduce some connection between layer two and layer three, the consequence of t-norm operation 
obtain different value that will change the consequence of COA. The reduced regulations are: (1) 
they have the same consequence, (2) some preconditions are common to all the rule nodes in this 
set, and (3) the union of other precondition of these rule nodes composes the whole term set of 
some input linguistic variables. An example is illustrated in Figure 35. Figure 36 shows the 
effects after reducing connection. 
 

 
Figure 33 Learned RNN-FLCS with structure learning 

 
(a) 



 41

 
(b) 

Figure 34 Status after structure learning (a) cart position (b) pole angle 
 

Table 18 Membership Function of Input Term Nodes of After Structure Learning 
Parameter Linguistic 

Variable Term
Center Width 

1 -1.98 3.11 
2 0.13 1.28 x  
3 2.17 4.13 
1 -15.42 17.21 
2 -0.21 7.39 x

•

 
3 17.25 16.01 
1 -10.22 7.39 
2 -5.01 4.81 
3 -1.82 2.12 
4 0.21 1.92 
5 2.19 1.89 
6 5.31 3.87 

θ  

7 8.82 8.01 
1 -84.29 84.62 
2 -0.32 39.42 θ

•

 
3 73.18 110.39 
1 -9.48 4.21 
2 -7.89 2.89 
3 -6.42 2.72 
4 -4.03 3.02 
5 -2.10 1.36 
6 -1.32 0.98 
7 -0.98 0.72 
8 -0.19 0.57 
9 1.12 0.33 
10 1.86 0.68 
11 2.77 1.03 
12 4.59 2.92 
13 7.21 3.57 
14 8.88 3.24 

f  

15 10.26 4.56 
 

In order to solve the problem, we adopt the parameter learning to re-learn the parameter of f. 
After parameter re-learning, we will improve the problem. The sequence of after re-learning is 
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shown in Figure 37.  
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Figure 35 Example of combination of rule nodes 
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Figure 36 Rule strength of after structure learning 
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(a) 

 
(b) 

Figure 37 Status of controlled plant of parameter re-learning (a) cart position (b) pole angle 
 

七、模糊控制器穩定設計與探討 
在我們的前三年的研究中，我們提出了階層式控制的概念，在這些研究中我們探討了

利用模糊預估器來做預估控制的階層式控制系統，而在此一新提計畫中，我們打算也將階

層式控制用於在運動轉換的動作平台控制上使用，由於一般動作平台的控制，一般是以位

置為主，而在我們交大目前已可做速度控制或加速度控制等的平台控制，可是在行為要求

上，一般這三種控制都有可能在運動轉換中被要求實現，而且可能同時。因此如何達成這

三種要求的控制，由於如是狀態為要求多於可控變數，尋求最佳化的控制便是一可行的方

案。所以在本子畫中，我們將延續我們先前的研究，利用階層式控制在運動轉換上的探討，

而由於此階層式處理的方式較適用於有運動轉換資料庫的情形， 

In practical systems, there always exist nonlinearities and uncertainties. The design of 
controllers for such systems is difficult and complicated. During last decades, various approaches 
have been proposed to overcome those difficulties in the control design for nonlinear systems 
with uncertainty. Fuzzy control is one of them. It can provide an effective solution to the control 
of plants that are complex, uncertain, and ill defined. It is because a complex system is usually 
decomposed into several simple subsystems in a fuzzy control approach and a simple control law 
is then employed to emulate the human control strategy in each subsystem. 

Though the fuzzy control approach is useful, its main drawback is the lack of systematic 
analysis and design methodologies for fuzzy logic controllers. Recently, based on the 
Takagi-Sugeno (T-S) fuzzy model [33,60], researchers have proposed many methods of designing 
controllers for nonlinear systems with uncertainties. The main feature of a T-S fuzzy model is to 
characterize the local dynamics of each fuzzy rule by a linear system model. The appeal of the 
T-S model is that the stability and performance characteristics of the system can be verified by 
using a Lyapunov function approach [34]-[38]. The basic idea of these methods is to design 
feedback controllers for individual local models respectively and then to construct a global 
controller from these local controllers so that the global stability of the overall fuzzy system is 
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guaranteed. State feedback controllers were addressed in most research works. However, in 
practical applications, state variables are not always measurable. Therefore, in the literatures 
[62]-[64], fuzzy observers are proposed to estimate inaccessible states of the controlled fuzzy 
systems. Although dynamic output feedback controllers can overcome the problem that states are 
not accessible, the design of state estimators will increase the difficulty of stabilizing the overall 
fuzzy system. If possible, we may like to consider the controller synthesis problem via static 
output feedback. This is a more challenging problem. For nonlinear systems with uncertainties 
or/and with time delays, no results have been reported for the controller synthesis problem via 
static output feedback based on the T-S fuzzy model. In this report, we shall propose an 
LMI-based fuzzy static output feedback control design method for nonlinear interval time-delay 
systems. 

In traditional, the stability of a fuzzy system can be assured by finding a common positive 
definite matrix in a Lyapunov function. That matrix and the corresponding controller can be 
simultaneously found by solving a set of linear matrix inequalities (LMIs). However, LMI-based 
fuzzy static output-feedback gains are not obtained by traditional approaches for nonlinear 
systems with uncertainties or with time delays in the literatures. In this report, a new approach 
will be proposed to stabilize nonlinear interval time-delay systems via static output feedback. 
This approach does not need to find a common positive definite matrix to guarantee the system 
stability. The verification process is via computing the matrix measure for each separate 
subsystem. In this report, we shall derive the stability conditions based on the matrix measures of 
the system matrices of the subsystems of a fuzzy model. 

Time delays occur in many dynamical systems such as biological systems, chemical systems, 
electrical networks, hydraulic, and rolling mill systems. Time delays are often a source of 
instability and poor performance. The study of stability and stabilization for a class of nonlinear 
time-delay systems based on the T-S fuzzy model has attracted considerable attentions [46]-[48]. 
As an example, Cao et al. [46] dealt with the issue of stability analysis and control design for both 
continuous and discrete time nonlinear systems with time delays in T-S fuzzy model-based 
control. Generally, to consider the stability and stabilization issue for nonlinear time-delay 
systems with uncertainties is desired. However, to our best knowledge, the research found in the 
literature is only for nonlinear systems either with uncertainties [39]-[45] or with time delays 
[46]-[48]. Kiriakids [39] treated the issue of stability robustness against modeling uncertainty in 
T-S fuzzy model-based control. Parametric uncertainties regarding those approaches are also 
dealt with in [40]-[45]. There also exist approaches that can handle time-delay systems with 
uncertainties, but only for linear systems [49]-[54]. There is no methodology that can be used in 
the stability analysis and control design for nonlinear systems with the existence of both 
uncertainties and time delays due to the intricate nature of the problem. In this report, we propose 
a way of conducting stability analysis and control design for nonlinear interval time-delay 
systems under the representation of the T-S fuzzy model. It is shown that the state-feedback 
controller design problem for nonlinear interval time delay systems is solvable if a matrix 
measure assignment problem is solvable. Afterward, the matrix measure assignment problem is 
shown to be equivalent to a LMI feasibility problem. Thus, the solutions can be found through 
LMI tools. 

Takagi and Sugeno [33] proposed an elegant modeling method, which is often referred to as 
the T-S fuzzy model, to represent or approximate a nonlinear dynamical system. In each fuzzy 
rule, a linear model is given to describe the nonlinear system locally. The overall system is 
described by fuzzily “blending” those local models. A typical IF-THEN rule of T-S fuzzy models 
is represented as 

Rule i: IF i
pp

i MtzMtz  is )( ... and   is )( 11  
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( ) ( ) ( )
( ) ( )

i i
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t t t
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where 1( ) ( )pz t z tL  are the premise variables, and i
jM  is the corresponding fuzzy set for j= 
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IF-THEN rules. In our implementation, we simply set p=q and 1 1( ) ( ), , ( ) ( )q qz t y t z t y t= =K . 
 By using the center of gravity method for defuzzification, the final output of the T-S fuzzy 
model is inferred as: 
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))((

))((
))(( , and 

))(( tzM j
i
j  is the fuzzy membership grade of )(tz j  in i

jM . It is assumed in this report that 

0))(( ≥tzwi , ri ,,2,1 K=  and ∑
=

>
r

i
i tzw

1

0))((  for all t. Therefore, 0))(( ≥tzhi , ri ,,2,1 K=  

and ∑
=

=
r

i
i tzh

1
1))(( , for all t.  

We now introduce several properties about matrix measure as follows. The matrix measure 
of a constant matrix M is defined as 

  ( )
θ

θ
µ

θ

1||||
lim)(

0

−+
≡

+→

v
v

MI
M          (5-3) 

where ||.||v is a suitable matrix norm (see [55]). 
Lemma 1 [55]: The matrix measure has the following properties. 

 (a). µv(.) is convex; i. e., ( )∑∑
==

≤






 k

j
jvj

k

j
jjv

11
MM µααµ  for all α j ≥ 0.  (5-4) 

 (b). For any norm and any constant matrix M 
  vvvv ||||)()(Re)(|||| MMMMM ≤≤≤−−≤− µλµ  .    (5-5) 
 (c). Suppose ijm  is the ij-th element of M, then 

  







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≠ ji
ijjjj

mm ||)Re(max)(1 Mµ ,        (5-6) 

  [ ]2/)(max)( *
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λµ ,         (5-7) 
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




+= ∑

≠
∞

ji
ijiii

mm ||)Re(max)(Mµ .        (5-8) 

Consider a nonlinear interval time-delay system described by the following T-S fuzzy 
model: 

Rule i: IF 1 1( ) is   and ... ( ) is i i
q qy t M y t M  
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THEN  

ˆ ˆ( ) ( ) ( ) ( )
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t t t t
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t t t
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ψ τ
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=
= ∈ −

x A x D x B u
y C x
x

&

, for ri ,,2,1 K=  (5-9) 

where ( )tψ  is a continuous vector valued initial function. Then, the overall system is 
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     (5-10) 

with ( ( )) 0ih t ≥y , ri ,,2,1 K=  and 
1

( ( )) 1
r

i
i

h t
=

=∑ y  for all t, where τ  is the time-delay of the 

system. Assume that the matrices iÂ  and iD̂  are  

  
i
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i
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i
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i
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i
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i
jki

dddd
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≤≤=

≤≤=

     ],[ˆ
     ],[ˆ

D

A
 ri ,,2,1 K=       (5-11) 

where i
jka  is the jk-th element of the matrix iÂ , i

jka  and i
jka  denote i

jka ’s low bound and 

upper bound, respectively, i
jkd  is the jk-th element of the matrix iD̂ , and i

jkd  and i
jkd  denote 

i
jkd ’s low bound and upper bound, respectively. We further assume that those bounds i

jka , i
jka , 

i
jkd , and i

jkd  are known real values. Denote 

   ][  ],[ i
jki

i
jki aa == AA , ri ,,2,1 K=        (5-12) 

   ][  ],[ i
jki

i
jki dd == DD , ri ,,2,1 K=        (5-13) 

and define 

   )(  ),(
2

1

2

1
iiiiii DDDAAA +=+= , ri ,,2,1 K=     (5-14) 

   ,  , iiiiii DDNAAM −=−=  ri ,,2,1 K=       (5-15) 
Since the consequent parts of T-S fuzzy models are described by linear state equations, the 

linear control theory can be used to design the consequent parts of a fuzzy controller. Fuzzy 
controllers for stabilizing the fuzzy system (5-10) can be designed via parallel-distributed control 
(PDC) [34][36][56]. In PDC, fuzzy controllers share the same premise parts with (5-10); that is, 
the controller for Rule i is  
  IF 1 1( ) is   and ... ( ) is i i

q qy t M y t M  
 THEN ( ) ( )it t=u F y , ri ,,2,1 K= .     (5-16) 
Then, the overall output of this fuzzy controller is 

  
1

( ) ( ( )) ( )
r

i i
i

t h t t
=

=∑u y F y ,          (5-17) 

where ( ( ))ih ty  is the same as that of the ith rule of the fuzzy system (5-10). By substituting 
(5-17) into (5-10), we get 

1 1 1

ˆ ˆ( ) ( ( )) ( ( )) ( ( ))(( ) ( ) ( ))
r r r

i j k i i j k i
i j k

x t h t h t h t x t x t τ
= = =

= + + −∑∑∑ y y y A B F C D&  (5-18) 

Let iii AAA ∆+=ˆ  and iii DDD ∆+=ˆ . It is known that ii MA <∆  and ii ND <∆  (see 
[61]), for ri ,,2,1 K= .  

We first derive a new sufficient condition to ensure the stability of the following T-S fuzzy 
model (without uncertainty) 
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Theorem 1: Suppose 0ε > . If  

   2
2

1 1( )
2 2i iµ ε
ε

< − −A D , ri ,,2,1 K= ,     (5-20) 

then the equilibrium of the unforced system (26) is asymptotically stable for all τ . 
Proof: Consider a Lyapunov function as 
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    (5-22) 

Set ( ) [ ( )  ( )]T T Tt t t τ= −x x x . From (5-22), we obtain 
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T
i i ir

T
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ε
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x y x x
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By Schur complement, if 1 0T T
i i i iε

ε
+ + + <A A I D D , 

1

1

T
i i i

T
i

ε

ε

 + + 
 
 −  

A A I D

D I
 is negative definite. 

From (5-20), we obtain 1 0T T
i i i iε

ε
+ + + <A A I D D . Then, 0))(( <tV x&  for all 0)( ≠tx . This 

completes the proof. □ 
Theorem 1 provides a simple method to verify the stability of the time-delay fuzzy system (19). 
In what follows, we shall consider the stability conditions of time-delay fuzzy systems with 
uncertainty. 
Theorem 2: Consider the interval time-delay fuzzy system 
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where ˆ
iA  and ˆ

iD  are defined in (5-11). If  
2 2

2
1 1 1( )
2 2 2i i i i i iµ ε ε ε
ε

< − − − − ⋅ −A M D N D N , ri ,,2,1 K= , (5-25) 

then (5-24) is robustly asymptotically stable for all τ . 

Proof: Since 
2

2
1ˆ ˆ2 ( )i iµ
ε

+ +A D 2
2

12 ( )i i i iµ ε
ε

= + ∆ + + + ∆A A D D  

   2 2
2 22 ( ) 2 ( ) 2i i i i i iµ µ ε ε ε= + ∆ + + ⋅ ∆ + ∆A A D D D D  

2 2
2

12 ( ) 2 2i i i i i iµ ε ε ε
ε

< + + + + ⋅ +A M D N D N 0<  (5-26) 

From Theorem 1, we can conclude that (5-24) is asymptotically stable for all τ . □ 
With the above theorems, we have the following corollary. 
Corollary 1: Suppose that static output feedback gains jF , 1, 2, ,j r= K , satisfy the following 
conditions  

2 2
2

1 1 1( )
2 2 2i i j k i i i i iµ ε ε ε
ε

+ < − − − − ⋅ −A B F C M D N D N ,  (5-27) 

for , , 1,2, ,i j k r= K , then the equilibrium of the closed-loop nonlinear time-delay system with 
norm-bounded uncertainties represented as 
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 (5-28) 

is robustly asymptotically stable for all τ . 
Corollary 1 reveals that if each constant control gain in each local model satisfies (5-27), then the 
overall nonlinear interval time-delay system is robustly asymptotically stable. 

For simplicity of notation, define 

   2 21 1 1
2 2 2i i i i i iγ ε ε ε
ε

= − − − − ⋅ −M D N D N , ri ,,2,1 K= . 

Thus, (5-27) becomes 
   2 ( )i i j k iµ γ+ <A B F C , , , 1,2, ,i j k r= K .      (5-29) 

Now, we turn our attention to reduce the matrix measure assignment problem (5-29) to an 
LMI feasibility problem. For a matrix U, define ⊥U  as a matrix whose columns form bases of 
the null bases of U. Then, we can have the following theorem.  
Theorem 3:  
1). The static output feedback gains jF , 1, 2, ,j r= K , satisfy the following conditions 
   2 ( )i i j k iµ γ+ <A B F C , , , 1,2, ,i j k r= K .      (5-30) 

if and only if jF  satisfy the following LMIs 

  2T T T T
i i i i j k k j iγ+ − + + <(A A I) B F C C F B 0 , , , 1, 2, ,i j k r= K .   (5-31) 

2). There exists an jF  that satisfies (5-31) if and only if 

  0BIAAB <−+ ⊥⊥ ))(2()( T
ii

T
iii γ , ri ,,2,1 K= ,     (5-32) 

 and 
  ( ) ( 2 )( )T T

i i i i iγ⊥ ⊥+ − <C A A I C 0 , ri ,,2,1 K= .     (5-33) 
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Proof: We first prove part 1). From (5-7), it can be shown that 2 ( )i i j k iµ γ+ <A B F C , 

, , 1,2, ,i j k r= K , are equivalent to  
   * 2i i j k i i j k iγ+ + + − <(A B F C ) (A B F C ) I 0 , , , 1,2, ,i j k r= K ,      
which are also equivalent to 
   2T T T T

i i i i j k k j iγ+ − + + <(A A I) B F C C F B 0 , , , 1,2, ,i j k r= K .     
This completes the proof of part 1).  
For part 2), recall the result in [58] that given a symmetric matrix n n×∈ℜΨ  and two matrices U 
and V both with a column dimension n, there exists a matrix Θ  with compatible dimension such 
that T T T+ + <U V V U 0Ψ Θ Θ  if and only if T

⊥ ⊥ <U U 0Ψ  and T
⊥ ⊥ <V V 0Ψ . By letting 

2T
i i i iγ= + −(A A I)Ψ , T

ii BV = , i i=U C , and = FΘ , part 2) is obvious.      
       □ 

Theorem 3 tells us that if (5-32) and (5-33) hold, then there exist static output feedback 
gains jF , 1, 2, ,j r= K , that satisfy LMIs (5-31). In fact, such static output feedback gains jF  
also satisfy (5-30). Note that static output feedback gains jF  satisfying LMIs (5-31) can easily 
be obtained by using Matlab’s LMI Control Toolbox. The obtained static output feedback gains 

jF  then can also solve the considered problem. 
In this section, an example is used to verify the performance of the proposed controller. 

Assume that an unknown nonlinear interval time-delay system can be modeled as the following 
simple T-S fuzzy model system: 

Rule 1: IF 2 ( )y t  is 1
2M  THEN 

1 1 1

1

ˆ ˆ( ) ( ) ( ) ( )
( ) ( )
t t t t
t t

τ= + − +
=

x A x D x B u
y C x
&

  

Rule 2: IF 2 ( )y t  is 2
2M  THEN 

2 2 1

2

ˆ ˆ( ) ( ) ( ) ( )
( ) ( )
t t t t
t t

τ= + − +
=

x A x D x B u
y C x
&

 

where 1 2 3( ) [ ( )  ( )  ( )]Tt x t x t x t=x , ( ) 0tψ = , [ ,0]t τ∈ − , 1τ = , and 
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1

7 8 1
2 5 3
− 

=  − − 
C , 2

6 9 2
1 4 2
− 

=  − − 
C . 

Figure 38 shows the membership functions of 1
2M  and 2

2M  for 2 ( )y t . The following 
simulated systems are chosen in random from the above low-bounded and upper-bounded data. 
Figure 39 shows the output responses of the unforced system for the initial condition 

(0) [10 15 5]T=x  for [0,1]t∈ . Now we want to design a fuzzy controller via PDC to stabilize 
the system. By using Theorem 3 and setting 1ε = , we obtain the static output feedback gains of 
the fuzzy controller 

1

6.4121 8.2238
3.8267 7.4992
− − 

=  − − 
F ,  

2

5.5867 5.5340
4.0118 7.2285

− − 
=  − − 

F . 

It is easy to check the stability of the overall fuzzy system by (5-27). Figure 40 shows the output 
responses of 1y  in the closed-loop system for various initial conditions (0)x ’s. Figure 41 shows 
the output responses of 2y  for various initial conditions (0)x ’s. Figure 42 shows the responses 
of 1x  for various initial conditions 1(0)x ’s. Figure 43 shows the responses of 2x  for various 
initial conditions 2 (0)x ’s. Figure 44 shows the responses of 3x  for various initial conditions 

3(0)x ’s. From the these simulation results, it is evident that the designed T-S fuzzy model based 
static output feedback controller not only can stabilize the nonlinear system, but has strong 
robustness against norm-bounded uncertainties and time delays. 

In this research, we have proposed a new robust fuzzy static output feedback controller 
design methodology for nonlinear interval time-delay systems with norm-bounded uncertainties 
and time delays. Finding an admissible solution to the matrix measure assignment problem can 
solve the problem of stabilizing controller design via static output-feedback for nonlinear interval 
time-delay systems represented by a T-S fuzzy model. The designed controller can indeed tolerate 
norm-bounded parametric uncertainties and against the effect of time delays. In the report, we 
have shown that the matrix measure assignment problem is equivalent to an LMI feasibility 
problem. A sufficient condition for the existence of the fuzzy static output-feedback gain is 
obtained. Our approach does not need to find a common positive definite matrix for all rules and 
the verification of stability is very easy. Simulation results have verified and confirmed the 
effectiveness of the new approach in controlling a nonlinear interval time-delay system. 

 
 
 
 
 
 
 
 
 
 
 
 

 
 
 

Fig. 38. Membership function of the example. 
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Fig. 39. Output response of the unforced system for x(0)=[10 15 5]T. 
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Fig. 40. Output y1(t) response of the closed-loop system for various x(0) and 1=τ . 
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Fig. 41. Output y2(t) response of the closed-loop system for various x(0) and 1=τ . 
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Fig. 42. State x1(t) response of the closed-loop system for various x1(0) and 1=τ . 
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Fig. 43. State x2(t) response of the closed-loop system for various x2(0) and 1=τ . 
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Fig. 44. State x3(t) response of the closed-loop system for various x3(0) and 1=τ . 

 
The study of stable analysis and control design for fuzzy systems has attracted many 

researchers recently. In the control design study, there are two types of control design problems 
found in the literature. The first one is to design a fuzzy controller for a nonlinear or unknown 
system and the other one is to find a controller for a fuzzy system. In the former case, a so-called 
adaptive fuzzy control is usually used. Generally, the basic objective of adaptive control is to 
maintain consistent control performance in the presence of large uncertainties or unknown 
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variations in plant parameters or structure [71]-[74]. In those reports, some adaptive laws are 
proposed to guarantee the stability of the system in the sense of Lyapunov. By combining other 
learning approaches or by considering different control properties, various variations of adaptive 
fuzzy control approaches have been proposed in the literature [75]-[83]. In this report, we 
reported our study on the issue of finding a suitable controller for a fuzzy system. In this study, 
the structure and parameters of the fuzzy controller are fixed and we shall find a way of designing 
fuzzy controllers to satisfy requirements. 

For the analysis of stability of fuzzy system, based on the Lyapunov stability criterion, 
Tanaka and Sugeno [84] have proposed a useful theory for conservatively assuring the stability of 
a TSK or T-S fuzzy model [85]. The theory states that if a common positive definite matrix 
required in Riccati equations can be found for all fuzzy rules, the fuzzy model is stable in the 
sense of Lyapunov. Thathachar et al. [86] also proposed a necessary condition and a sufficient 
condition for the stability of fuzzy systems. They showed that under a formal sufficient condition, 
a common Lyapunov matrix exists for all subsystems. It is easy to see that to analytically find 
such a matrix is a linear matrix inequality (LMI) problem [87][111]. Based on the LMI concept, 
Kim et al. [88] proposed a numerical stability analysis method for singleton-type linguistic fuzzy 
control systems. Most of recent fuzzy control design approaches are to employ the 
parallel-distributed compensation (PDC) concept [89], in which controllers are designed 
individually for fuzzy rules and then stability condition is checked through LMI to validate the 
design. Some relaxed LMI stability conditions are also proposed in [90,91]. Parametric 
uncertainties regarding those approaches are dealt with in [92-94]. However, those methods are 
stability checking approaches instead of design approaches. When the designed controller cannot 
satisfy the stability criterion, another controller is tried. Such a process is somehow a 
trial-and-error design procedure. Lam et al. [95] proposed a designing method that can be used to 
help solving the relaxed LMI problem and in the approach, the feedback gains of the subsystem 
are determined by using a genetic algorithm, which can also be viewed as a trial-and-error 
procedure. Another problem rises when the number of rules is large because it may be difficult to 
find solutions for LMI in that case. Moreover, since the validation of LMI is only for stability, the 
control performance assured in individual rules cannot be anticipated in the overall system 
performance under those design approaches. 

Several researchers [91,96,97] actually proposed ways of designing controllers by directly 
solving LMIs. Gao et al. [96] and Tanaka et al. [90] used LMIs combined with stable conditions 
of fuzzy systems to design a stable fuzzy system. When the control performance is considered, 
those approaches need to include performance constraints into LMIs for all fuzzy rules [97]. 
Korba et al. [98] proposed an extended fuzzy scheduler (EFS) controller that can guarantee the 
stability and the tracking performance requirements. The idea is to introduce an additional 
tracking-error state variable into the state variables of the controlled system, and then an 
extended-state feedback-gain matrix is design by means of LMIs. Cao et. al. [99] also developed 
a two-part controller; one is a state-feedback matrix like that in [87,90] and the other is to satisfy 
global stable conditions. Note that in these approaches, the homogeneous fuzzy systems are 
considered. Here, “homogeneous” means that the consequent parts are linear equations without 
constant terms. Such fuzzy systems can only represent a certain class of nonlinear systems. Kim 
et al. [100] proposed a discrete iterative LMI approach to analyze stability for discrete affine 
fuzzy systems, where “affine” means that the consequent parts are linear equations with constant 
terms. However, the above approaches may become infeasible, when the number of rules is large. 
It is because the analysis techniques are to find a common positive definite matrix for all 
subsystems (fuzzy rules) to fulfill the Lyapunov stability analysis. It is difficult to find such a 
matrix when the rule number is large. Sometimes, there even does not exist such a matrix.  

There also exist other approaches that do not make use of the common Lyapunov matrix 
validation scheme. Kang et al. [101] proposed a controller that is inferred by using their 
consistency conditions [102], but the desired performance has not yet been addressed. Kiriakidis 
et. al. [103] viewed a TSK fuzzy model as a linear system subject to a class of nonlinear 
uncertainties and claimed that the computational cost of checking such a stability criterion is less 
than that of finding a common Lyapunov matrix. However, this approach leads to a convex 
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programming problem and the design procedure is still in a trial-and-error manner. Feng [104] 
proposed a sufficient condition, which leads to a search algorithm for solving a Riccati equation, 
and then a state feedback can be designed accordingly for such a system. Zak [105] also proposed 
a design algorithm to obtain a controller, which is separated into two parts to stabilize the 
nominal system and variations residing in all fuzzy rules, respectively. This approach is to treat 
variations of all rules as a whole in a robust control sense. For those approaches, when 
subsystems are distributed in a wide range, the upper bound of such variations may become large, 
and then the stabilization algorithm may fail. In addition, the control performance of the 
closed-loop system cannot be anticipated. In this report, we proposed a novel robust control 
design approach that can design controllers directly for affine continuous or discrete time fuzzy 
systems and the closed-loop performance can be theoretically anticipated. 

The considered problem is that a system is described by a set of fuzzy rules and we want to 
develop a way of designing controllers for such a system. The considered fuzzy models are first 
introduced in [84] and the ith rule of a discrete system is: 

1 1

0 1 1 2 2

1

Rule  : IF ( ) is  and  and ( ) is 

             THEN ( 1) ( ) ( ) ( )

                                         ( ) ( 1)

i i
n n

i i i i
n n n

i i
m

i x k X x k X

x k a a x k a x k a x k

b u k b u k m

+ = + + + +

+ + + − +

L

L

L

         (6-1) 

where 1( ) ( 1)j jx k x k−= +  for 2, ,j n= L , u(k), …, and u(k-m+1) are the input and m past 

inputs, i
jX  are fuzzy sets, and 0 1,  ,  ,  i i i

na a aL  and 1 ,  ,  i i
mb bL  are parameters in describing 

the input and output relationships in the ith fuzzy rule. Note that the premise part is only 
determined by 1 2( ),  ( ),  ,  and ( )nx k x k x kL  and is independent to u(k), …, u(k-m+1). This 
relationship matches the properties of common systems. Besides, the consequence part contains a 
constant term, 0

ia . Such a fuzzy model is referred to as a class of affine TSK fuzzy model [100]. 
The consequence part can be written in a state-space form as ( 1) ( ) ( )i i ix k A x k B u k d+ = + + , 

where [ ]1( ) ( ), , ( ) T
nx k x k x k= L , 

1 2 3

0 1 0 0
0 0 1 0

0 0 0 1

i

i i i i
n

A

a a a a

 
 
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=  
 
 
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L
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M M M O M

L
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, 1[0,0, , ]i i TB b= L , and 

0 20, ,  ( 1) ( 1)
Ti i i i

md a b u k b u k m = + − + + − + L L . Let ( )( )i
j jx kµ  be the membership degree 

of the ( )jx k  in the fuzzy set i
jX . Then the overall system can be inferred as:  

1 1 1

( 1) ( ) ( )
r r r

i i i
i i i

i i i

x k w A x k w B u k w d
= = =

+ = + +∑ ∑ ∑ ,                       (6-2) 

where r is the rule number, 
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=∑ .  

For a continuous TSK fuzzy model system, the ith rule is of the form: 
1 1

0 1 1 2 2 1

Rule  :  IF ( ) is  and  and ( ) is  

              THEN ( ) ( ) ( ) ( ) ( )

i i
n n

i i i i i
n n n

i x t X x t X

x t a a x t a x t a x t b u t= + + + + +

L

& L
           (6-3) 

where 1( ) ( )j jx t x t−= &  for 2, ,j n= L  with 1 ( )jx t−&  is the time derivative of 1 ( )jx t−
. Then, the 

consequence part can also be written as iii dtuBtxAtx ++= )()()(& , where 

[ ]1( ) ( ), , ( ) T
nx t x t x t= L , iA  and iB  are the same as those in the discrete case, and 

Tii ad ],,0,0[ 0L= . Similarly, the related items for a continuous affine TSK fuzzy model can be 
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defined. 
In the literature, based on the Lyapunov theorem, several design approaches have been 

proposed to design stable controllers for homogenous fuzzy models; i.e., the constant vector is 
absent in (6-2). One of the most commonly used approaches is the Parallel Distributed 
Compensation (PDC) control [89,106], in which fuzzy controllers share the same premise parts 
with the considered fuzzy systems. The sufficient conditions for the stability of the closed-loop 
system are summarized in [90]. It is required that the stability of the overall system be checked by 
solving LMIs [87]. If the common Lyapunov matrix cannot be found, another design is tried. It 
should be noted that the number of inequalities to be solved is ( 1) / 2r r + . It can be found that 
when the rule number is large, it may be very difficult to solve those inequalities.  

As mentioned in above, there is another kind of approaches [103,105] in which a controller 
is defined for the nominal system of fuzzy rules first, and then the deviations from this nominal 
system existing in all rules are dealt with in a robust control fashion. Our approach shared the 
same idea as this kind of approach. The nominal system can be defined as 1

0 ( , , )rA conv A A∈ K  

and 1
0 ( , , )rB conv B B∈ K , where 1( , , )rconv A A =K
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 and [ ]0 00, , TB b= L . The formation of 0A  

and 0B  can be arbitrary as long as they are stabilizable. Usually, a simple arithmetic average is 
taken; that is, 0 ( { } { }) / 2i i
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 where 0
j

i
jji aaa −=  and 1 0

i
ib b b= − . Then, the system (2) can be rewritten as  

1 1 1

0 0
1

( 1) ( ) ( )

( ) ( ) ( ) ( )
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where 
1 1

 and 
r r

i i i i
i i

A w A B w B
= =

∆ = ∆ =∑ ∑ . Similarly, with the same definition as above, a continuous 

affine TSK fuzzy model can be written as  

0 0
1

( ) ( ) ( ) ( ) ( )
r

i
i

i

x t A A x t B B u t w d
=

= + ∆ + + ∆ +∑& .  
          

               (6-6) 

Note that  and A B∆ ∆ are regarded as uncertainties in this kind of approaches. 
The design idea is to design a controller for each local model under the idea of Parallel 

Distributed Compensation (PDC) control [89,106], in which fuzzy controllers share the same 
premise parts with the considered fuzzy systems. Then, the ith control rule can be written as 

1 1Rule  : IF  is  and  and  is 
             THEN ( )

i i
n n

i

i x X x X
u F x=

L
  for 1, ,i r= L . 
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Thus, the overall fuzzy controller is 
1

( )
r

i i
i

u w F x
=

= ∑ . In our study, a novel design approach, 

which consists of two parts of controllers to stabilize the nominal system and variations residing 
in all rules, respectively, is proposed. The propose feedback control law can be written as 

( )Cu Gx G x= + ,                                       (6-7) 
where G is to control the nominal system with the desired control performance and ( )CG x  is to 
compensate the variations in all rules individually. In the following, we shall introduce how the 
above control law is obtained. This type of control laws is called the hybrid compensation control 
(HCC) in our study. The control law proposed in [103] is referred to as the nominal compensation 
control (NCC) and the PDC controller [89,106] is called the distributed compensation control 
(DCC). [105] also proposed a similar controller, in which the second part is to treat those 
variations as a whole instead of individually in a robust control sense. If those subsystems are 
distributed in a wide range, the required norm bound conditions may not be satisfied. In that case, 
the design algorithm will fail. This can be seen in our example shown later. For the proposed 
HCC, it is not required to find a common Lyapunov matrix for all subsystems. This advantage 
greatly increases the applicability of our approach, especially when the rule number of the system 
is large. 

As mentioned earlier,  and A B∆ ∆ (in Eq. (6-5) for the discrete case or in Eq. (6-6) for the 
continuous case) are regarded as uncertainties in our approach. For those terms, the following 
assumptions are made: 

A1) The nominal part of the system (6-5) or (6-6) is stabilizable. 
A2) Uncertainties may vary with time within a prescribed bounded set. 
A3) There exists a n×1  vector a~ , a scalar b~  such that 0A B a∆ = %  and 0B bB∆ = % .                   

Those assumptions are also used in [107] and [108] in dealing with uncertainties in the 
system matrix and input channels. In our case, since those uncertainties are in fact the summation 
of the deviations of all rules, it is easy to see that those assumptions can easily be satisfied.  This 
can be verified in our control design for various systems. The control law designing methods for 
discrete and continuous TSK fuzzy models are derived in the following two subsections. 
A. Discrete-time Case 

Consider a discrete TSK fuzzy model described by (6-5). Let the control input be (7), where 
[ ]ngggG L21=  is to stabilize the nominal model in (6-5) and ( )CG x  is to compensate 

the variations of all rules. Substituting (6-7) into (6-5), we have 
( ) ( )0 0 0 0 0( 1) ( ) ( ) ( ) ( ) ( )Cx k A B G x k B ax k bG x d A x k B h x+ = + + + + = +% %%        (6-8)  
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=% , and ( ) ( ) ( )Ch x ax t bG x d= + +% %% . In order to let the 

system be stable, there must exist symmetry positive definite matrices P and Q such that 
QPAPA T −=−00 . Define )()())(( kPxkxkxV T=  and we have 

( ( )) ( ) ( ) ( )[ ( ) 2 ( )]TV x k x k Qx k h x h x xα β∆ = − + +  
where 0 0

TB PBα = , 0 0( ) ( )Tx B PA x kβ = . It is easy to verify that when ( )[ ( ) 2 ] 0h x h xα β+ ≤ , 

the system is stable. Since ( ) ( ) ( )Ch x ax t bG x d= + +% %% , if the compensation part is set as 

( )( )C
ax k dG x

b
+

= −
%%

%
, then ( ) 0h x = . Hence we have 

1( )( ) ( )

r

i i i i
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C
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i i

w a w d
ax k dG x x k

b w b w b
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∑ ∑

%%%%
% % %

 .                    (6-9) 
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We then have the following theorem. 
Theorem 1: Suppose that the chosen nominal system matrix 0 0( , )A B  for the discrete fuzzy 

model system (6-1) is stabilizable. Then, the closed-loop system driven by the control law (6-7) is 
asymptotically stable in the large, where G is the stable state-feedback gain for the nominal 
model and ( )CG x  is given by (6-9). 

Proof:  With the compensation part of the control law in (6-9), the equation ( ) 0h x =  
holds. Thus the closed-loop system (6-8) becomes 

( )0 0( 1) ( )x k A B G x k+ = + .                                    (6-10) 
Since 0 0( , )A B  is stabilizable, it proves the Theorem.                   Q.E.D.  
From Theorem 1, we can also conclude the following lemmas. 

Lemma 1: The behavior of the discrete fuzzy model (6-1) controlled by the control law (6-7) 
is the same as the closed-loop nominal model (6-10).  

The closed-loop system is a linear system (nominal model) whose eigenvalues can be 
arbitrarily assigned by the state-feedback gain G. Hence we can employ various stability design 
approaches, such as pole-placement, linear optimal control or other design techniques in 
designing controllers for the nominal model. 

Lemma 2: Consider the fuzzy model system (6-1) without the constant term. Suppose that 
the eigenvalues assigned for each subsystem are the same as that for the nominal model. Then the 
state feedback gain of the ith subsystem is 

i
i

i

aF G
b

= −
%
% ,                                               (6-11) 

where ri ,,1 L= , and iF  and G  are the state feedback gains of the ith subsystem and of the 
nominal model, respectively.  

It is easy to verify this lemma by simply substituting the feedback gain into rules. 
In Eq. (6-9), if 1

ib ’s are the same sign in all rules that implies 0b ≠% . In most of existing 

approaches, b% ≠0 is always assumed. When 1
ib  changes sign among rules for some },,1{ ri L∈ , 

b%  may be near 0 or equal to 0. If such a situation occurs, it means that in a transition instant, the 
input can hardly change the system states. In other words, the system becomes uncontrollable. We 
think b% =0 is only a transition state and usually, the system can still work well without this 
assumption. In our implementation, a threshold ε  is used to avoid large input values for such 
situations. As in Example 1 shown later, when 1

ib  changes signs among rules, the control input 
transits from large negative values to large positive values. By using a threshold, the input is 
limited to a reasonable range and the system still work well. We further analyze such a case in the 
following. If b% =0, it means that the inferred system is ( 1) ( )x k Ax k+ = . It is an unforced 
system, and no matter what input is, the system behavior is uncontrollable. If the current 
uncontrollable state is an equilibrium state of ( 1) ( )x k Ax k+ = , then there is no way of moving 
out this uncontrollable state. This is rarely the case and it is the problem of the system and is not 
caused by our control law. If not, the system will transit and then it is easy to find that b% ≠0 
because the system state is changed. 
B. Continuous-time Case 

Similarly, we can derive the control law for continuous-time systems. The control law (6-7) 
is also used for a continuous TSK fuzzy model system (6-6). Since 0A  is Hurwitz stable, there 

exist symmetry positive definite matrices P and Q such that QAPPA TT −=+ 00 . Let 

)()()( tPxtxxV T= , and we have  

0( ) ( ) ( ) 2 ( ) ( )T TV x x t Qx t h x B Px t= − +& . 
Obviously, if the inequality 02 ( ) ( ) 0Th x B Px t ≤  holds, the system is asymptotically stable. We let 

02 ( ) ( ) 0Th x B Px t = ; i.e., ( ) ( ) ( ) 0Ch x ax t bG x d= + + =% %% . Therefore, 
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 .                        (6-12) 

Clearly, equation (6-12) is the same as that for the discrete case; i.e., equation (6-9). In other 
words, Theorem 1 can also work for continuous fuzzy models. Consequently, Lemmas 1 and 2 
also work for continuous fuzzy models. 

Finally, the proposed HCC design method is summarized as follows: 
Step 1: Select a stabilizable central rule as the nominal fuzzy model and calculate the 

variations for all subsystems by equation (6-3). 
Step 2: Find a state feedback matrix G  such that the nominal fuzzy model in (6-8) is assigned 

the desired eigenvalues. Such a G can be designed by various techniques to provide 
specified system behaviors. 

Step 3: Get the compensation part ( )CG x  by using (6-8) and (6-9). 
In this section, various examples are considered to illustrate good design performance of the 

proposed HCC design scheme.  
Example 1: Consider an unstable continuous model, in which there are two rules in the model 

and the system matrices are 

1 1

2 2

0 1 0
,    

0.588 2.718 0.603

0 1 0
,    

0.361 2.256 1.12

A B

A B

   
= =   −   
   

= =   − −   

. 

Define the nominal system matrices as 0 1 2

0 11 ( )  
0.4745 2.4872

A A A  
= + =  − 

and 

0 1 2

01 ( )
0.26112

B B B  
= + =  − 

. Let the desired eigenvalues are [ 0.5 ,  0.5 ]j j− + − −  and then 

[2.9703  13.3558]G = . Define IQ = , we have 14183.23 >=v  [103] for NCC. Such a design 
cannot guarantee the stability of the system. Using our HCC approach, the compensation parts are 

[ ]1 19.3957 45.087 ,  2.3096a b= − − = −%% and [ ]2 29.3369 44.8226 ,  4.8298a b= =%% . Suppose that 
the same eigenvalues are assigned for all subsystem (DCC). From Lemma 2, we obtain 

[ ]1 1.0978 6.1658F = − −  and [ ]2 0.7937 2.9071F = − − . The solution for LMIs cannot be 
obtained for this case. In other words, the stability condition is not satisfied, and the controllers 
for all rules must be redesigned in the PDC approach. Fig. 45 shows the response of the three 
closed-loop systems for the initial condition ]0  1[=x . Simulations confirm the above assertions. 
Now, consider the approach in [105], since the norm bound of uncertainties is bigger than 1, that 
approach fails in this case. It should be noted that in this example ib  changes signs among rules. 
We can find that the control input transits from large negative values to large positive values as 
shown in Fig. 46. By using a threshold, the input is limited to a reasonable range. 

Example 2: Consider a nonlinear discrete system in [109] 

22 )1()2(1
)()1)2()(1()2()1()()1(

−+−+
+−−−−−

=+
kyky

kukykukykykyky  

The TSK fuzzy model of such a system is derived in [101] and shown as follows: 
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)(279.0)(333.0)(974.008.0)1(THEN         

  B1is  )(  and  1A  is  )(   IF  :
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−++=+
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),1(029.0)(419.0                                    
)(127.0)(058.0)(03.0021.0)1(THEN         
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where 3( ) ( )x k y k= , )1()( 32 −= kxkx , and )1()( 21 −= kxkx . Define the state vector 
[ ]321 xxxx =  and the membership functions are the same as those used in [101]. It can be 

found that the rule number is 7, LMI kinds of approaches may have difficulties in solving it. Now, 
the optimum control design is used. The considered cost function is of the form 

∑
∞

=

+=
0

)]()()()([
k

TT kRukukQxkxJ . Two situations are tested here:  

(I) 1

10 0 0
: 0 0 0

0 0 0
J Q

 
 =  
  

 and R=1 and (II) 2

10 10 0
: 10 10 0

0 0 0
J Q

− 
 = − 
  

 and R=1. 

Design case (I):    
4005.0166.00675.0
100
010

0

















−
=A  and 0

0
 0

0.6792
B

 
 =  
  

. It is easy to verify 

that 0 0( , )A B  is stabilizable. By minimizing 1J , the required eigenvalues are 

[ ]2392.02661.01123.02661.01123.0 jj −−+−  and then the state-feedback gain is 
[ ]5682.02881.01288.0 −−=G . The compensation parts are 

[ ]1 10.3465 0.3244 0.9993 ,        0.7273,a b= − =%%  

[ ]2 20.237 0.0486 0.4162 ,       0.6169,a b= − − =%%  

[ ]3 30.1012 0.0918 0.7941 ,        0.9114,a b= − =%%  

[ ]4 40.1662 0.3634 0.8565 ,     1.4385,a b= − − =%%  

[ ]5 50.0525 0.1891 0.6583 ,      0.8643,a b= − − =%%  

[ ]6 60.24 0.1028 0.4307 ,       0.5595,a b= − − − =%%  

[ ]7 70.2551 0.1198 0.1482 ,      0.5624.a b= − − =%%  
Design case (II): By minimizing the cost function 2J , the desired eigenvalues become 
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[ ]766.01458.00059.01458.00059.0 jj −−+− . Thus, the state feedback gain is 
[ ]521.0263.0123.0 −=G  and the compensation parts are 
[ ]1 0.35 0.32 0.70a = −% , [ ]2 0.24 0.06 0.83a = − −% , [ ]3 0.11 0.09 0.90a = −% ,
[ ]4 0.16 0.35 0.38a = − −% , [ ]5 0.05 0.19 0.81a = − −% , [ ]6 0.24 0.11 0.91a = − − −% ,

[ ]7 0.26 0.13 0.62a = − −% , and 1, ,b% L and 7b%  are the same as those in case (I).  
The simulation results are shown in Fig. 47 for the initiate state (1, −1, 1).  It can be found that 
the overall system can indeed have good control performance as expected.  

Example3 : Consider the problem of balancing an inverted pendulum on a cart. The dynamic 
equations are [110] 

)(cos3/4
)cos(2/)2sin()sin(
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21
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where 1x  and 2x  are the angle of the pendulum from the vertical and the angle velocity, m is 
the mass of the pendulum, M is the mass of the cart, )/(1 Mma += , 2/8.9 sm=g  is the 
gravity constant, 2l is the length of the pendulum, and u is the force applied to the cart. Similar to 
[87], kgm 0.2=  and kgM 0.8= . The fuzzy model can be approximated as [87]: 
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overshoot with the rising time 2s. 

We select the nominal fuzzy model as 

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. It is easy 

to verify that 0 0( , )A B  is stabilizable. For the given specifications, the required two pole 
locations are (−2, −2). Then, we have [ ]5911.438267.188=G .  From (6-8), the compensation 
parts are: 

[ ]
[ ]
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131.0811 40.2407 ,            1.9231,

134.8203 41.1039 ,      0.0571
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= =

= − − =
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.  

The controller is used for the initial conditions )/0,80(),( 21 sxx oo= . For the same desired pole 
locations, the PDC approach in [87] and the approach in [105] are also considered. The 
simulation results are shown in Fig. 48 and corresponding rise-time are listed in Table 19. It can 
be found that our approach is the nearest one. Moreover, when the rise-time is 0.75 sec, the 
required two poles are about (−5, −5). By using our HCC approach, the simulation result and the 
rise-time are also shown in Fig. 48 and in Table 19, respectively. It is clearly that HCC could 
achieve such a specification.  

Since our approach is to directly compensate the uncertainties, robustness again parameter 
changes is an important issue. Nevertheless, our approach is derived in a Lyapunov control 
fashion. The obtained controller is always stable under a certain range of uncertainty. Thus, if a 
parameter slightly changes, we believe the proposed controller is robust. Fig 49 shows the 
simulation results of changing m (the mass of the pendulum), M (the mass of the cart) and l ( the 
length of the pendulum), respectively, within 10%± , and without re-designing the controllers 
(two poles are located at (−2, −2)). It is evident that the responses of using our controller are only 
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slightly changed even though the direct compensation is implemented. For the other two 
approaches, the changes are much less in our simulation. It is because those two approaches do 
not directly compensate those uncertainties and as a consequence, the effects of parameter 
changes are small. 

In this report, we have proposed a method of designing controllers for affine TSK fuzzy 
models. In this approach, the controller is separated into two parts. The first one is to move the 
eigenvalues of the central rule to the desired locations. The second one is to individually 
compensate the variations residing in all rules. The design procedure is simple and effective. The 
stability analysis becomes the Lyapunov theorem for linear systems. Such an approach not only 
can result in the use of various control design techniques but also can guarantee desired 
performance of the closed- loop system. Various examples are conducted in the report. Some of 
them even cannot be solved by other existing approaches. All results illustrated good control 
performances as desired. 

Table 19. The rise-times of Zak’s, PDC and FCC for Example 3 

 Zak’s 
Poles at (-2 –2) 

PDC 
Poles at (-2 –2)

FCC 
Poles at (-2 –2)

FCC 
Poles at (-5 –5) 

Rise-time 3 sec 0.75 sec 1.31 sec 0.74 sec 
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Fig. 45  The responses of using various controllers for the system in Example 1. 
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Fig. 46  The control input by using the proposed  HCC for the system in Example 1. 
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Fig. 47  The state trajectories of  the nonlinear discrete system in Example 2. 
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Fig. 48 The angle responses of using various controllers for the system in Example 3. 
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Fig. 49 The angle responses of using the same HCC for the system with various parameter 

variations in Example 3. 
 

八、即時系統之建構 

本計劃所探討的是一實際操作的系統，因此即時性的操作是必要的，為了能  有較佳

的即時操作，我們提出利用外部 clock 來達到即時的概念，在傳統的  Windows 中由於其
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插斷其設計不佳使得其不能有即時的操作，而在較新的 NT  中其已能有好的處理能力，可

是由於 HAL 及驅動程式的難撰寫，由其本身系統中去讀取很難做到。而在我們初步的實驗

中，利用外部 clock 輔以 Event 方式的插斷處理，在其他計算程式及硬體操作干擾下，其即

時精確度仍然可達 sµ360 ，如下表所示。如是的精確度是符合我們需要的。因此我們也納

入此一方式來達到在 Windows 下的即時操控的目的。 

 

 

 
Table 20 

Mode 
Process 

Polling Event-driven Error 
(Event-driven)

No Process 20.08ms 20.08ms 80μs 
1 Process 25.68ms 20.16ms 160μs 
2 Processes 25.71ms 20.24ms 240μs 
12 Processes 37.7ms 20.24ms 240μs 
12 Processes+存取硬碟 45.6ms 20.36ms 360μs 
12 Processes+存取硬碟 
+ IE 上網 

47.8ms 20.36ms 360μs 

12 Processes+存取硬碟 
+ IE 上網+讀取光碟 

無法 
量測 

20.36ms 360μs 

12 Processes+存取硬碟 
+play game 

無法 
量測 

20.36ms 360μs 

12 Processes+存取硬碟 
+開關 IE 

無法 
量測 

20.36ms 360μs 
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