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a, -1.9187 -1.9112 -1.8890
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Motion Simulation is to rebuild the feeling of passengers in a vehicle from a locally moving
simulator. The most popular device utilized in motion simulation is Stewart platform. Stewart
platform is a six-degree free device. Because Stewart platform is complicated and hard to design,
washout filters are often used to fulfill motion simulation. The idea of washout filters is to ignore
the frequency so that a limited workspace of platform can generate infinite motion. Originally,
motion simulation is developed to train flight pilot. Nowadays, motion simulation not only is
employed in flight simulation, but also can be used in various vehicle simulations. We design a
spring device to be added after the washout filter to reduce the chance of reaching the boundary
of the workspace.

\:t

The position of 6-degree free platform is defined by (x, y, z, roll, pitch, yaw). We divide it
into two domains, the shift domain (x, y, z) and the angular domain (roll, pitch, yaw). Now we
construct the relationship between each two vectors in each domain respectively. We now focus
on the shift domain. Figs. 3~5 are the mutual relationships of each two vectors while other

5



variables are zero. The outer ellipses are the approximation field of the available field, and the
inner ellipses are the safe zone. The fixed vector far away the origin the effective area is
smaller. Hence, we can approximate the boundary of shift domain as an ellipsoid. The ellipsoid is
described as

1 2 2
: O+ 25) Z 4 1)
160 160 100
The mutual relationships of each vector in the angular domain are shown in Figs. 6~8 while

other variables are zero. The boundary of angular domain can also be approximate as an ellipsoid,
and it is described as

roll® N pitch’ N yaw’
15.8° 16> 15.2°
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Fig. 3 The mutual relation between x and y with z=0.
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Fig. 4 The mutual relation between x and z with y=0.
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Fig. 8 The mutual relation between pitch and yaw with roll=0.

We have defined the boundary of the working space and the warning zone and dangerous
zone are described in Table 4.

Table 4 The equation of the working space surfaces.

(X,V,2) (roll, pitch, yaw)
Boundary Surface x° N (y+15)° N z? _q roll? N pitch’ N yaw’ _
160° 160° 100° 15.8° 16> 15.2°
Warning Surface XX (y+15)° 7 roll>  pitch®  yaw’
50 s 50 79w 76
Dangerous Surface x (y+15)° N z’ 1 roll? N pitch’ N yaw’ 3
120° 120° 75° 11.85° 12° 11.4°

We consider a continuous acceleration motion. In Figs. 9 and 10, the solid line is the original
position and the dash line is the position after spring device. We can see the dash line is very
similar to the solid line. Thus, the feeling of pilot on the platform is very similar even the same.
From Fig. 10, we can find that while the original trajectory is closer to the working space
boundary, the new generated trajectory is changed bigger. In the other words, it is harder to move
the actuators while the platform is closer to the working space boundary. In Fig. 10, we also can
find the three still part of the original trajectory, the new generated trajectory moves slightly
toward the original. In Fig. 11, the solid line is the original length of actuators and red dash line is
the length of actuators after spring device. We can see the dash line is closer to origin than the
solid line obviously.
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Fig. 10 The angular outputs after spring device.
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There is another way of dealing with the motion of simulators and is referred to as the
motion cue. It is often used in the so-called virtual reality emulation theaters. Because this kind of
application is an off-line system, engineers can design the platform variation to generate motion
cues by their experience. Because of this property, there are two major advantages for motion cue.
One is that because motion cue is an off-line mapping, we can plan the whole motion to avoid the
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movement of actuators out of the working space. The other one is that special movements can be
added to generate more entertaining effects. Because motion cue deeply relies on an experienced
engineer to arrange a good motion cue trajectory of Stewart platform positions, we attempt to
build fuzzy rules to make the motion cue design more easily. The performance of motion cue
deeply depends upon the experience of the designer, and it can usually be designed delicately.
The disadvantage of motion cue is that a well-designed motion cue always relies on engineers’
experience. Hence, we would like to discuss a method that engineers can plan motion cue easier
even that the engineer is with less experience. Then, we focus on the trajectories of actuators. If
we can find the relationships between motions and the length of actuators, we can easily design
the motion cue without experience. Now we have a series of trajectory of length of actuators. We
have found some relations between motions and length of actuators, and the main relations are
described in Table 5.

Table 5 The relations between motions and actuators.

ctuator . . . .
) First Second Third Fourth Fifth Sixth
Motion
Accelerate forward Shorten Shorten
Up slope Extend Shorten
Turn right Shorten Shorten
( Film )
y
Classify Motion Types
v
fuzzy Model
v
Testing by sitting on the
platform practically Not good enough .
- Tuning

fine

o

Fig. 12 The motion cue design process with fuzzy model.

Although we have found some relations between motions and length of actuators, it is not
easy to build a fuzzy rule set. It is because it is hard to understand the physical meaning that the
motion cue provides. Hence, to focus on the trajectories of the length of actuators is not a good
way to design motion cue. In order to satisfy the physical meaning, we then focus on the position
of the platform. In this study, as shown in Fig. 12, a process is proposed to design motion cue
with fuzzy rules of position of the platform. While a film is obtained, we first classify the motion,
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and then map different types of motions maps to different fuzzy models. Fuzzy rules are to form
trajectories. Then, a pilot is to test whether the generated is realistic. If it is not good enough, the
motion cue is tuned until the pilot satisfies the effects. We then have the rule tables as shown in
Tables 6~10.

Table 6 The Z variation fuzzy rules of upward slope.

Length of the Short Normal Long
Acceleratio ¢

Slow L S S
Normal L M M
Fast L L L

Table 7 The moving rate of Z fuzzy rules of upward slope.

Length of thd Short Normal Long

slope

Acceleration

Slow S S S
Normal L M S
Fast L L M

Table 8 The Z variation fuzzy rules of downward slope.

Length of the Short Normal Long
slope
Acceleration

Slow L S
Normal L M S
Fast L L M

Table 9 The fuzzy rules of making a turn motion.

Radius of Curve Velocity Length of Curve|  Variation Moving Rate of
Percentage of Y

E4ES el el el 22 k4E4E 4 ialialia
n|ZicrnZcnZcnZc|nZic
nn L L C v nnnnin | c
nn L|n L C v nnnnLinnn<

22212122 |c|e e e e e

12



nnZicicic o e | nnL
121K d lallalialialialial i ]17]Kd

nZc|n|Z|o|wnZc|wn 2 e

nnnnnnnrnnn L
nnn L v nixn

Table 10 The moving rate of Z fuzzy rules of downward slope.

Length of the Short Normal Long
slope
Acceleration

Slow S S S
Normal L M S
Fast L M S

According to the film offered by Occam Corp., we utilized the fuzzy rules to generate the
platform position. Fig 13 is the surge variation of an upward slope motion, in which the solid line
is the trajectory offered by Occam Corp. and the dash line is the trajectory generated by the fuzzy
rule. Fig 14 is the sway variation of an turn right motion, in which the solid line is the trajectory
offered by Occam Corp. and the dash line is the trajectory generated by the fuzzy rule.

Surge

50

10 20 30 40 a0 &0

Fig 13 The Surge(Y) variation.
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Fig 14 The Sway(Z) variation.
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FANN is a powerful and fast approach of modeling complex systems. All structure is
developed by the mathematical theorem, named the Volterra series. The Volterra approach has
been used for modeling nonlinear systems, when prior information is available about the internal
characteristics of such systems or when the complexity of the system prevents the postulation of
explicit parametric models.The identification problem of a single-input single-output (SISO)
nonlinear dynamical system is considered in [26], under the assumption that the input-output
relationship can be described by a Volterra series

o) =V (u)e) =V, ()
:i oo [ty ule )l Y, - G3-1)

:0 tlel tyel
where the input u belongs to real L*(I). I is an interval of the real line, and, for some
nonnegative integer n, the output y is a member of the Sobolev space H’ (I ) of real-valued

functions y on I such that y) =d’y/d:'is absolutely continuous on I, i=0,1,---,n—1, and
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y(") el’ (1 ) On physical grounds, these conditions state that # and y and sufficiently many, n, of
the output derivatives have finite energy by taking all such functions to be square integral over /1.
It is proven in [26] that when a set of test pairs {(u} e L*(I), Y, € H’ (1)) j=1---,N} is

available, where u;,,j=1,--,N, are distinct elements of L’ (I ), then the optimal estimate

7.u) of 1,00 i
7,003, 0)-exi 2o )| @

where <u(), v()> oo = ju(t)v(t)dt and w, e H 2(I) are obtained by (3-2)

R
o l=G |, (3-3)
Wy (t) Y (t)

ol ettt ]

i,j=1,--,N
The set of test pairs, {(uj el’(I)y, er(I))jzl,---,N} that describe (12), serve like
exemplars of artificial neural networks. This leads to the development of FANN [9][10], which
implements as a feed-forward neural network with functional weights ¢, () In this respect,

exemplars of functions while conventional neural networks are trained with exemplars of point
values.
The block structure of FANN may be realized as a two hidden layer network [25], where the

synaptic weight associated with the connection from u(k) to the j” neuron of the first layer

represents the value u’ (k) of the j” exemplar input. The output of each neuron in the first

layer being exponential over the sum of weight input products. The second hidden layer consists
of a single linear neuron, with synaptic weights w;, (t) and output equal to y(t).

The FANN under consideration, implements an operator that is an optimal L, interpolation
map of a function u() into another function y() over a time interval /, according to the
formula:

=M= 2o 0o 12 hlih | 39

for input over discrete time of N samples. In general, u(t) and y(t) are vectors of real values at
time #; i.e., u(-) consists of n elements being functions of #, and y(-) consists of m elements
being functions of #, resulting in a multiple-input multi-output functional artificial neural network.
The patterns {{u’ (t),t el },1 <j<N } are exemplar inputs for training the network. In the

implementation of a FANN, the exemplar training inputs u’ () are represented by N samples in

the time interval /, and treated as weight vectors for the first of the two layers of the FANN.
During training, wj(t) is calculated for discrete time instances, or else it is modeled as a

continuous vector function. Given an unknown pattern f{u(z),z €1}, FANN evaluates the
similarity of this pattern to each of the exemplars {{uf (t),t el },1 <J<N }, and estimates y()
through weighted average of high selectivity over the corresponding exemplar actions y’ (),
where the degree of selectivity may be adjusted through r. Thus, if u() is very similar to u* ()

and quite dissimilar from all other exemplars ' () , then y() is approximated by y* ()
FANN was further generalized to multiple-input multi-output (MIMO) cases, by replacing
(1) with L2(7) and u()=[u,()-u, ()] is a vector of n functions and
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y()=[, ()., ()] is a vector of m functions. Also, the index j is placed as a superscript in

the MIMO case (it was a subscript in the SISO case) in order to avoid confusion with indexing
the elements of the vector. Then

ZW exp[r [u (z)- u(r)dz’], (3-6)

rel

n

where r is a positive real constant, {uj (t):[u{ (z‘),m,uj (I)T :te]}, I<j<N are N

prototype output patterns, { / [yl , ayn )}T itel }, 1<j<N with
W (0] yl 0]

W (1) |[=G o]y (1) (3-7)

RO I G
and G:[GUJ where

rel

Gy =exp| j ] (3-8)

The set of test vector I/O function pairs, {(u’ , v’ ): j=L---\N } are the exemplars for training the
FANN, i.e., calculating the set of vector functional weight {w-/ (t): tel },1 <j<N.

If an unknown input pattern {u():z € I} is presented, the FANN evaluates the similarity of
this pattern to each of the exemplars {u / (t) tel },1 < j< N, and the estimates y(¢) through
weighted averaging of high selectivity over the corresponding exemplar outputs y’(¢), where
the degree of selectivity may be adjusted through . From (3-7) and (3-8), notice that w’ (t) is
inversely proportional to the exponential of the inner product of u’ (t) with each of the
prototype input patterns, and it is proportional to y’(¢). Notice (3-6), w’ (t) 1s multiplied by the
exponential of the inner product of u’ (t) with the input pattern u(t) In this configuration, the
exponential terms define normalized weights that emphasize similarity in the averaging. Low
selectivity results in smooth averaging over the exemplar outputs, while high selectivity results in
a crisper approximation where the output that corresponds to the exemplar input that best matches
u(-) is emphasized in the averaging. Thus, if u(-) is very similar to u*(¢) and quite dissimilar
from all other exemplars u’(t), then y(f) is approximated by y* (t) If the similarity of u()
to more than one exemplar input is high, then y(#) is approximated as an average over their
corresponding exemplar outputs weighted by a measure of the corresponding similarities.

The following is listed the algorithm of the FANN,

Training Phase
Step 1. Set the numbers of input layer neurons, second layer neurons, and output layer neurons.
The weights between the first layer and second layer are defined in (3-8). From (3-8),
the parameter y is needed.

Step 2. Forward the input x[n]=u[n] into the first layer.
Step 3. By (3-8), the matrix of second layer neurons, G, , is calculated.

Step 4. By (3-6), compute the output sequence of output layer neurons,Y . From (3-7), the
weights between second layer and output layer are calculated. These are the output
weights we want.

There is something to be noticed. In the training phase, the algorithm of FANN does not have the
learning procedure. That may infect the accuracy of the output, y(t) .
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Testing Phase
Step 1. Forward the input testing exemplars into the first layer.

Step 2.The weights between the first layer and second layer as step 1 in training phase is used
to compute G; using (3-8).

Step 3.The weights between the first hidden layer and the output layer as step 4 in training
phase is used to compute testing output sequence, y[n]

The structure of the FANN in the frequency domain is now proposed. A main difficulty for
neural networks working in the frequency domain is that they need complex-valued weights for
the networks. Because of complex-valued weights, there are four algorithms are discussed. In
order to perform learning for this situation, the structure of FANN must be modified. The
modification is to provide mechanism for transferring training data in the time domain into the
frequency domain and to improve the performance, as we require. In the first, a FANN-based
neural network is constructed. To consider signals in the frequency domain, the fast Fourier
transform and inverse fast Fourier transform are necessities. In this stage, some details about
sample points and aliases are important to reconstruct signals in the time domain.

It is well known that when the analysis or design of a system is conducted in the frequency
domain, the result should be more robust to noisy and/or outliers compared to that in the time
domain. For analysis in the frequency domain, sometimes, a discrete low pass filter is required. In
our study, the Kaiser window [32] is employed to design such a low pass filter. The Kaiser
window is defined as

Io[ﬂ(l—[(”—“)/“]z)ml 0<n<M,
wr Io(()ﬂ)

where o =M/2,and I,() represents the zero-order modified Bessel function of the first kind.

> .
otherwise,

The Kaiser has two parameters: the length (M + 1) and a shape parameter f. Let o, be the
stop-band cutoff frequency and @, be the pass-band cutoff frequency, the width of the
transition region is defined as Aw =w, —w,. Define 4 =-20log,, 6 . The value of /S is given
by

0.1102(4-8.7), A> 50,
B =10.5842(4-21)"* +0.07886(4—21,),21< A4 <50.
0.0, A<21,
Then M must satisfy M = i
2.285A®

The structure of our functional network networks is shown in Fig. 16. In the FANN, the
approximated function is obtained through (3-2~3-4). The functions give the FANN a roughly
range of global minima. But the network cannot find the optimal output near the desire output.
For BP or FP (forward propagation) types of learning algorithms, their learning is usually slow
and has several local minima. In [28], the approach of mixing the BP learning algorithm and the
original algorithm used for FANN was proposed and the learning of that approach is fast and
powerful in finding global minima.

There are four algorithms used in our implementation of the FANN in the frequency
domain. First, the original algorithm of the FANN is still used. That is the FANN in the
frequency domain without learning. It is the traditional FANN.
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Fig. 16 The modified structure of FANN

Algorithm 1.

Step 1.
Step 2.

Step 3.
Step 4.

Step 5.

Step 6.
Step 7.
Step 8.

Transform all signals into the frequency domain. All signals become complex data.

Set the numbers of neurons in the input layer, in the second layer neurons, and in the
output layer neurons, respectively.

Set weights between input layer and hidden layer as exemplars.

Compute the values G, of neurons in the second layer by using (3-4).

Compute the output values Y, of neurons in the output layer by using (3-5).

Compute the weights between the second layer and the output layer by using (3-3).
Input the testing signals and compute the output signals by the weights.
Transform the output signals into the time domain.

Because complex-valued parameters are used for representing signals in the frequency

domain,

CNET (Complex-valued weight Neural Network) is proposed to model systems in

[28-31]. The error signals are defined as &; [i]: Vies—f i [n]—yf’l. [n], i,n=12,---,N [30]. Then,

the cost function is usually defined as the sum of squared errors and is

£ o) 2] 39

where El[n] is conjugate of ¢, [n] The BP algorithm minimizes the cost function (3-9) by

recursively altering the weights based on the gradient search technique. The partial derivative of
E with respect to the real and imaginary part of the weights must be derived separately. Let

w; [n] = wr, [n]+ iwi[n]. (3-10)
Consider the adaptation rule of the output layer as
wr.[n+1]= wr.,[n]—l P OE[n] (3-11)
Y Y 2" owr [n]
wi [n+1]=wiij[n]—%,u OE[n] (3-12)

owi,, [n]

Combining (3-11) and (3-12), we have

WI"[j

and

ol )
_ _ 1 [ OE[n] . OE[n] _

OE _OE 0z Oy OE &

< o ELL (3-15)

owr oz Gyf'awr oz 0y, owr’
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where z=f (yf ), Vs :2wu ; +6 . They are commonly used in neural networks. f is the

sigmoidal function and is defined as [ ( y) = Then,

e’

0 _ L, .

8_5;’ B _(ydes-f Vs ) (yf)uf - (ydm_f -y, )r (yf )Jf. (3-16)
Similarly,

aa_lf};i = —i()_}des—f _.)_}f )f’(yf )Mf +i(ydes—f _yf )f’()_/f )ljf' (3_17)

Combining (3-16) and (3-17), we have

i =y =y )1 (3-18)
Substituting (3-18) into (3-13)
wiy [+ 1= wiy [n)+ iy~ (3-19)
Equation (3-19) is the basic update rule.
Algorithm 2
Steps 1~6 are the same as that in Algorithm 1.
Step 7. Input the training patterns and update weights by (3-19).

Step 8. Input the testing patterns and compute the output signals by the weights.
Step 9. Transform the output signals into time domain.

100

801

60 1

40t

201

oL

-20 -20

G
1 1.8 z

(c)
Fig. 17 (a) The output before learning (b) The desire output (c¢) The algorithm must to depress the
signal we do not want and grows the wanted signal up.

There exist problems in the above algorithm. The learning procedure updates the real and
imaginary parts of the weights. Algorithm 2 uses only one learning rate to tune the weights and
the range of the real part value is different from that of the imaginary part value. That means if
the range of the real part value is [-50, 50], the range of imaginary part may be [-0.5, 0.5]. By the
algorithm in traditional FANN, the input signals and output signals of FANN do not have to
normalization to [-1, 1]. As a consequence, the updated weights are not optimal. The other
problem is the disturbance. The trace after learning is like the desired trace plus a sinusoid with a
fixed frequency. The phenomenon is shown in Fig. 17. The output contains a small impulse in the
amplitude of the Bode plot. It is obvious that the obtained amplitude is not what we want. After
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the signal is reconstructed in the time domain, such an unwanted impulse in the frequency
domain becomes a sinusoid in the time domain.
The complex numbers can be expressed as the following form:
(a) (real part) + (imaginary part) j (3-20)
(b) (amplitude) x /7" (3-21)
In the next discussion, we separate the complex numbers into two neural networks. In (3-20), the
FANN (a) is to model the real part of the complex-valued weights and the FANN (b) is to model
the imaginary part. Similarly, in (3-21), the FANN (a) is the neural network to define the
amplitude of the complex-valued weights and the FANN (b) is to define the phase of the
complex-valued weights. Note that the learning rate in FANN (a) is different from that in FANN
(b).
Algorithm 3 with ((real part) + (imaginary part) j) method
Step 1~6 are the same as those in Algorithm 1.
Step 7. In the FANN (a), input the training patterns (the real part of all signals) and update
weights by (3-19) in the FANN (a).
Step 8. Input the testing patterns (the real part of all signals) and compute the output signals
(the real part of all signals) by the weights.
Step 9. Do Step 1~8 for the FANN (b). The output signals (the imaginary part of all signals) are
calculated.
Step 10. Combine the real part and the imaginary part into complex numbers.
Step 11. Reconstruct the signal in the time domain.

Algorithm 4 with (amplitude) x e’/”"*? method

Step 1~6 are same as the Algorithm 1.

Step 7. In the FANN (a), input the training patterns (the amplitude of all signals) and update
weights by (3-19) in the FANN (a).

Step 8. Input the testing patterns (the amplitude of all signals) and compute the output signals
(the amplitude of all signals) by the weights.

Step 9. Do Step 1~8 for the FANN (b). The output signals (the phase of all signals) are
calculated.

Step 10. Combine the amplitude and the phase into complex numbers.

Step 11. Reconstruct the signals in the time domain.

In Algorithm 4, updating amplitude and phase is very sensitive in time domain. Algorithm 3
overcomes the disadvantages mentioned for Algorithm 2 and Algorithm 1. The network learns
the system quickly and robust. The tracking performance is better than that of the FANN in the
time domain. To reserve the idea of the FANN, all the structures and algorithms in our
implementation follow the formula in equation (3-8). In other words, all weights between the
hidden layer and input layer are not updated.

Zw

' 3

Yw X
Fig. 18 Example and the parameters we define
The case of a car and a driver-system, which was also used in [8], is used as an example in
our implementation. In this example, the output is expressed by its moving direction. The goal of
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the driver-system is to keep the car on the road. As shown in Fig. 18, this car is assumed to move
on a path resides on the X, —Y,, plane of the world coordinate system (WCS). The desired path

is represented as a function of traveling time t. Let a point on the path then can be expressed as a
parametric pair, like (x,(¢),y,(¢)) and ¢(r) be the angle of the slope of this path at a point

through t and is obtained as

#(t)=tan""(dy,, (¢)/ dx, () (3-22)
Then, the sequence {¢(t)} represents the shape of the path. Define G(t) as the angle between
the central axis across the car and the X, axis of the WCS. Then 6(¢) denotes the direction of

the car. The driver’s goal, which is to keep the car remaining on the road, then can be expressed
through the relation @(z) = ¢(z). The action of the driver-system at time t is the amount of angle

w(t) by which the system must turn the wheels with respect to the central axis across the car to
keep the relation @(r)=¢(¢) satisfied for each t.

The road is modeled as a composition of segments, where each segment may be a path as a
straight line or a concave path forming a turn. Assuming a minimum resolution time At by
which the driver-system scans the road ahead at a speed U, the road segments are sampled at

intervals AS =U | - At. Each road segment then is modeled as a discrete-time sequence of angles

of slopes {¢(i): t=ixAt,ieZ" u{O}}. The driver-system has a perspective view of the road

ahead, instead of its actual floor plan. Thus, it views a transformed image of the road ahead.
Consequently it  perceives a  discrete-time sequence of angles of slopes

{O'(i):t:i xAt,ieZ*u{O}} on the transformed image. This sequence is used by the
driver-system in order to plan its actions; i.e., to generate a sequence
{a)p (i):t=ixAtieZ* u{O}} before the car enters the viewed road segment. When the car

enters the road segment, t=ixAr will be tan(d(i)), where 8(i)=6(-1)+w(i-1), or
equivalently, 0(i)=6(0)+ ZH w(k), and (i) is determined by (i)=w ) i)+ Aw , (). Here

k=0
o, istheinput u, and Aw, is the correction through feedback.

=3 =1 i=5

=0
=2

Ew

Fig. 19. Floor-plan for eight case of road segments.

Fig. 19 shows the floor-plan for N=8 cases of prototype road segments that are considered
for training the FANN. In this example, each of those paths were generated by a third degree
polynomial,

Y, =a, X, +a, X, +a,-x, +a, (3-23)
where the variables x,, and y, refer to the coordinates of each point along the path. This is the
least degree of polynomial that satisfies continuity in position and slope at both ends of each
segment and allows their smooth concatenation in modeling general shapes of paths. Since it is
desired that {8(z)} = {#(¢)}, we need to have the sequence {#(z)} for each of the prototype
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patterns to train the FANN. Since the prototype path segments are generated by a third degree
polynomial, the angle of the tangent at each point along the path is given as

#0)= tan” (flij By ()4 200w () a). (324

The origin of each path is at the point (x,(0),y,((0)))=(0,0) and then a, =0. The slope

of the tangent at the origin of each path is zero coinciding with the direction of the car as it enters
the path segment, and also @, =0. This assumption is natural in this example, because the

driver-system may consider a single road segment head of it each time when the car is located at
the origin of that segment. Besides, at that time, the moving direction of the car should coincide
with the slope at the origin of the segment for a smooth ride. Then, it is also natural to perceive
that segment as if it were described with reference to a world coordinate system whose origin
coincides with the driver’s position and the X axis coincides with the moving direction of the

car. Then, a straight segment becomes trivial since a, =a, =a, =a, =0, and thus ¢(t): 0 at

each point along the segment. For this reason, we did not include a straight segment among the
eight prototypes in this example, although we could have.
The X, axis is calculated as
x, ()= x, (= 1)+[Tg |- At cos(p(1), (3-25)
#i)~tan"(3-a, - x2(i-1)+2-a, - x,(i-1)+a,), (3-26)
and thus,
x,(0)=x,(i=1)+|T |- Ar-cosltan™ (3 a, - x} (i -1)+2-a, -x,(i-1)+a,)), 3-27)
where (i) is calculated as
oli)= Ag(i) = ¢li +1)-9(0) (3-28)

Next, the restoration map of the perceived image is calculated. Let [C v.Cy,C Z] be the
world coordinates of the driver’s camera, N = [N v Ny, N Z] be the viewing direction of the
camera, V be a view-up vector that specifies the orientation of the camera, and d be the distance
of lens from its screen. Choosing L=V xN results in a right-hand viewing coordinate system
(L, V,N ) centered at the lens of the camera. Then, a viewing transformation is used in order to
map world coordinates [x,,y,,z,] to viewing coordinates [x,,v,,z,], and subsequently a
perspective transformation maps the viewing coordinates to screen coordinates [xs, V,,d ] The
angle of slope O'(t) that is perceived at each point on the transformed image on the screen of the
camera is a mapping of ¢(t), and is calculated as

o(t)=tan™(dy,(t)/dx,(t)). (3-29)
Differentiation by parts,
dy,[dx, =dy [dx, -dx, |dx, (3-30)

followed by long calculations, (3-29) becomes
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2a, (VY Ny =V -NY)-xi,(t)

Cc.-\Vv, -N,-V,-N
"{3‘13'(_’_ZZ(,(}(/Z.]\Y]Y_[Y/Y.]\)/('Z))j-"az'(I/I/'NX_VX'NY)]'xi(t)
+2a2'(CX'(VX'NY_VY'NX)+CZ'(VZ'NY_V;'NZ))'xw(t)
+a1'CX'(VX'NY_VY'NY)+‘11'Cz'(Vz'NY_VY'NZ)
G(t)=tan_l +Cy'(VY'NX_VX'NY)+CZ'(VZ'NX_VX'NZ)
2“3‘(LY'NX _LX'NY)'xi’(t)

C,-\L,-N,-L,-N
(s
+2a2'(CX'(LX'NY_LY'NX)+CZ'(LZ'NY_LY'NZ))'xwv(t)
+a1'CX'(LX'NY_LY'Nx)+a1'Cz'(LZ'NY_LY'NZ)
+CY'(LY'NX_LX'NY)+CZ'(LZ'NX_LX'NZ)

,(3-3D),

then
#(k) = 2&(1«)- exp(%- Ngaf(l)- a(l)- At], (3-32)

where a(l ) is the input and ¢(k) is the output. In our simulation, the driver’s camera is located
at 1.2m above the ground and C, =1.2m. The car is positioned at the origin of each segment.
Then C, =0 and C, =0. The viewing direction of the camera coincides with the slope at the

dy,(0) v (0]
.0 2 (o) @) An

elevation angle of 79° is assumed and then N ) The direction of the

origin of each segment. Then N, = -cos(#(0)) and N, =

_ a0 1
Z 7 |dx, (0)| tan(79°

camerais V'= [0,0,1]. Then, V can be calculated as V = V'—(V N ) N. Also, d=2.5 is assumed.

This example is used to train the original FANN and the modified FANN in our simulations.

There are eight patterns and 50 points every pattern. By the theorem of FANN, number of
neurons in the input layer is 50, and number of neurons in the hidden layer is 8, and the output
neurons is 50 in Algorithm 0. In Algorithm 1, 2, and 3, there are 64 points every pattern. Thus
number of neurons in the input and output layer is 64, and number of neurons in the hidden layer
is also 8.

Five FANNs are used in this experiment, the original FANN, which is referred to as
Algorithm 0, Algorithm 1, 2, 3, and Algorithm 4. Algorithm 1, 2, 3, and Algorithm 4 work in the
frequency domain. The learned results of Algorithm 0, 1, 2, 3, and 4 are shown in Fig. 20. In all
algorithms, the epoch is 1,000 to train the neural networks. Every vector contains 50 points. To
avoid alias, all vectors are attached with 14 zero elements to become 64-points vectors. The
stop-band cutoff frequency @, is 0.67, and the pass-band cutoff frequency w, is 0.47. A

shape parameter [ is 3.3943.

Next, we try to add noise signals and outliers to test the robust capability. The frequency of
noise is 1.6 7 and the amplitude of noise is the value generated randomly from 0.2 to —0.2. The
amplitude of outliers is 0.5 rad. The noise signals and outliers are generated randomly. We take
the advantage of ten training times to calculate the error. Table 11 lists the error of testing phase
computed in the time domain, and Table 12 lists the error of testing phase computed in the
frequency domain. We define the error functions, respectively, in the time domain and in the
frequency domain as

B Ha’esire _output —expriment _ output”2

(3-33)

' desire _output
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E - real(desire _output —experiment _output)® +image(desire _output —exp riment _outout)’

! desire _output

From the above simulation results, Algorithm 0 (FANN in the time domain) is not the best.
Algorithm 1 is similar to Algorithm 0. Algorithm 1 is more precise than Algorithm 0. Considering
the /O pairs in different domain, the I/O pairs in the time domain are time-variant and changed
every time index The I/O pairs in the frequency domain have the frequency index like ones in
time domain. The modeled system has similar frequency responses for different input vectors.
Thus the frequency range of the system is located at the same area.

Output angle(rad)

[ 5 10 15 20 25 30 35 40 45 50 0 5 10 15 20 25 30 35 40 45 50

(e)
Fig. 20 The vectors of output angle (a) Algorithm 0 (b) Algorithm 1(c) Algorithm 2(d) Algorithm
3 (e) Algorithm 4

Traditional neural networks have some disadvantages like slow learning speed and difficult
in tracking spectrums. The FANN can speed up the learning phase using Volterra series. But the
performance is not good enough for spectrum analysis. In this research, we attempted to find a
better neural network by combining the advantages of FANN and of frequency analysis
techniques.

Table 11 Error computed in the time domain
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ERROR (%)|Algorithm 0{Algorithm 1 1| Algorithm |Algorithm|Algorithm 3|Algorithm 4
1 with LPF 2

Testing 1.14 0.95 0.69 0.79 0.55 7.62
+Noise 1.230 1.088 0.748 0.908 0.612 8.05
+Outlier 1.108 0.950 0.666 0.789 0.55 7.61

Table 12 Error value computed in the frequency domain
ERROR | Algorithm | Algorithm | Algorithm | Algorithm | Algorithm | Algorithm
(%) 0 1 1 with LPF 2 3 4
Testing 18.72 15.73 22.54 24.61 11.31 91.84
+Noise 20.366 17.924 24.124 26.596 12.112 94.234
+Outlier 18.752 15.620 22.27 24.605 11.33 92.062

In this research, we introduced a new algorithm working in modified mixed-mode functional
artificial neural networks in the frequency domain. The main structure of our neural network is
based on the ideas in FANN. The structure is modified since the original algorithm only works for
real numbers. The complex-valued neural network is separated into two parts, FANN (a) and
FANN (b). FANN (a) calculates the real part of the complex-valued neural network and FANN (b)
calculates the imaginary part. After the functional approximation, the learning engine updates the
weights of FANN (a) and FANN (b). Our approach has managed to keep a correct proportion
between the real part and the imaginary part. The new algorithm can model functions more
precisely than the others do. Because of frequency domain spectrum is required, some Fourier
transformation elements are necessary in our structure. The problems of sampling and aliasing are
important and must be dealt with in the algorithm. Otherwise, those problems introduce large
distortion in the reconstructed signals. This structure can also be employed to analyze the
frequency response of control plants such that functional tracking control may become possible.
Moreover, due to high computational power existing in the hardware of DSP, this approach is
more powerful to control the system.
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Most of the supervised and unsupervised learning algorithms for neural networks require
usable training data sets for setting the link weights and link connectivity of the neurons for
various applications. For some real-world applications, usable data for supervised learning are
usually difficult, expensive, and sometimes impossible, to obtain. For this reason, there has been
a growing interest in the study of reinforcement learning algorithms. In this report, we report our
investigation on the reinforcement learning based on the structure of TSK fuzzy model.

For reinforcement learning problem, training data are very rough and coarse. They are just
“evaluative” information as compared with the “instructive” feedback in the supervised learning.
Training a network with this kind of evaluative feedback is called reinforcement learning. In
addition to the roughness and non-instructive nature of the reinforcement signal, a more
challenging problem to the reinforcement learning is that a reinforcement signal may only be
available at a time long after a sequence of action has occurred. To solve the long time-delay
problem, prediction capabilities are necessary in a reinforcement learning system. Reinforcement
learning with prediction capabilities is much more useful than the supervised learning schemes in
dynamic control problem and artificial intelligence, since usually the success or failure signal
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might only be known after a long sequence of control action. From the biological and cognitive
points of view, reinforcement learning is much closer to the modern animal learning theory [65]
than the supervised learning. This is also true to the learning of many high-level intelligent skills
such as how to drive a car.

In this report, we report our study of employing TSK fuzzy models as the networks in
reinforcement learning systems. In our implementation, a TSK type of Reinforcement
Neural-Network-Based Fuzzy Logic Control System (RNN-FLC) adopted from [66] is employed.
In the structure, to achieve the goal of solving reinforcement learning problems in fuzzy systems,
there are two NN-FLCs. One NN-FLC, the action network, is used for the fuzzy logic controller,
which generates a proper action or decision according to the current input vector. The other
NN-FLC, the evaluation network, is used as the fuzzy predictor, which performs the multi-step
prediction. The fuzzy predictor provides the action network with more informative and
beforehand internal reinforcement signal for learning. These two NN-FLCs share the first two
layers. In other words, they use the same distributed representation of input patterns. This
representation is the overlapping type and is dynamically adjustable through the learning process.

Associated with the proposed TSK type RNN-FLCS is the reinforcement parameter learning
algorithm which uses the temporal difference technique on the evaluation network to decide the
output error for multi-step prediction. With the knowledge of output error, a supervised parameter
learning algorithm can be applied to train the evaluation network to obtain the proper
membership functions and fuzzy logic rules. For the action network, the reinforcement parameter
learning algorithm allows its output nodes to perform stochastic exploration. With the internal
reinforcement signals from the fuzzy predictor, the output nodes of the action network can
perform effective stochastic searches with a high probability of choosing a good action as well as
discovering its output error.

It should be noted that in [66], the consequence parts are fuzzy singletons. From [66] or our
simulation, it is possible to have fair learning if the initial values of those singletons are assigned
reasonable. However, if those singletons are assigned arbitrary, the learning is very bad. It is
expected because the values of those singletons are spread in the range of [-10, 10] and then if
the learning constant is small, some rule of which the consequence values are large cannot have
enough learning effects to achieve their values. On the other hand, when the learning constant is
large, some rule of which the consequence values are small cannot have subtle learning effects.
As a result, in our study, it seems impossible to have successful learning. In our study, we attempt
to use TSK fuzzy models, of which the consequence parts are linear functions. Thus, when a
linear function is used, it may become difficult to reasonably assign initial values. In order to
solve the initialization problem in our TSK models, we employ a genetic algorithm to search for
more suitable initial parameters. Because GA can search for better solutions for any problem
through selection, crossover, and mutation, the GA based prior knowledge is suited for our
learning process.

In this study, we perform the two kinds of learning process of previous chapter in different
initial status of controlled plant. Besides performing, we will demonstrate the importance of prior
knowledge. The initial weights in layer four of five-layered neural fuzzy inference network are
developed through human-knowledge. Because the bell-shaped is used to describe the
membership function, therefore, we can represent the membership function through center or
width. We can collocate to the cart position and pole angle which is finding the rough and usable
initial weight. Because the TSK type five-layered neural fuzzy inference network is more
complex, we can not easily obtain rough and suitable initial weight. Then we will use GA based
prior knowledge to solve complex condition. In [66], NN-FLC has the function of structure
learning. We are finding some issue of structure learning in [66].

The proposed RNN-FLCS with multistep fuzzy predictor has been written in MATLAB
language for the cart-pole balancing problem or the so-call inverted pendulum balancing problem.
This problem is often used as an example of inherently unstable and dynamic systems to
demonstrate both modern and classic control techniques [67], as well as the learning control
techniques of neural networks using supervised learning methods [68] or reinforcement learning
methods [69] [70].
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As shown in Figure 22, the cart-pole balancing problem is the problem of learning how to
balance an upright pole. The bottom of the pole is hinged to a cart that travels along a
finite-length track to its right or left. Both the cart and the pole can move only in the vertical
plane; that is, each has only one degree of freedom. There are four state variables in this system.

0 : the angle of the pole from an upright position (in degree)

0 : the angular velocity of the pole (in degree/second)
x : the horizontal position of the cart’s center (in meters)

.

x : the velocity of the cart (in m/second)
The only action is f, which is the amount of force (N) applied to the cart to move it toward its left
or right. The system fails and receives a penalty signal of -1 when the pole falls past a certain
angle (12 degrees is used here) or the cart runs into the bounds of its track (the distance is 2.4m
from the center to both bounds of the track). The goal of this control problem is to train the
RNN-FLCS such that it can determine a sequence of forces with proper magnitudes to apply to
the cart to balance the pole for as long as possible without failure.
|
%

f—>

| |
| X |

Figure 22 The Cart-Pole balancing problem
The model and corresponding parameters of the cart-pole balancing system for our computer
simulation are adopted from [66]. This model and its parameters are also used by Barto, Sutton,
and Anderson [70]. The equations of motion that we used are shown below

0t +1) = () + AO()
| { 2 c | mé)
mgsinO(t) —cosO(t)y f(t) —m, 10 ()sinO(t) — p, sgn{x(t)}} - pmil

P

0t +1) = 0(1) + A
4’;11 —m,l cos” O(1)

Xt +1) = x(£) + Ax(t)
16+ mpl{é?z (1)sin 6(1) — O(t) cos H(t)} —u sgn(;c(t)j

m

x(t+1)=x(t) + A

where
g =-9.8 m/s”: acceleration due to the gravity
m =1.1 kg : combined mass of the pole and the cart
m, = 0.1 kg : mass of the pole

[ =0.5 m : half-pole length
. =0.0005: coefficient of friction of the cart on the track

4, =0.000002 : coefficient of friction of the pole on the cart
A =0.02: sampling interval
The constraints on the variables are -12°<8<12°, -24m<0<2.4m,and -10N< f <ION.In
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designing the controller, the equations of motion of the cart-pole balancing system are assumed to
be unknown to the controller. A more challenging part of this problem is that the only available
feedback is a failure signal that notifies the controller when a failure occurs; that is, either

|6’| >12° or |x| >2.4m . This is a typical reinforcement learning problem, and the feedback

failure signal serves as the reinforcement signal. Since a reinforcement signal may only be
available after long sequence of time steps in this failure avoidance task, this cart-pole balancing
problem belong to the reinforcement learning problems. Thus, a multi-step fuzzy predictor is
required for the RNN-FLCS. Moreover, since the goal is to avoid failure for as long as possible,
there is no exact success in finite time. Also, we hope that the RNN-FLCS can balance the pole
for as long as possible for infinite trials, not just for one particular trial, where a “trial” is defined
as the time steps from an initial state to a failure. The reinforcement signal is defined as

)= {-1 if |6(1) > 12" or |x(1)] > 2.4 m

4.1)
0  otherwise

and the goal is to maximize the sum z y*(t+k),where y is the discount rate.
k=0

In our computer simulation, the learning system was tested for ten runs by trying to use the
same learning parameter values. A run means consisted of at most 100 trials, unless the duration
of each run exceeded 500°000 time steps. Each run consisted of a sequence of trials; each trial
began with the same initial condition x(0) = x(0)=6(0)=6(0)=0 or with a randomized initial
condition, and ended with a failure signal indicating that either |x(t)| >24m or |t9(t)| >12°.
The randomized initial condition means that, the initial configuration was independently and
randomly chosen such that —-1.8m<x(0)<1.8m and -9°<6(0)<9" . The input fuzzy
T(x)‘ =3, T(G)‘ =7, T(é)‘ =3 for all runs. For each run,

the input (output) membership functions were initialized so that they covered the whole input
(output) space evenly, and the output fuzzy partition was initialized as |T (f )| =189. In [15], the

partitions were set as ‘T (x)‘ =3,

membership functions were chosen to be bell-shaped function (3.5) with initial centers and
widths shown in Table 13. Figure 23 showing the membership function of input term nodes
according to Table 13.

Table 13 Membership Function of Input Term Nodes

Linguistic T Parameter
. erm -
Variable Center Width
1 2.4 2.6
X 2 0.0 1.5
3 2.4 2.6
1 -20.0 20.0
x 2 0.0 10.0
3 20.0 20.0
1 -12.0 6.0
2 -6.0 6.0
3 -3.0 3.0
% 4 0.0 3.0
5 3.0 3.0
6 6.0 6.0
7 12.0 6.0
1 -100.0 100.0
0 2 0.0 50.0
3 100.0 100.0
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The results of three “trials” are shown in Figure 24. A run was successful and terminated
after 500’000 time steps before 100 trials took place; otherwise, it was called “a failure” and
terminated at the end of its 100th trial. The three trials shown in Figure 24 are three failure trials.
The status of controlled plant and actual force in the cart-pole balancing problem are also shown
in this figure. The example in Figure 24 is a trial in the early stage of a “run”, so it failed in only
about 382 time steps. From the figure showing the cart position, we can see that the system failed
at the 382th time steps because the cart bumped in to the right wall (the cart position and canter
of track are greater than 2.4 meter apart). At this stage, the FLC had learned to some extent in the
area around the zero state of the input space since the FLC did try to decrease the pole’s deviation
angle before the failure occurred (see the figure showing the actual force). However, it still needs
extensive learning in the other cart position of the input space.

0.8
0.6
0.4
02
0— ; : : : 0 : : :
-2 -1 0 1 2 -20 -10 0 10 20
Membership Function of Cart Position Membership Function of Cart Velocity

0 ; 0 : i :
-10 -5 0 5 10 -100 -50 0 50 100
Membership Function of Pole Angle Membership Function of Pole Velocity

Figure 23 Membership Function of Input Term Nodes

The prior knowledge is an important role playing in the TSK type RNN-FLCS that will
decide the learning performance and learning speed when initial weight is great or poor. In TSK
type inference, the initialization problem is developed. We use five parameters and four variables
to describe our output term node. How do I define our initial weight for TKS type?

In RNN-FLC, we can collocate to the cart position and pole angle to find the rough and
usable initial weight (mean and variance) in RNN-FLCS. For example, if the cart position and
canter of track are 2 meter apart and the pole angle away from the upright position -10 degree.
Then, the output of action network must push to left which maintain the pole and cart within the
boundary. Therefore, assuming the center of expected action is designed to -8.5 Newton in above
case (Figure 25). The designed membership function is shown in Figure 26.
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Figure 24 Three trials in the learning process of the NN-FLC on the cart-pole balancing problem
(a) status of controlled plant (b) actual force

In TSK type RNN-FLCS, the initialization of TSK type is more complex than other one;
hence, we can not easily finding suitable initial weight. We adopt GA to solve the problem of

TSK fuzzy inference initialization. The consequence of TSK is

v, =a, % +b X +c 0 +d Y. +e., where a., b, c¢., d., and e

i i X i X i 0 i 9 i i i i i i
boundary boundary boundary boundary

are parameters of corresponding input variable respectively. We can not decide the weight of
corresponding input variable from different status of controlled plant. Hence, it is very difficult

job to obtain the initial value of parameter.
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Figure 28 The performance of TSK type RNN-FLCS with zero status prior knowledge

In order to solve the problem of initialization, we first adopt random initialization and zero
initialization in consequence of TSK. The random initialization means that the parameters of TSK
is developed through random; the zero initialization means that is all of the parameters of TSK
are zero. We are performing learning process based on the two kinds of initialization. Figure 27
and Figure 28 are respectively shown the results of random initialization and zero initialization.
We are finding some issue in the initialization. In the random initialization case, because we can
not control the initial values of parameter, hence, the performance of learning will be low if the
initial parameters are extreme poor. Based on the above controlled plant status (Figure 25), we
provide an example of extreme case to explain the problem of random initialization. If the status

of controlled plant are x=2, x=2, 0=-9, and =-50 respectively. In extreme case, if the
parameter of initialization are a,=2, b, =2, ¢,=-2, d,=-2, and e, =2, the value of TSK

inference is y, =7.17 (Figure 29). The consequence will speed up the cart position and pole

angle bump the boundary. If all of the TSK rules are extreme case, the learning performance will
be bad.

In the other case, the learning performance of zero initialization case is poor. This case can
not increase learning performance in condition of limited runs and trials. We are trying to raise
the performance through increase learning rate, but the result is not our desired outcome. Because
the linear functions are associative in different control status, the zero initialization case dose not
success in the finite condition.

In order to solve the problem of initialization efficiently, we adopt the genetic algorithm to search
more suitable and efficient initial parameter. Because GA can search the better solution for any
problem through selection, crossover, and mutation, the GA based prior knowledge is suit for our
learning process. The operation not only solves the problem of initialization but also raise our
learning performance conspicuously. In Figure 30, we clearly understand that the performance of
GA based prior knowledge in our algorithm is actually solving our problem and raising the
performance. In our algorithm, the GA process only provides the initial value of parameter to
increase performance; this process has not the function of learning.
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Figure 29 The extreme case of fail control (a) controlled plant status (b) after control
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Figure 30 The performance of TSK type RNN-FLCS with GA based prior knowledge

We develop different condition to demonstrate the effects of different initial status of
controlled plant. The seven cases of initial condition are shown in Table 14.

Table 14 Seven cases of initial controlled status

Case Initial Condition Unit
1 Cart Position (x) 0 m
Pole Angle (9) 0 degree
) Cart Position (x) 1.8 m
Pole Angle (9) 0 degree
3 Cart Position (x) -1.8 m
Pole Angle (9) 0 degree
4 Cart Position (x) 0 m
Pole Angle () 9 degree
5 Cart Position (x) 0 m
Pole Angle () -9 degree
6 Cart Position (x) 1.8 m
Pole Angle (0) 9 degree
- Cart Position (x) -1.8 m
Pole Angle (9) -9 degree

The simulated results are shown in follow table. In best initial condition, case 1, we tried at
least 31 trials to achieve success. The average value of trials is 38.2. In worst case, case 7, we
must try at least 52 trials to achieve success. The value is worse than minimum trials of case 1.
Because the initial controlled plant status are close to boundary of input variables, the controlled
plant easily bump boundary. Hence, in worse case, the learning process must more trials to
achieve success (i.e., extra fails). The case 1 is better than other cases; the average value is
smaller than others. The problem is derived which the initial controlled plant status decide the
speed of learning. Table 15 is shown the performance of different initial condition.
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Table 15 The performance of different initial controlled plant status (RNN-FLCS)

Control Trials

Initial Condition Best Worst Mean
Pol(e:ai;lzc.):sbzge];lree 31 46 38.2
Pole. Ange degree 0 57 450
pﬁiﬁﬁ(;fd 1d'§gr:lee 40 58 49.1
P 012?1?1};(.)39:2 e’;ree 47 66 55.5
Pol(;irz’;;ll;(.)i;g leee Sl 62 55.9
pﬁffgﬁgi?ﬁg"ﬁee 56 69 62.5
pﬁiﬂxﬂ;ff;ig"ﬁee 52 65 60.2

Figure 31 shows the deviations of cart position and pole angle, cart velocity, angular velocity of

pole, and actual force.
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Figure 31

Based on the proposed learning process, we will perform the learning process for different
initial controlled plant status. The different cases of initial controlled plant status are the same as

those in Table 14.

The difference between RNN-FLCS and GA based TSK type RNN-FLCS is in layer four. In
RNN-FLC, we adopt bell-shaped membership function to describe output term nodes. Therefore,
an output term node is described by mean (m) and variance (o). In GA based TSK type
RNN-FLCS, the output term nodes are represented by TSK type inference system that are

including four variables (x, x, &, and 0 Jand five parameters (a, b, ¢, d, and e), i.e.,
y = ax +bx +cO+d0 +e. Comparing the inference system of layer four mentioned, the TSK type
inference has more elasticity according to our requirement. Hence, the efficiency of TSK type is
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better than other one.

Table 16 The performance of different initial controlled plant status (TSK type RNN-FLCS)

Control Trials

Initial Condition Best Worst Mean
Pol(;ii;ll;(.)j()zge’;iree 22 35 27.6
pﬁffgigi?ﬁg"ﬁee 33 44 39.3
P(()jlirtxl;(;s.:()_ ld.jg':ee 31 46 385
Pole. Ame s deeree 38 52 444
Pol(;ai;lz(.)j;ge’;ree 38 50 43.3
pﬁikigi?ig’fee 49 58 53.6
pﬁfikﬁ;j’.f;lig"ﬁee 56 62 58.7

In previous sections, we were obtained the performance of RNN-FLC and GA based TSK
type RNN-FLCS through different initial cases. The consequence is shown in Table 17. In
learning process of TSK type, because we can adapt five parameters for different input variables
through backpropagation, the learning efficiency is promoted. We clearly understand the learning
efficiency in this table. Figure 32 shows the deviations of cart position and pole angle, cart
velocity, and angular velocity of pole.

Table 17 The comparison with the performance of RNN-FLCS and GA based TSK type

RNN-FLCS

Average Trials

Initial Condition RNN-FLCs  [GA Dased TS tvpe
Pol(éii;z(ﬁb:gegee 38.2 27.6
PSZ?XE;_S:;I&Z;:% 48.0 39.3
pﬁiﬂi‘;:d lcijg'fee 49.1 38.5
Polo #2ped depree 5.5 444
Pol(;ar;f;:s;ge’;ree 559 43.3
P(S: rt&z;,i;ldi;ee 62.5 53.6
pﬁfﬁkﬁg,f;li;jee 60.2 58.7
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Figure 32 Consequence of learned GA based TSK type RNN-FLCS

In [66], the learning process of RNN-FLCS is including structure learning. When entering
this process, it means that the ith term node in layer four is improperly assigned as the sequent of
some fuzzy logic rules which have just been strongly. The more proper consequent for these
fuzzy rules should be the i-closest node. Before structure learning, the system must decide
whether the current structure should be change according to the expected updated amount of the
mean and variance parameters. The expected mean and variance are, respectively, computed

m =m,(t)+Am.(t)

O-i—new = o-i (t) + Ao—i (t)

From the current membership functions of output linguistic variables, [66] want to find the one

which is the most similar to the expected membership function by measuring their fuzzy
similarity. The fuzzy similarity measure determines the similarity between two fuzzy sets.

i—new

(4.2)

IF degree(i,t) < a(t)
THEN (1) create a new node M (m.

i new> Oinew ) 10 layer four
(2) denote this new node as the i-closest node
(3) do the structure learning process

ELSE

IF M(m,

i—closest ? Ui—closest

) ¢ M(ml b O-l)
THEN do the structure learning process
ELSE do the following parameter adjustment in layer five:
m(t+1)=m,

Gi (t + 1) = Gifnew
degree(i,t) is similarity between two fuzzy sets, a(¢) is monotonically increasing scalar

similarity criterion such that the lower similarity is allowed in the initial stages of the learning.
According to this judgment, degree(i,z) is first compared to the similarity criterion. If there is

not enough similarity, then a new term node (new membership function) with the expected
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parameters is built because, in this case, all the current membership functions are too different
from the expected one. A new node with the expected membership function is necessary, and the
output connections of some just firing rule nodes should be changed to point to this new term
node through the structure learning process. If no new term node is necessary, the learning
algorithm will then check if the ith term node is the i-closest node. If this is false, some of the just
fired fuzzy logic rules should have the i-closest (term) node instead of the original ith term node
as their consequent. In this case, the structure learning process should be performed to change the
current structure properly. If the ith term node is the i-closest node, then no structural change is
necessary; only the parameter learning should be performed by the standard backpropagation
algorithm. The learned RNN-FLCS with structure learning is shown in Figure 33. Based on the
structure of Figure 33 and parameters of Table 18, the status of controlled plant is shown in
Figure 34.

The problem of structure learning is developed. Because the structure learning process
reduce some connection between layer two and layer three, the consequence of #-norm operation
obtain different value that will change the consequence of COA. The reduced regulations are: (1)
they have the same consequence, (2) some preconditions are common to all the rule nodes in this
set, and (3) the union of other precondition of these rule nodes composes the whole term set of
some input linguistic variables. An example is illustrated in Figure 35. Figure 36 shows the
effects after reducing connection.

Figure 33 Learned RNN-FLCS with structure learning



()
Figure 34 Status after structure learning (a) cart position (b) pole angle

Table 18 Membership Function of Input Term Nodes of After Structure Learning

Linguistic Term Parameter

Variable Center Width

1 -1.98 3.11

X 2 0.13 1.28

3 2.17 4.13

1 -15.42 17.21

M 2 -0.21 7.39
3 17.25 16.01

1 -10.22 7.39

2 -5.01 4.81

3 -1.82 2.12

0 4 0.21 1.92

5 2.19 1.89

6 5.31 3.87

7 8.82 8.01

1 -84.29 84.62

0 2 -0.32 39.42
3 73.18 110.39

1 -9.48 4.21

2 -7.89 2.89

3 -6.42 2.72

4 -4.03 3.02

5 -2.10 1.36

6 -1.32 0.98

7 -0.98 0.72

f 8 -0.19 0.57

9 1.12 0.33

10 1.86 0.68

11 2.77 1.03

12 4.59 2.92

13 7.21 3.57

14 8.88 3.24

15 10.26 4.56

In order to solve the problem, we adopt the parameter learning to re-learn the parameter of f.
After parameter re-learning, we will improve the problem. The sequence of after re-learning is
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shown in Figure 37.
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Figure 35 Example of combination of rule nodes
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Figure 36 Rule strength of after structure learning
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In practical systems, there always exist nonlinearities and uncertainties. The design of
controllers for such systems is difficult and complicated. During last decades, various approaches
have been proposed to overcome those difficulties in the control design for nonlinear systems
with uncertainty. Fuzzy control is one of them. It can provide an effective solution to the control
of plants that are complex, uncertain, and ill defined. It is because a complex system is usually
decomposed into several simple subsystems in a fuzzy control approach and a simple control law
is then employed to emulate the human control strategy in each subsystem.

Though the fuzzy control approach is useful, its main drawback is the lack of systematic
analysis and design methodologies for fuzzy logic controllers. Recently, based on the
Takagi-Sugeno (T-S) fuzzy model [33,60], researchers have proposed many methods of designing
controllers for nonlinear systems with uncertainties. The main feature of a T-S fuzzy model is to
characterize the local dynamics of each fuzzy rule by a linear system model. The appeal of the
T-S model is that the stability and performance characteristics of the system can be verified by
using a Lyapunov function approach [34]-[38]. The basic idea of these methods is to design
feedback controllers for individual local models respectively and then to construct a global

controller from these local controllers so that the global stability of the overall fuzzy system is
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guaranteed. State feedback controllers were addressed in most research works. However, in
practical applications, state variables are not always measurable. Therefore, in the literatures
[62]-[64], fuzzy observers are proposed to estimate inaccessible states of the controlled fuzzy
systems. Although dynamic output feedback controllers can overcome the problem that states are
not accessible, the design of state estimators will increase the difficulty of stabilizing the overall
fuzzy system. If possible, we may like to consider the controller synthesis problem via static
output feedback. This is a more challenging problem. For nonlinear systems with uncertainties
or/and with time delays, no results have been reported for the controller synthesis problem via
static output feedback based on the T-S fuzzy model. In this report, we shall propose an
LMI-based fuzzy static output feedback control design method for nonlinear interval time-delay
systems.

In traditional, the stability of a fuzzy system can be assured by finding a common positive
definite matrix in a Lyapunov function. That matrix and the corresponding controller can be
simultaneously found by solving a set of linear matrix inequalities (LMIs). However, LMI-based
fuzzy static output-feedback gains are not obtained by traditional approaches for nonlinear
systems with uncertainties or with time delays in the literatures. In this report, a new approach
will be proposed to stabilize nonlinear interval time-delay systems via static output feedback.
This approach does not need to find a common positive definite matrix to guarantee the system
stability. The verification process is via computing the matrix measure for each separate
subsystem. In this report, we shall derive the stability conditions based on the matrix measures of
the system matrices of the subsystems of a fuzzy model.

Time delays occur in many dynamical systems such as biological systems, chemical systems,
electrical networks, hydraulic, and rolling mill systems. Time delays are often a source of
instability and poor performance. The study of stability and stabilization for a class of nonlinear
time-delay systems based on the T-S fuzzy model has attracted considerable attentions [46]-[48].
As an example, Cao et al. [46] dealt with the issue of stability analysis and control design for both
continuous and discrete time nonlinear systems with time delays in T-S fuzzy model-based
control. Generally, to consider the stability and stabilization issue for nonlinear time-delay
systems with uncertainties is desired. However, to our best knowledge, the research found in the
literature is only for nonlinear systems either with uncertainties [39]-[45] or with time delays
[46]-[48]. Kiriakids [39] treated the issue of stability robustness against modeling uncertainty in
T-S fuzzy model-based control. Parametric uncertainties regarding those approaches are also
dealt with in [40]-[45]. There also exist approaches that can handle time-delay systems with
uncertainties, but only for linear systems [49]-[54]. There is no methodology that can be used in
the stability analysis and control design for nonlinear systems with the existence of both
uncertainties and time delays due to the intricate nature of the problem. In this report, we propose
a way of conducting stability analysis and control design for nonlinear interval time-delay
systems under the representation of the T-S fuzzy model. It is shown that the state-feedback
controller design problem for nonlinear interval time delay systems is solvable if a matrix
measure assignment problem is solvable. Afterward, the matrix measure assignment problem is
shown to be equivalent to a LMI feasibility problem. Thus, the solutions can be found through
LMI tools.

Takagi and Sugeno [33] proposed an elegant modeling method, which is often referred to as
the T-S fuzzy model, to represent or approximate a nonlinear dynamical system. In each fuzzy
rule, a linear model is given to describe the nonlinear system locally. The overall system is
described by fuzzily “blending” those local models. A typical IF-THEN rule of T-S fuzzy models
is represented as

Rulei: IF z (t)isM| and...z,(t)is M
tHEN YO ZAXOFBUO o o (5-1)
y(1) = Cx(?)

where z,(¢)---z,(¢) are the premise variables, and M; is the corresponding fuzzy set for j=

L, ..., p, x(t):[xl(t),xz(t),--.,xn(t)]T is the state vector, u(f)eR"™ is the input vector,

44



A, eR”, B, eR"™, C,eR™, y(t)eR’ is the controlled output and r is the number of
IF-THEN rules. In our implementation, we simply set p=q and  z,(¢) = y,(¢),...,z,(t) = y, (1) .

By using the center of gravity method for defuzzification, the final output of the T-S fuzzy
model is inferred as:

S i (2(0))(A (1) + Bu(n))

x(¢) == -
> (=)
= 3 I (2(0)(Ax(0) + Bu(?))
(5-2)
3w (2()Cx(0))
y()=+—
> (=(0)
_ ihi(z(t))(cfx(f))
whete 20 = 2,02,z O+ GO = [MIG0) « B0 =20 and
>, (z(0)

M (z,(2)) is the fuzzy membership grade of z,(¢) in M. It is assumed in this report that

w.(z(t) =20, i=12,...,r and ZWi (z(#)) >0 for all t. Therefore, h (z(¢))20, i=12,...,r
i=1
and Y h(z(1)) =1, forall t.
i=l

We now introduce several properties about matrix measure as follows. The matrix measure
of a constant matrix M is defined as

I+eM||, -1
6—0"
where |||y 1s a suitable matrix norm (see [55]).
Lemma 1 [55]: The matrix measure has the following properties.
k k
(a). py() 1s convex; 1. e., uv(Zaijj < Zaj,uv(Mj) forall «;>0. (5-4)
Jj=1 Jj=1

(b). For any norm and any constant matrix M
—[IM|[,< —p,(-M) <Re AM) < p1,(M) | M[|, . (5-5)
(c). Suppose m,; is the ij-th element of M, then

4(M) = maX{Re(mj/) + Z| m; @ > (5-6)
12,(M) = max|4,(M + M) /2], (5-7)
M, (M) = maX{Re(mﬁ) + Z| m; |:| . (5'8)

Consider a nonlinear interval time-delay system described by the following T-S fuzzy
model:

Rule i: IF y,(r) is M| and ...y (¢)is M,
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(1) = A x(t)+ D x(¢ — 7) + B,u(?)
THEN  y(#)=Cx(?) ,for i=12,...,r  (5-9)

X(t) = lr//(t)a le [_Ta 0]
where w(¢) is a continuous vector valued initial function. Then, the overall system is

()= Y A O)NAX(0) + D x(t )+ Bu()
- (5-10)
¥() = 2 h(yONCxX(®)

with A (y(¢))20, i=12,...,r and Zhi(y(t)) =1 for all t, where 7 is the time-delay of the

i=1

. and D; are
A i i i —i
A, =[a}], a,<a,<a,

1

ﬁi :[d;'k]ﬂ dl;k <d, <‘7;k

system. Assume that the matrices

i=12,...r (5-11)

Jjk =
where a, is the jk-th element of the matrix A, a', and @) denote a',’s low bound and
upper bound, respectively, d;k is the jk-th element of the matrix D .and d ']k and 67 ;k denote

a’jk ’s low bound and upper bound, respectively. We further assume that those bounds '

—i
Ays s

d,,and d ;k are known real values. Denote

A, =[d ], A, =[aj], i=12,...r (5-12)

D, =[d",], D, =[d}], i=12,...r (5-13)
and define

A, =%(Ai+X,.), D, =%(&+Bi), =12, (5-14)

M,=A,-A,N,=D,-D,, i=12,...,r (5-15)

Since the consequent parts of T-S fuzzy models are described by linear state equations, the
linear control theory can be used to design the consequent parts of a fuzzy controller. Fuzzy
controllers for stabilizing the fuzzy system (5-10) can be designed via parallel-distributed control
(PDC) [34][36][56]. In PDC, fuzzy controllers share the same premise parts with (5-10); that is,
the controller for Rule 1 is

IF y(t)isM| and ...y (1) is M,

THEN u($)=Fy(?), i=12,...,r- (5-16)
Then, the overall output of this fuzzy controller is
u() =D h(yO)Ey®), (5-17)
i=1

where £.(y(¢)) is the same as that of the ith rule of the fuzzy system (5-10). By substituting
(5-17) into (5-10), we get
(1) = 20" > (YO, (YO (YA, +BFCOX(0) + Dx(t=7))  (5-18)
i=l j=1 k=1
Let Ai =A, +AA, and ﬁi =D. + AD,. It is known that ||AA,.|| <||Ml.|| and ||ADl.|| < ||N,|| (see
[61]), for i=12,...,r.

We first derive a new sufficient condition to ensure the stability of the following T-S fuzzy
model (without uncertainty)
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x(f) = ih,(y(r))(A,-x(t) +Dx(1-17))

) (5-19)
y() = Zhi(y(t))(CiX(t))
Theorem 1: Suppl;lse e>0.1If
yAAJ<—§%—%gmx2,i=LL”Ur, (5-20)

then the equilibrium of the unforced system (26) is asymptotically stable for all 7.
Proof: Consider a Lyapunov function as

Vx(t)=x"()x(¢) + lj Cx (s)x(s)ds . (5-21)
P t-7
The time derivative of V(x(?)) is

V(x(0)) = 2x" (1)x(¢) +le ()x(t)— 1 X' (t—1)x(t-71)
& &
= Xr(f)(i h(y())(Ax(?) +Dx(t - 17)))
+ (ihi(Y(t))(Aix(t) +Dx(1-17)))" x(1)
+le(t)x(t) — lx(t -7)'x(t-1)
& &
= > HON O] A, + 2 Dx(0)

Y IO O X -1)

) (5-22)
+ Zhl- (Y(O)X" (¢ - 7)D!x(t))
LK (-0 x(e =)
Set X(¢)=[x"(¢) x"(t—7)]" . From (5-22), we obtain
. . Al + A+ 1 D,
V(x(0) =Y h(y()X (¢) SO (5-23)
= D/ |

1

By Schur complement, if A” + A, +lI +&D D! <0,
&£

is negative definite.

D’ —--1
&

From (5-20), we obtain Af+A[+lI+5D[Dl.T <0. Then, V(x(t))<0 for all x(¢)#0. This
&

completes the proof. [ ]

Theorem 1 provides a simple method to verify the stability of the time-delay fuzzy system (19).
In what follows, we shall consider the stability conditions of time-delay fuzzy systems with
uncertainty.

Theorem 2: Consider the interval time-delay fuzzy system
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(0 = Y h(yO)Ax(0)+ Dx(t- 1))
N (5-24)

¥(0) = 2 h(y(ONCx(1)
i=1
where Ai and ﬁi are defined in (5-11). If

2i=12.....r,(525)

1 1 > 1
(A <=M, |- oD - 2N |-, |- 2],
then (5-24) is robustly asymptotically stable for all 7.
Proof: Since 241,(A,)+ -+ D, H2 ~2u1,(A, +AA )+ +&[D, + AD
& &
=244,(A,) + 244, (AA) + £||D,|” +2¢|D,|-|AD, | + £ |AD, |
1
<2,(A)+2|M,| r— e[D,| +2¢|N,|- D[+ e|NJ <0 (5-26)

From Theorem 1, we can conclude that (5-24) is asymptotically stable forall 7. [ ]
With the above theorems, we have the following corollary.
Corollary 1: Suppose that static output feedback gains F., j=L2,..r, satisfy the following

conditions

2 (5-27)

1 1 1
#(A; +BF,C,)< Top ”Mz” B 5‘9”])1' ”2 B ‘9”Ni” ' ”Dz” - 5‘9 ”Nz‘

for j, j,k=1,2,...,r, then the equilibrium of the closed-loop nonlinear time-delay system with
norm-bounded uncertainties represented as

() =33 By Ok, (YO, (YO)(A, + BF COx(t) + D x(t - 1))
=1 j=1 k=1 (5-28)

Y= X A OXCx()

is robustly asymptotically stable for all 7.
Corollary 1 reveals that if each constant control gain in each local model satisfies (5-27), then the
overall nonlinear interval time-delay system is robustly asymptotically stable.

For simplicity of notation, define

1 1 2 1 2 L
oML N D LN =12,
Thus, (5-27) becomes
(A, +BFC)<y,, i,j,k=12..r. (5-29)

Now, we turn our attention to reduce the matrix measure assignment problem (5-29) to an

LMI feasibility problem. For a matrix U, define U, as a matrix whose columns form bases of
the null bases of U. Then, we can have the following theorem.

Theorem 3:
1). The static output feedback gains F., j=12,..r, satisfy the following conditions
(A +BFC) <y, i,j,k=12,.r. (5-30)
if and only if F, satisfy the following LMIs
(A, +A] -2yD)+BFC, +CF'B <0, i,j,k=12,..,r. (5-31)
2). There exists an F, that satisfies (5-31) if and only if
B,), (A, +Al =2y DB]), <0, i=12,...,r, (5-32)
and
(C)).(A +A] =27,1)(C), <0, i=12,..,r. (5-33)
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Proof: We first prove part I). From (5-7), it can be shown that ,,(A,+BF.C,)<y,
i,j,k=12,...,r,are equivalent to
(A, +BFC)+(A, + BiFjCk)* -2yI1<0, i,j,k=12,..,r,
which are also equivalent to
(A, +A] -2yD+BFC, +CF'B <0, i,j,k=12,..r.
This completes the proof of part 1).

For part 2), recall the result in [58] that given a symmetric matrix ¥ < R and two matrices U
and V both with a column dimension n, there exists a matrix @ with compatible dimension such

that ¥+U'®@'V+V'OU<0 if and only if Ui\PUl <0 and VLT‘{'VL <0 . By letting
Y. = (A, +Af -2y, V, = BiT, U, =C,,and @ =F, part2) is obvious.
[]

Theorem 3 tells us that if (5-32) and (5-33) hold, then there exist static output feedback
gains F, j=12,...r, that satisfy LMIs (5-31). In fact, such static output feedback gains F i

also satisfy (5-30). Note that static output feedback gains F, satisfying LMIs (5-31) can easily

be obtained by using Matlab’s LMI Control Toolbox. The obtained static output feedback gains
F, then can also solve the considered problem.

In this section, an example is used to verify the performance of the proposed controller.
Assume that an unknown nonlinear interval time-delay system can be modeled as the following
simple T-S fuzzy model system:

Rule 1: IF y,(f) is M) THEN
x(1)=Ax(¢)+Dx(1—7)+Bu(?)
y(#) = Cx(?)
Rule 2: IF y,(f) is M; THEN
x(1) = A,x(1) + D,x(¢ — 7) + B,u(?)
y(#) = C,x(2)
where x(¢) =[x,(?) x,(?) x3(t)]T , w(t)=0, te[-7,0], 7=1,and

(38 —5.6 3.5 46 -42 45
A =|-43 191 -192]|, Ai=|-3.7 229 -168],
1294 3.6 -365 346 44 =305
[—0.4 07 0.8 02 1 -03
D, =| 03 -22 -11{, Di=| 0.8 -1.8 0.1 |,
-13 05 -23 07 05 -12
(52 —67 7.1 56 —62 93
A,=|-93 119 -159|, A.=|-82 151 -13.7|,
1219 86 246 253 99 -273
[-0.7 02 -1.1 03 08 0.7
D,=| 09 28 3|, D.=|13 -15 -1 |,
|23 09 -22 -17 02 -16
1 -7 1 -6
B, =[5 -3|, B,=|3 -1/,
3 4 2 -3
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-7 8 1 -6 9 2
C = , C,= .
2 -5 -3 1 -4 =2

Figure 38 shows the membership functions of M) and M, for y,(f). The following

simulated systems are chosen in random from the above low-bounded and upper-bounded data.
Figure 39 shows the output responses of the unforced system for the initial condition

x(0)=[10 15 5]" for te<[0,1]. Now we want to design a fuzzy controller via PDC to stabilize

the system. By using Theorem 3 and setting & =1, we obtain the static output feedback gains of
the fuzzy controller
{—6.4121 —8.2238}
1= H

—3.8267 —7.4992
~5.5867 —5.5340
—4.0118 -7.2285|

It is easy to check the stability of the overall fuzzy system by (5-27). Figure 40 shows the output
responses of y, in the closed-loop system for various initial conditions x(0)’s. Figure 41 shows

h =

the output responses of y, for various initial conditions x(0)’s. Figure 42 shows the responses
of x, for various initial conditions x,(0)’s. Figure 43 shows the responses of x, for various
initial conditions x,(0)’s. Figure 44 shows the responses of x, for various initial conditions
x;(0)’s. From the these simulation results, it is evident that the designed T-S fuzzy model based

static output feedback controller not only can stabilize the nonlinear system, but has strong
robustness against norm-bounded uncertainties and time delays.

In this research, we have proposed a new robust fuzzy static output feedback controller
design methodology for nonlinear interval time-delay systems with norm-bounded uncertainties
and time delays. Finding an admissible solution to the matrix measure assignment problem can
solve the problem of stabilizing controller design via static output-feedback for nonlinear interval
time-delay systems represented by a T-S fuzzy model. The designed controller can indeed tolerate
norm-bounded parametric uncertainties and against the effect of time delays. In the report, we
have shown that the matrix measure assignment problem is equivalent to an LMI feasibility
problem. A sufficient condition for the existence of the fuzzy static output-feedback gain is
obtained. Our approach does not need to find a common positive definite matrix for all rules and
the verification of stability is very easy. Simulation results have verified and confirmed the
effectiveness of the new approach in controlling a nonlinear interval time-delay system.

M) M;

»
»

I I M

-50 50

Fig. 38. Membership function of the example.
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Fig. 39. Output response of the unforced system for x(0)=[10 15 5]".
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Fig. 40. Output y;(¢) response of the closed-loop system for various x(0) and 7 =1.
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Fig. 41. Output y,(¢) response of the closed-loop system for various x(0) and 7 =1.
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Fig. 42. State x(¢) response of the closed-loop system for various x;(0) and 7 =1.
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Fig. 43. State x,(¢) response of the closed-loop system for various x,(0) and 7 =1.
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Fig. 44. State x3(¢) response of the closed-loop system for various x3(0) and 7 =1.

The study of stable analysis and control design for fuzzy systems has attracted many
researchers recently. In the control design study, there are two types of control design problems
found in the literature. The first one is to design a fuzzy controller for a nonlinear or unknown
system and the other one is to find a controller for a fuzzy system. In the former case, a so-called
adaptive fuzzy control is usually used. Generally, the basic objective of adaptive control is to
maintain consistent control performance in the presence of large uncertainties or unknown
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variations in plant parameters or structure [71]-[74]. In those reports, some adaptive laws are
proposed to guarantee the stability of the system in the sense of Lyapunov. By combining other
learning approaches or by considering different control properties, various variations of adaptive
fuzzy control approaches have been proposed in the literature [75]-[83]. In this report, we
reported our study on the issue of finding a suitable controller for a fuzzy system. In this study,
the structure and parameters of the fuzzy controller are fixed and we shall find a way of designing
fuzzy controllers to satisfy requirements.

For the analysis of stability of fuzzy system, based on the Lyapunov stability criterion,
Tanaka and Sugeno [84] have proposed a useful theory for conservatively assuring the stability of
a TSK or T-S fuzzy model [85]. The theory states that if a common positive definite matrix
required in Riccati equations can be found for all fuzzy rules, the fuzzy model is stable in the
sense of Lyapunov. Thathachar ef al. [86] also proposed a necessary condition and a sufficient
condition for the stability of fuzzy systems. They showed that under a formal sufficient condition,
a common Lyapunov matrix exists for all subsystems. It is easy to see that to analytically find
such a matrix is a linear matrix inequality (LMI) problem [87][111]. Based on the LMI concept,
Kim et al. [88] proposed a numerical stability analysis method for singleton-type linguistic fuzzy
control systems. Most of recent fuzzy control design approaches are to employ the
parallel-distributed compensation (PDC) concept [89], in which controllers are designed
individually for fuzzy rules and then stability condition is checked through LMI to validate the
design. Some relaxed LMI stability conditions are also proposed in [90,91]. Parametric
uncertainties regarding those approaches are dealt with in [92-94]. However, those methods are
stability checking approaches instead of design approaches. When the designed controller cannot
satisfy the stability criterion, another controller is tried. Such a process is somehow a
trial-and-error design procedure. Lam et al. [95] proposed a designing method that can be used to
help solving the relaxed LMI problem and in the approach, the feedback gains of the subsystem
are determined by using a genetic algorithm, which can also be viewed as a trial-and-error
procedure. Another problem rises when the number of rules is large because it may be difficult to
find solutions for LMI in that case. Moreover, since the validation of LMI is only for stability, the
control performance assured in individual rules cannot be anticipated in the overall system
performance under those design approaches.

Several researchers [91,96,97] actually proposed ways of designing controllers by directly
solving LMIs. Gao et al. [96] and Tanaka et al. [90] used LMIs combined with stable conditions
of fuzzy systems to design a stable fuzzy system. When the control performance is considered,
those approaches need to include performance constraints into LMIs for all fuzzy rules [97].
Korba et al. [98] proposed an extended fuzzy scheduler (EFS) controller that can guarantee the
stability and the tracking performance requirements. The idea is to introduce an additional
tracking-error state variable into the state variables of the controlled system, and then an
extended-state feedback-gain matrix is design by means of LMIs. Cao et. al. [99] also developed
a two-part controller; one is a state-feedback matrix like that in [87,90] and the other is to satisfy
global stable conditions. Note that in these approaches, the homogeneous fuzzy systems are
considered. Here, “homogeneous” means that the consequent parts are linear equations without
constant terms. Such fuzzy systems can only represent a certain class of nonlinear systems. Kim
et al. [100] proposed a discrete iterative LMI approach to analyze stability for discrete affine
fuzzy systems, where “affine” means that the consequent parts are linear equations with constant
terms. However, the above approaches may become infeasible, when the number of rules is large.
It is because the analysis techniques are to find a common positive definite matrix for all
subsystems (fuzzy rules) to fulfill the Lyapunov stability analysis. It is difficult to find such a
matrix when the rule number is large. Sometimes, there even does not exist such a matrix.

There also exist other approaches that do not make use of the common Lyapunov matrix
validation scheme. Kang ef al. [101] proposed a controller that is inferred by using their
consistency conditions [102], but the desired performance has not yet been addressed. Kiriakidis
et. al. [103] viewed a TSK fuzzy model as a linear system subject to a class of nonlinear
uncertainties and claimed that the computational cost of checking such a stability criterion is less
than that of finding a common Lyapunov matrix. However, this approach leads to a convex
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programming problem and the design procedure is still in a trial-and-error manner. Feng [104]
proposed a sufficient condition, which leads to a search algorithm for solving a Riccati equation,
and then a state feedback can be designed accordingly for such a system. Zak [105] also proposed
a design algorithm to obtain a controller, which is separated into two parts to stabilize the
nominal system and variations residing in all fuzzy rules, respectively. This approach is to treat
variations of all rules as a whole in a robust control sense. For those approaches, when
subsystems are distributed in a wide range, the upper bound of such variations may become large,
and then the stabilization algorithm may fail. In addition, the control performance of the
closed-loop system cannot be anticipated. In this report, we proposed a novel robust control
design approach that can design controllers directly for affine continuous or discrete time fuzzy
systems and the closed-loop performance can be theoretically anticipated.

The considered problem is that a system is described by a set of fuzzy rules and we want to
develop a way of designing controllers for such a system. The considered fuzzy models are first
introduced in [84] and the ith rule of a discrete system is:

Rule i : IF x,(k) is X| and --- and x, (k) is X
THEN x,(k +1) = a, + a;x,(k) + a,x,(k) +---+a’ x, (k) (6-1)
+biu(k)+--+b u(k—m+1)
where x,(k)=x,_ (k+1) for j=2,.--,n, w(k), ..., and u(k-m+1) are the input and m past
inputs, X; are fuzzy sets, and q;, a/, ---, a, and p/, ... b are parameters in describing

the input and output relationships in the ith fuzzy rule. Note that the premise part is only
determined by x,(k), x,(k), ---, and x, (k) and is independent to u(k), ..., u(k-m+1). This

relationship matches the properties of common systems. Besides, the consequence part contains a
constant term, g . Such a fuzzy model is referred to as a class of affine TSK fuzzy model [100].

The consequence part can be written in a state-space form as x(k +1) = A'x(k)+ B'u(k)+d’,

[0 1 0 0
0 0 1 0
where  x(k)=[x,(k),-,x, (k)] , A'=] P i t |, B'=[0,0,--,b] , and
0 0 0 1
4 d d a

di = [0’ , aé +b§u(k -1 +---+b;u(k —-m +1)]T . Let u; (xj(k)) be the membership degree

of the X, (k) inthe fuzzy set X ; Then the overall system can be inferred as:

x(k+1)=> wd'x(k)+ D> wBu(k)+> wd' (6-2)
i=1 i=1 i=1

[14(x,0) r
] with 0<w, <1,and »'w =1.

Z( nl K (xj(k))j =

i=l \_j=

where 7 is the rule number, w, =

For a continuous TSK fuzzy model system, the ith rule is of the form:
Rulei : IF x,(¢) is X, and --- and x,(¢) is X|
THEN x, (1) = a, + a,x,(¢) + ayx, () +- -+ + a. x, (¢) + bju(r)
where X, () =x%,,(1) for j=2,....n with X, (1) is the time derivative of X, (1) Then, the
%(t)= A'x(t)+B'u(t)+d’ , where

x(t)=[xl(t),---,xn(t)]T, A" and B’ are the same as those in the discrete case, and

(6-3)

consequence part can also be written as

d' =[0,0,---,a,]" - Similarly, the related items for a continuous affine TSK fuzzy model can be
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defined.

In the literature, based on the Lyapunov theorem, several design approaches have been
proposed to design stable controllers for homogenous fuzzy models; i.e., the constant vector is
absent in (6-2). One of the most commonly used approaches is the Parallel Distributed
Compensation (PDC) control [89,106], in which fuzzy controllers share the same premise parts
with the considered fuzzy systems. The sufficient conditions for the stability of the closed-loop
system are summarized in [90]. It is required that the stability of the overall system be checked by
solving LMIs [87]. If the common Lyapunov matrix cannot be found, another design is tried. It
should be noted that the number of inequalities to be solved is (7 +1)/2. It can be found that
when the rule number is large, it may be very difficult to solve those inequalities.

As mentioned in above, there is another kind of approaches [103,105] in which a controller
is defined for the nominal system of fuzzy rules first, and then the deviations from this nominal
system existing in all rules are dealt with in a robust control fashion. Our approach shared the

same idea as this kind of approach. The nominal system can be defined as A, € conv( A,...,A")

and B, e conv(B',...,B"), Where conv(Al,...,A’)z{ Dwd iw,20,> w =1 } is a convex
i=1 i=1

hull defined by the set of vertex matrices 4', ..., and A" and a similar convex hull is defined
o 1 -+ 0

for conv(Bl,...,B’). Let 4, = 0 O ’ 1 and B, :[0,...’[)0]T. The formation of 4,
alo ag as

and B, can be arbitrary as long as they are stabilizable. Usually, a simple arithmetic average is
taken; that is, a]q = (M_ax{aj.} +M_in{aj.})/2 and b, = (Max{bf}+Min{bf})/2 . The differences
between (4',B') and (4,,B,) are:

0 0 0
R PO A L (64)
a, Gy - a4,

where a,= aj - a? and b, = b{ — b, Then, the system (2) can be rewritten as

x(k+1)= iwl.Aix(k) + ’Z w,B'u(k)+ 2 wd'
i=1 i=1 i=1 ) (6-5)
= (A + A)x(k) + (B, + AB)u(k) + Y wd'

i=1

where A4 = ZwiAl. and AB = Zwl.Bi . Similarly, with the same definition as above, a continuous
i=1 i=1
affine TSK fuzzy model can be written as

X(1) = (4, + A)x(1) + (B, + AB)u(t) + Y wd' . (6-6)
i=1
Note that AA4 and AB are regarded as uncertainties in this kind of approaches.
The design idea is to design a controller for each local model under the idea of Parallel
Distributed Compensation (PDC) control [89,106], in which fuzzy controllers share the same

premise parts with the considered fuzzy systems. Then, the ith control rule can be written as
Rulei :IFx, is X| and --- and x, is X .
for i=1,---,r.

THEN u = F,(x)
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Thus, the overall fuzzy controller is u = z w,F(x). In our study, a novel design approach,
i=1

which consists of two parts of controllers to stabilize the nominal system and variations residing

in all rules, respectively, is proposed. The propose feedback control law can be written as

u=G6x+G.(x), (6-7)
where G is to control the nominal system with the desired control performance and G.(x) is to

compensate the variations in all rules individually. In the following, we shall introduce how the
above control law is obtained. This type of control laws is called the hybrid compensation control
(HCC) in our study. The control law proposed in [103] is referred to as the nominal compensation
control (NCC) and the PDC controller [89,106] is called the distributed compensation control
(DCC). [105] also proposed a similar controller, in which the second part is to treat those
variations as a whole instead of individually in a robust control sense. If those subsystems are
distributed in a wide range, the required norm bound conditions may not be satisfied. In that case,
the design algorithm will fail. This can be seen in our example shown later. For the proposed
HCQC, it is not required to find a common Lyapunov matrix for all subsystems. This advantage
greatly increases the applicability of our approach, especially when the rule number of the system
is large.

As mentioned earlier, A4 and AB (in Eq. (6-5) for the discrete case or in Eq. (6-6) for the
continuous case) are regarded as uncertainties in our approach. For those terms, the following
assumptions are made:

AI) The nominal part of the system (6-5) or (6-6) is stabilizable.
A2) Uncertainties may vary with time within a prescribed bounded set.

A3) There existsa 1xn vector a4, a scalar b such that A4= B,a and AB= b~B0.

Those assumptions are also used in [107] and [108] in dealing with uncertainties in the
system matrix and input channels. In our case, since those uncertainties are in fact the summation
of the deviations of all rules, it is easy to see that those assumptions can easily be satisfied. This
can be verified in our control design for various systems. The control law designing methods for
discrete and continuous TSK fuzzy models are derived in the following two subsections.

A. Discrete-time Case
Consider a discrete TSK fuzzy model described by (6-5). Let the control input be (7), where

G = [g1 g, gn] is to stabilize the nominal model in (6-5) and G.(x) 1S to compensate
the variations of all rules. Substituting (6-7) into (6-5), we have

x(k+1)=(4, + B,G)x(k)+ B, (ax(k) +bG(x)+ ci) = A x(k)+ Byh(x) (6-8)
where a=Yka, with a,=| W08 GuthE - 4tBE | p_ g yim

i=1 bo bo bo i=1
~ b, ~ &, s o d - ~ ~
b =1+ b—’, d= Zkid,, with d, = B and h(x)=ax(t)+bG.(x)+d . In order to let the
0 i=1 0

system be stable, there must exist symmetry positive definite matrices P and Q such that
A" PA,— P=—-Q . Define V(x(k))=x"(k)Px(k) and we have
AV (x(k)) = =x" (k)Qx(k) + h(x)[erh(x) + 2 5(x)]
where o = B,"PB,, B(x)=B," PAyx(k). It is easy to verify that when h(x)[cth(x)+283]<0,
the system is stable. Since h(x)=ax(t)+ BGC (x)+ d , if the compensation part is set as

ax(k)+d
b

Go(x)=— ,then 7(x)=0.Hence we have

~ 3 w,a, wiji
ax(kN) +d 5 —x(k) - ; . (6-9)

b Z wb, Z wl.l;l.

Go(x)=-



We then have the following theorem.

Theorem I: Suppose that the chosen nominal system matrix (A4,,B8,) for the discrete fuzzy
model system (6-1) is stabilizable. Then, the closed-loop system driven by the control law (6-7) is
asymptotically stable in the large, where G is the stable state-feedback gain for the nominal
model and G.(x) i1s given by (6-9).

Proof: With the compensation part of the control law in (6-9), the equation A(x)=0
holds. Thus the closed-loop system (6-8) becomes
x(k+1)=(4, + B,G)x(k) . (6-10)
Since (4,,B,) is stabilizable, it proves the Theorem. QO.E.D.
From Theorem 1, we can also conclude the following lemmas.
Lemma I: The behavior of the discrete fuzzy model (6-1) controlled by the control law (6-7)
is the same as the closed-loop nominal model (6-10).

The closed-loop system is a linear system (nominal model) whose eigenvalues can be
arbitrarily assigned by the state-feedback gain G. Hence we can employ various stability design
approaches, such as pole-placement, linear optimal control or other design techniques in
designing controllers for the nominal model.

Lemma 2: Consider the fuzzy model system (6-1) without the constant term. Suppose that

the eigenvalues assigned for each subsystem are the same as that for the nominal model. Then the
state feedback gain of the ith subsystem is

F=G-*, (6-11)
bi
where i=1,---,r,and F, and G are the state feedback gains of the ith subsystem and of the

nominal model, respectively.
It is easy to verify this lemma by simply substituting the feedback gain into rules.
In Eq. (6-9), if p’s are the same sign in all rules that implies b #0. In most of existing

approaches, p #0 is always assumed. When b changes sign among rules for some ;e {1,---,7},

h may be near 0 or equal to 0. If such a situation occurs, it means that in a transition instant, the
input can hardly change the system states. In other words, the system becomes uncontrollable. We
think 5=0 is only a transition state and usually, the system can still work well without this
assumption. In our implementation, a threshold ¢ is used to avoid large input values for such
situations. As in Example 1 shown later, when p/ changes signs among rules, the control input

transits from large negative values to large positive values. By using a threshold, the input is
limited to a reasonable range and the system still work well. We further analyze such a case in the

following. If =0, it means that the inferred system is x(k +1)= Ax(k). It is an unforced

system, and no matter what input is, the system behavior is uncontrollable. If the current
uncontrollable state is an equilibrium state of x(k +1) = Ax(k), then there is no way of moving
out this uncontrollable state. This is rarely the case and it is the problem of the system and is not
caused by our control law. If not, the system will transit and then it is easy to find that p =0
because the system state is changed.
B. Continuous-time Case

Similarly, we can derive the control law for continuous-time systems. The control law (6-7)
is also used for a continuous TSK fuzzy model system (6-6). Since 4, is Hurwitz stable, there

exist symmetry positive definite matrices P and @ such that ZOT P+P'A4,=-Q . Let
V(x) = x" (t)Px(t), and we have
V(x)=—x"(t)0x(t) + 2h(x)B] Px(t) -
Obviously, if the inequality 24(x)B, Px(t) <0 holds, the system is asymptotically stable. We let
2h(x)BI Px(t) =03 1i.e., h(x)=ax(t)+bG.(x)+d = 0. Therefore,
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r r

8 - k., >kd,
Go(x) = — ax(t2 +d S xX(f)—=— . (6-12)

Skh kB
i=1 i=1

Clearly, equation (6-12) is the same as that for the discrete case; i.e., equation (6-9). In other
words, Theorem 1 can also work for continuous fuzzy models. Consequently, Lemmas I and 2
also work for continuous fuzzy models.

Finally, the proposed HCC design method is summarized as follows:

Step 1: Select a stabilizable central rule as the nominal fuzzy model and calculate the
variations for all subsystems by equation (6-3).

Step 2: Find a state feedback matrix G such that the nominal fuzzy model in (6-8) is assigned
the desired eigenvalues. Such a G can be designed by various techniques to provide
specified system behaviors.

Step 3: Get the compensation part G.(x) by using (6-8) and (6-9).

In this section, various examples are considered to illustrate good design performance of the
proposed HCC design scheme.
Example 1. Consider an unstable continuous model, in which there are two rules in the model
and the system matrices are

0 1 0
Al = , Bl =
—0.588 2.718 0.603

[ o 1], o]
4= 0361 2256 " |-1.12

Define the nominal system matrices as 4, =%( A+ Az)z[ 0 1 } and

—0.4745 2.487

B, =%(B1 +Bz):{_0 2611] Let the desired eigenvalues are [-0.5+ j, —0.5— j] and then

G =[2.9703 13.3558]. Define Q =1, we have y=23.4183>1 [103] for NCC. Such a design
cannot guarantee the stability of the system. Using our HCC approach, the compensation parts are
a, =[—9.3957 —45.087], l;l =-2.3096and g, = [9.3369 44.8226], 52 =4.8298. Suppose that
the same eigenvalues are assigned for all subsystem (DCC). From Lemma 2, we obtain
F = [_1.()978 _6,1658] and F, = [_0_7937 _2_9071] . The solution for LMIs cannot be

obtained for this case. In other words, the stability condition is not satisfied, and the controllers
for all rules must be redesigned in the PDC approach. Fig. 45 shows the response of the three
closed-loop systems for the initial condition x =[1 0]. Simulations confirm the above assertions.

Now, consider the approach in [105], since the norm bound of uncertainties is bigger than 1, that
approach fails in this case. It should be noted that in this example p, changes signs among rules.

We can find that the control input transits from large negative values to large positive values as
shown in Fig. 46. By using a threshold, the input is limited to a reasonable range.
Example 2: Consider a nonlinear discrete system in [109]

i1 1) = YOk =D ylk = 2ulk —D)(y(k =2) —1) +u(k)
y(k+1)= 2 2
1+ y(k—-2)" +y(k—1)
The TSK fuzzy model of such a system is derived in [101] and shown as follows:
R': IF x,(k) is Al and x,(k) is Bl
THEN x,(k+1)=0.08+0.974x,(k)+0.333x,(k) — 0.279x, (k)
+0.49%4u(k) —0.468u(k —1),
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R*: TF x,(k) is Al and x,(k) is B2
THEN x,(k+1)=0.021-0.03x,(k)+0.058x,(k) —0.127x, (k)
+0.419u(k) + 0.029u(k - 1),
R’: IF x,(k) is A2 and x,(k) is ClI
THEN x,(k+1)=0.004-0.173x,(k)+0.211x, (k) +0.009x, (k)
+0.619u(k)+0.111u(k 1),
R*: IF x,(k) is A2 and x,(k) is C2
THEN x,(k+1)=0.002-0.012x,(k) + 0.005x, (k) + 0.007x, (k)
+0.977u(k) + 0.007u(k — 1),
R’ : IF x,(k) is A2 and x,(k) is C3
THEN x,(k +1)=0.003-0.099x,(k)+0.011x,(k)—0.02x, (k)
+ 0.587u(k) + 0.058u(k —1),
R°: IF x,(k) is A3 and x,(k) is DI
THEN x,(k+1)=-0.003-0.062x,(k)+0.01x, (k) —0.192x, (k)
+0.38u(k) +0.07%u(k - 1),
R’ : IF x,(k) is A3 and x,(k) is D2
THEN x,(k+1)=-0.112+0.131x,(k) —0.001x, (k) + 0.144x, (k)
+0.382u(k)—0.138u(k - 1),
where x,(k)=y(k) » x,(k)=x,(k—1), and x (k)=x,(k—1) . Define the state vector
x = [xl X, x3] and the membership functions are the same as those used in [101]. It can be
found that the rule number is 7, LMI kinds of approaches may have difficulties in solving it. Now,

the optimum control design is used. The considered cost function is of the form

J= i[ x" (k)Ox(k) +u” (k)Ru(k)]. Two situations are tested here:

k=0
10 0 O 10 -10 O
M J,:0=/0 0 0| andR=1land(l) J,:Q=|-10 10 0| and R=1.
0 00 0 0 0
0 1 0 0
Design case (I): Ay = 0 0 1 and B, = 0 . It is easy to verify
—-0.0675 0.166 0.4005 0.6792
that (4,,B,) 1s stabilizable. By minimizing J, , the required eigenvalues are

[-0.1123+0.2661; —0.1123-0.2661; 0.2392] and then the state-feedback gain is
G =[0.1288 —0.2881 —0.5682]. The compensation parts are

G, =[-0.3465 03244 0.9993], b =0.7273,
G, =[0237 —0.0486 —0.4162], b, =0.6169,
d,=[0.1012 0.0918 -0.7941], b, =0.9114,
G, =[0.1662 —-0.3634 —0.8565], b, =1.4385,
G, =[0.0525 —-0.1891 —0.6583], b, =0.8643,
G, =[-024 —0.1028 -0.4307], b, =0.5595,

d,=[0.2551 —0.1198 —0.1482], b, =0.5624.

Design case (II): By minimizing the cost function J,, the desired eigenvalues become
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[-0.0059+0.1458, —0.0059-0.1458; 0.766] . Thus, the state feedback gain is
G= [0.123 —-0.263 0.521] and the compensation parts are
a,=[-035 032 070] , a,=[024 -0.06 -0.83] , a&=[0.11 0.09 -0.90]
a,=[0.16 -035 -038] , a,=[0.05 -0.19 -081] , a,=[-024 -0.11 -091] |,
a,=[026 -0.13 —0.62], and b,,---,and b, are the same as those in case (I).

The simulation results are shown in Fig. 47 for the initiate state (1, —1, 1). It can be found that
the overall system can indeed have good control performance as expected.

Example3 : Consider the problem of balancing an inverted pendulum on a cart. The dynamic
equations are [110]

X =X,
L gsin(x,) — ambx; sin(2x,) /2 — a cos(x, u
2 41/3 — aml cos*(x,)

where x, and x, are the angle of the pendulum from the vertical and the angle velocity, m is

the mass of the pendulum, M is the mass of the cart, g =1/(m+ M), g=9.8m/s* is the

gravity constant, 2/ is the length of the pendulum, and u is the force applied to the cart. Similar to
[87], m =2.0kg and M =8.0kg . The fuzzy model can be approximated as [87]:

R': IF x, is about 0 THEN x = 4,x + Bu
R*: IF x, is about +7/2(x|<7/2) THEN X = A4,x+ B,u

0 1 0 0 1
where 4, = g ol > Bi=|_ a . A, = 29 ol -

41/3 —aml 41/3 —aml 7(41/3 —amlfB*)

0
B, =|_ ap , and B =cos(88"). The design specification is considered as no
41/3 —amlf?
overshoot with the rising time 2s.

We select the nominal fuzzy model as 4, = {13 ;)271 (1)} and B, ={ 0 (())918] It is easy

to verify that (4,,B,) is stabilizable. For the given specifications, the required two pole

locations are (-2, —2). Then, we have G = [188.8267 43.591 1]. From (6-8), the compensation
parts are:
a, =[131.0811 40.2407], l;l =1.9231,

G, =[~134.8203 —41.1039], b, =0.0571

The controller is used for the initial conditions (x;,x,)=(80°,0°/s). For the same desired pole

locations, the PDC approach in [87] and the approach in [105] are also considered. The
simulation results are shown in Fig. 48 and corresponding rise-time are listed in Table 19. It can
be found that our approach is the nearest one. Moreover, when the rise-time is 0.75 sec, the
required two poles are about (-5, —5). By using our HCC approach, the simulation result and the
rise-time are also shown in Fig. 48 and in Table 19, respectively. It is clearly that HCC could
achieve such a specification.

Since our approach is to directly compensate the uncertainties, robustness again parameter
changes is an important issue. Nevertheless, our approach is derived in a Lyapunov control
fashion. The obtained controller is always stable under a certain range of uncertainty. Thus, if a
parameter slightly changes, we believe the proposed controller is robust. Fig 49 shows the
simulation results of changing m (the mass of the pendulum), M (the mass of the cart) and / ( the
length of the pendulum), respectively, within +10% , and without re-designing the controllers

(two poles are located at (-2, —2)). It is evident that the responses of using our controller are only
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slightly changed even though the direct compensation is implemented. For the other two
approaches, the changes are much less in our simulation. It is because those two approaches do
not directly compensate those uncertainties and as a consequence, the effects of parameter
changes are small.

In this report, we have proposed a method of designing controllers for affine TSK fuzzy
models. In this approach, the controller is separated into two parts. The first one is to move the
eigenvalues of the central rule to the desired locations. The second one is to individually
compensate the variations residing in all rules. The design procedure is simple and effective. The
stability analysis becomes the Lyapunov theorem for linear systems. Such an approach not only
can result in the use of various control design techniques but also can guarantee desired
performance of the closed- loop system. Various examples are conducted in the report. Some of
them even cannot be solved by other existing approaches. All results illustrated good control
performances as desired.

Table 19. The rise-times of Zak’s, PDC and FCC for Example 3

Zak’s PDC FCC FCC
Poles at (-2 —2) | Poles at (-2 —2) | Poles at (-2 —2) | Poles at (-5 —5)
Rise-time 3 sec 0.75 sec 1.31 sec 0.74 sec
2
— DCC
--- NCC
157 / o \ — HCC |

0 2 4 6 8 10
time(sec)

Fig. 45 The responses of using various controllers for the system in Example 1.
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Fig. 46 The control input by using the proposed HCC for the system in Example 1.
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Fig. 47 The state trajectories of the nonlinear discrete system in Example 2.
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Fig. 48 The angle responses of using various controllers for the system in Example 3.
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Fig. 49 The angle responses of using the same HCC for the system with various parameter
variations in Example 3.
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Table 20
Mode Polling Event-driven Error
Process (Event-driven)
No Process 20.08ms| 20.08ms 80 us
1 Process 25.68ms| 20.16ms 160 s
2 Processes 25.71ms| 20.24ms 240 s
12 Processes 37.7ms | 20.24ms 240 s
12 Processes+ 15 B~ - 45.6ms 20.36ms 360 s
12 Processes+ 15 B~ A 7 47.8ms | 20.36ms 360 s
+1E + %
12 Processes+ 13 B~# 7 &/ * 20.36ms 360 s
+IE F e+ Bkt B
12 Processes+ 13 B~# 7 &/ * 20.36ms 360 s
+play game R
12 Processes+ 15 B~# 7 # % 20.36ms 360 s
+# B 1E £ P
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