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For linear autonomous differential difference equations of retarded or neutral
type. necessary and sufficient conditions are given for the zero solution to be stable
(hyperbolic) for all values of the delays. .« 1985 Academic Press, Inc.

[. INTRODUCTION

This paper is devoted to the study of the effect of the delays on the
asymptotic behavior of the solutions of linear retarded and neutral differen-
tial difference equations. A special case of the retarded equations con-
sidered is

2(1)=Aox()+ Y Apx(1—r,) (1.1)

k=1

where xe R”, each A, is an nx n matrix and each r, >0,k =1,2,.., N. It is
known that the asymptotic behavior of the solutions is determined from
the solutions of the characteristic equation,

N
(4 r, A)E' det [U—Ao— Y Age f‘-'k]=o. (1.2)

k=1

Let a(r, A) be the supremum of the real parts of the 4 satisfying (1.2). It is
well known that o(r, 4) <0 implies the zero solution of (1.1) is uniformly
asymptotically stable (see, for example, [4]).
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Because the supremum a(r, A) is attained at some specific value of 7
satisfying (1.2) and the function f(4, r, A) is continuous in r, 4, it follows
that a(r, 4) is continuous in r, 4. Therefore, the property of being
asymptotically stable at some point r’, 4° is preserved under small pertur-
bations in r, A from r°. 4",

Our primary objective is to give conditions on the cocfficients 4 in (1.1)
which will ensure that Eq. (1.1) is asymptotically stable for all delays
F=(ry..ry) with r, >0, k=1, 2,.., N: that i1s, we want to characterize
those values of A such that a(r, 4) <O for all r, >0, k=1.2.., N. Some
aspects of this problem have been previously discussed by Zivotovskii [7],
Datko [3]. Repin [5], Silkowskii [6]. and Cooke and Ferreira [2].

If we call the set of such A4 the stable cone S for (1.1), then one of our
results states that 4€ S if and only if

(i) dety) ,4,#0

(i) det[iv—Ay,—37 | Ags-s2]#0 for all yeR, y#£0,
5,€C,ls|=1.j=1,2,..N.

These conditions also imply that the spectrum of Y ;'_, A, and the spec-
trum of A, lie in the left half plane.

If Eq. (1.1) is a scalar equation, then the above conditions for 4 to be in
Ssimplify to 3., 4. <0, X, :Ax] <|4,l. This latter result was obtained
by Zivotovskii [7].

In the applications, it is not always true that the delays r, vary indepen-
dently of each other. For example, with three delays, r,, r,, ry, one may
have r, =s,.r.=45,,r3=5,+s, for some positive numbers s,, s,. In this
case, the stable cone can be larger than the one obtained before. We also
give a characterization of the stable cone in this case.

Finally, the results are extended to the much more complicated case of a
neutral differential difference equation

d N N

7 [.\'(I)— Z B x(1 —rk)] =Ay+ Z A x{t—rp).
! k=1 k=1

The basic difficulty here arises from the fact that the asymptotic behavior

of the solutions of the difference equation

N
X(f)— Z ka‘(’_rk):o

k=1

depends in a very complicated way upon the delays r,. The results for this
case are contained in Section 5 and rely heavily upon Avellar and
Hale [1].
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2. GENERAL RESULTS FOR RETARDED EQUATIONS
Suppose R* =[0,2c), R=(-x,x), r=(r,.ry)e(R)Y 7,=
(Fhie Tamdh 74,20 integers, 7,#0. yor=3" y7r, k=12,.,N,
J=1,2..., M, and consider the retarded differential difference equation

= Ax(D)+ T Ax(t—3507) (2.1)

A

where xe R" and each 4,, k=0, 1,.., N, is an n x n real constant matrix.
The characteristic function for Eq. (2.1) is

N
f(4, r,A)=det[/'.l—A0— Y Age i ] (2.2)

k-1

where A= (Ay, A,,.., Ax)ERTN 1,

DErFINITION 2.1. System (2.1) is said to be hyperbolic at (r, A) if
f(A r, A)=0 implies Re 2#0. System (2.1) is said to be asympiotically
stable at (r, A) if f(4,r, A)=0 implies Re £ <0.

The delays in Eq. (2.1) are the constants 7, -r, k =1, 2,.., N. They are not
independent and are determined by the vector r=(r,,.., ry)e (R*)™. For
example, f M =2, N=3,r=(r,, 1), 7,=(1,0), y,=(0, 1), 3= (1, 1), then
the delays are r,, ry, r, +r;.

Our objective is to determine conditions on the coefficients 4 in (1.1) to
ensure stability (or hyperbolicity) for all values of re (R*)™. This means,
in particular, that, for a given r, we must have stability (or hyperbolicity)
for all ar® with a>0. By letting + - «¢ in (1.1), this means that, if A°
ensures stability (or hyperbolicity) for all re (R * )™, then a4° also ensures
this for every a > 0; that is, the set of such A4’s is a cone. We formalize these
ideas in the folowing

DEeriNiTION 2.2, For a given re (R* )Y, the ray 7, through r is the set
{are (R*)M:2>0}. For a given r®e(R*)™, the hyperbolic cone at r°,
designated by H ., is defined by

Ho={AeR"™¥*" Eq. (2.1) is hyperbolic at (r, 4) for every rey,}.
The hyperbolic cone H 1s defined by

H=\(H,:re(R™)Y).
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For a given r’e (R * )", the asymptotically stable cone at r°, designated by
S0, 1s defined by

Sa={AeR"™ "1 Eq. (2.1) is asymptotically
stable at (r, 4) for every rey,o}.

The asvmprotically stable cone S is defined by
S=V(S,:re(R*)*)

In the following, the notation Re A(.4) for a matrix 4 designates the set
consisting of the real parts of the eigenvalues of A. As a preliminary for the
classification of H,, S,, we have the following elementary result, a form of
which was proved by Datko [3].

THEOREM 2.3. Ae H, [or S,] if and only if

(1) ReA(Xy_oAu)#0 [or Re A(X,_, Ax)<0],
(i) fly,ar, AY#0 for all ye R, v#0, 220.

Proof. let s,=max{Re A<0: f(4, ar, A)=0}, u,=min{Re 2 =0: f(4,
ar, A)=0} with s, = —o, u, = + if the corresponding set is empty. The
numbers s,, u, are continuous in z. Condition (1) implies s, <0, uy,>0. If
A¢ H,, then there is an «,> 0 such that either 5, =0 or u, =0. This con-
tradicts (ii). Thus, (i), (ii) imply 4 € H,. The conversc is obvious.

For the more difficult equations with distributed delays, Cooke and
Ferreira [2] have obtained nontrivial results in the spirit of Theorem 2.3.

THEOREM 2.4. A€ H if and only if

(Hy) det¥} , A, #0,

(Hy) detliy—-A,—33 | Awsiv--sim]#0 forall ye R, y #0, 5,€ C,
Isi=1, =120 M.

AeS if and only if (H,) and Re A(X}) , 4.) <.

Proof. Suppose A€ H. Then (H)) is satisfied. If (H.) is not satisfied at
{1, s), choose v#0.0,, so that - 0, >0 and s, =exp(i8,) for all k. With
re= —0,/v, we have [(iy, r. A)=0 which contradicts the fact that 4 € H.

Conversely, suppose (H,), (H,) are satisfied and 4 ¢ H. Then therc is an
x>0, yeR v#0, r®e(R*)™ such that f(iv, ar’, A)=0. Since this con-
tradicts (H,), we have proved the first part of the theorem.

The condition Re A(X 2 _, A,) <0 is cquivalent to saying that Eq. (2.1) is
asymptotically stable for r =0. Thus, the last statement in the theorem is
true.
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To obtain other characterizations of H, S, we need the following lemma.
We are grateful to John Mallet-Paret for assistance in the statements and
proofs of the next two results.

Lemma 2.5. If

N
P(2, 5|, §p) = det [AI—AO— y Aks'{“":s‘;w*“], (2.3)

k=1

then the hypothesis (H,) implies

P(iy, §yyy Sy} #0 for yeR, |s|<1,j=12,. M. (2.4)
Proof. Fix s, |s% =1, j=1,2,., M, and consider the function

def

Q(4, a)= P(4, as?,..., as,).

Designate the zeros of this equation by x(4). Then «(4) is meromorphic,
defined on some Reimann surface over the Z-plane and lim, _ ,
[2(2)} = oo. Consider the curve in the x-plane defined by a(iy), veR.
Hypothesis (H,) imphies that |a(iy)} > | if y #0. Thus, |2(iy)| =1 for all .
Thus, Q(iy, a) = P(iy, as),.., as$,) #0 for |a| <1, yeR and all 5?, % =1,
j=1,2,., M. This proves the lemma.

By taking each 5,=0, j=1,2,., M, in Lemma 2.5, we obtain

COROLLARY 2.6. Hypothesis (H,) implies Re A(A,) #0.

COROLLARY 2.7. If Ae H, thenRe i(3 )., A)#0, Re A(A,) #0 and the
matrices 3.1 _, A, and Ay have the same number of eigenvalues with positive
and negative real parts.

If A€ S, then Re 4(A,) <0, Re A(3; , A:) <O.

Proof. Let P(4,s) be defined by relation (2.3). Let Q(/, s)= P(4, s,..., 5).
From Lemma 2.5 and relation (2.4), Q(iy,s)#0 for 0<s<1, yeR
Hypothesis (H,) implics Q(iy, 1)#0 for all yeR. Thus, Q(-,s) has no
roots on the imaginary axis for any se [0, 1]. Since Q(4, 0)=det[il— A,],
O N)y=det[i1-37Y_,A,], it follows that Rei(A4,)#0, Re A,
A,)#0. Since the zeros of Q(4, s) =0 are continuous in s, the result follows
immediately.

The verification of hypothesis (H,) is extremely difficult. For the case of
an nth-order scalar equation and independent delays, this hypothesis can
be written in a more convenient form.
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Following Zivotovskii, consider the scaiar equation

n N n
) + Z ey 0+ Z Y oapr” MNi—wy)=0 (2.5)
;|

k=1,-1

where @, >20.a,eR for all j, k. We can now state the following
generalization of the resuts in Zivotovskii [7].

THEOREM 28. Let a=(ay, j=1.2,...nk=0,1...N),

n
PolAd a)=A"+ Y ayi”
1

7

"
Pl ay= Z agr" .

;=1

Then ue H if and only if

N
Y a, #0 (2.6)

j=0

N
Ipaliv, @)l > Y |plivea)l  forall y#0, yeR (2.7)

A~

and then necessarily a,,#0. The vector ae S if and only if (2.6), (2.7) are
satisfied and

Rei<O  if poli a)=0. (2.8)
Proof. Transform the cquation to an equivalent system
N
X=Agx()+ Y Ax(t—w,)
k=1
where x = (1, v'"'... v "), The characteristic function is given by
A .
Sl ria)=polaa)+ Y pdia)e **
k -
Hypothesis (H,) is equivalent to f(0, r, a) £ 0 which is (2.6). Hypothesis

(H,) 1s equivalent to

N
poliv. a)+ Z piliy,a) s, #0 VyeR, v#0, |5 =1,
|

&

and this 1s equivalent to (2.7). The last statement follows from
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Corollary 2.7 since the characteristic function for A4, is py(4, ). This proves
the theorem.

We also can generalize Zivotovskii's result to the case where the delays
are dependent, but it cannot be stated in such a simple fashion. The proof
is the same as before.

THrEOREM 29.  Consider again Eq. (2.5) with w;=7,r, re (R*)Y, ¢ =

(3,150 7101 )s 7 NONNegative integers, 7, # 0. With po(4, a), pi(4, a) defined as
in Theorem 2.8, the vector ae H if and only if relation (2.6) und

N
poliv.a)+ Y pilivia) s sids0

k=1

VyieR y#0.Is/=1,j=1,2,.. M (29)

are satisfied. The vector a€ S if and only if relations (2.6), (2.9), (2.8) are
satisfied.

For the case of one delay in Eq. (2.1) one can obtain an cquivalent for-
mulation of the cones H, S following an idea of Repin {5] via the following
lemma.

LemMa 2.10. If Ay, A,, are real nxn matrices, then the statement

For every ueR, u#0, the solutions of the equation

det| Aot A —aud ]:0 (2.10)
rud tAg+ A,

satisfy 4] <1
is equivalent to the statement
For every yeR, 2| < I, det[iy— Ag—ad, ] #0. (2.11)

Proof. 1f 2 #0, u#0, then the equation in (2.10) is equivalent to

0 —ipl+(AAy+ A, —
|

det 0

rpul ‘A + A,

which is equivalent to

del[/:zuzl'*' (AAg+4,)'1=0
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which is equivalent to
det[ —A(iy)+ (44, + A4,)]=0

for ye R, y#0. If |1] <1 when this is satisfied, then this is equivalent to
saying that
detiy—A,—aAd,]=0, yeR, y#£0

implies |a| > 1. Thus, the solutions of this equation for all yeR satisfy
|¢] 2 1. Thus, we obtain (2.10) is equivalent to (2.11) and the lemma is
proved.

COROLLARY 2.11.  For the n-dimensional system
X()=Aox(t)+ A, x(t—7)
A=(A,, A\Ye H if and only if (2.10) and
det(4y+A4,)#0 (2.12)

are satisfied. A€ S if and only if these conditions and Re A(A,) <0.

Proof. This is an immediate consequence of Lemmas 2.10 and 2.5 and
Theorem 2.4.

3. FIRST-ORDER SCALAR EQUATIONS

For first-order scalar equations,

X(ty=apx(t)+
k

aX(t =7y, r) (3.1)

i

I M=

where 4,eR, j=0,1,., N, the characterization of the hyperbolic and
asymptotically stable cones can be specified in terms of properties of the
solutions of the difference equation

N
agy(t)+ 3, ap y(t—y, r)=0. (3.2)
k=1
It is the purpose of this section to obtain such a characterization.
Let a=(ay, a,,-, ay),
N
(0, a)=ag+ Y a,cosy, 0
k=t (3.3)
N
B0,a)= Y a,siny, 0, feRM,

k=1
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The characteristic equation for the difference equation (3.2) is

def N .
glary=ag+ ) ae ", (34)

k=1

The functions a6, a), f(0, a) are related to the function g(4, @, r) by the
relation

gliv, a,ry=a(— yr,a)—ip(yr, a). (3.5)
The main result of thig section is the following

THEOREM 3.1.  For the scalar equation (3.1), ae H if and only if

(H;) X0_oac#0,
(Hy) for each 0 e R, either a(8, a) #0 or simultaneously, «(0, a) =0,
B0, a)=0. If (H,) is satisfied, then a,+0.
The vector ae S if and only if (H,), (H,) and a,<0.

Proof. For n=1, the condition (H,) in Theorem 2.4 is equivalent to
(H;) and (H,) is the same as

({0, a), y— (8, a)) #0 forall veR, y#£0,0eRY

which is equivalent to (H,). Corollary 2.7 implies a,#0. The statement
about S is also a consequence of Corollary 2.7. This completes the proof of
the theorem.

An immediate consequence of Theorem 3.1 is the following result of
Silkowskii [6].

CorOLLARY 3.2. Suppose the components of r are rational and define the
functions

N
Py)=ag+ Y a,cosy, ry
k1
L (3.6)
My)= ), agsiny,-ry.

k=1

Then ae H, if and only if

(i) ZX_ia#0,
(ii) for each yeR, y #0, either y(y)#0 or y(y)=0, 6(y)=0.
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Furthermore, a€ S, if and only if (i), (ii) and ay < 0. Finally, condition (ii) is
equivalent to

N
Re i<0  if ap+ Y age “*7=0. (3.7)

Proof. Since the components of r are rational, we may assume the
equation has only one independent delay. The result is then a special case
of Theorem 3.1.

It is interesting to state Corollary 3.2 in terms of properties of zeros of
polynomials. If the components of r are rational, we can write

N

do+ Y. ;08 Y, ry=h(cos y)
k=1
N

Y agsiny, ry=(sin y) g(cos y)
k=1

where A, g are polynomials.

COROLLARY 3.3. With h, g as in relation (3.8), the statement

(i) A(1)#0 and, for every ne [0, 1) for which h(n) =0, it follows that
gln)=0
is equivalent to the statement

(i) h(1)#0, ag#0, Re A<0 if ag+ Y N_, aze **"=0.

Proof. This is a restatement of Corollary 3.1.
COROLLARY 3.4. For the scalar equation

N

Ht)=apx(1)+ Y, ax(t—r;)
k=1

we have ae H if and only if Y _, a, #0, 37 _ | lail <lagl. The vector ae S if
and only if ae H and ay<0.

Proof. Theorem 3.1 implies a€ H if and only if ag #0, 3%_, ax #0 and
(H,). Hypothesis (H,) is equivalent to either

N
(0, a)=ao+ Y a,cosf,#0

k=1
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or, simultaneously,
2(0,a)=0
N
p0,a)y= Y a,sinf,=0.
k-

The latter relation implies Y ;'_ | la,| <lao|. Conversely, if > 3_, ja.l < lagl,
then «(f), a) =0 for some 6§ implies 3} _, {a.| = |a,| and each component 0,
of 0 is 0 or =. But this implies f(8, a) = 0. The last assertion about S is also
a consequence of Theorem 3.1.

COROLLARY 3.5. For the scalar equation
X(ty=agx(t)+a, x(t—r))+ax(t—ry))+ayx(t—r,—r,)
we have ae H if and only if

(1) apta, +u,+a;#0,

. a, |4, 4, a,
(i) 1+—>|—+—, 0 ——x«I1
ay |dg Qg dg
ay, lay a; a,
——>'—=—— 0g£—xI
dy  dy dg ay

(1) either ag+u,=a,+ay or ag—a, =da,—da;.
The vector a€ S if and only if ae H and a,<0.

Proof. Theorem 3.1 implies that ae H if and only if ¢, #0, (i) and (H,)
is satisfied; that is, if b, =a,/4,, and

28, a)=ay[1+h,cos 8, +b,cos8,+b,cos (0, +0,)]
PO, ay=ay[b,sin b, +b,sin 8, + hysin (8, + 6,)]

then, if there is a # such that x(), a) =0, then (6. a)=0. But these 6 are
precisely the oncs for which «(0, ) + if(0, a) = 0; that is,

| + h](’l”l = —("luj(hz + b_}(’ml).

To have a solution of this equation, one must have f,, 6, take on the

values 0 or n. Checking separately the cases 0, =0, 8, =n, one observes

that, for any b,, one has a solution of this equation if and only if either
1+bh,=b,+b, (3.9)

or
1 —b,=by—b,. (3.10)
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If we choose a value of b= (b, h~. b;) which does not satisfy either of these

inequalities and. if (H,) is satisficd. then we must have x(0, «) #0 for all

0=1(0,.0,)e R". The relation x(0, ) #0 for all # € E* is equivalent to
Re[1+h¢™J+Ree™[hs+e™]#0

for all 0 e R". This implics ., < 1. If || <1, then it is casily observed that

if 0<h, <1, then 1-bh >}h,— b4,
if 0< —bh,<1, then 1+h > b,+b,|

(3.11)

Relations (3.9), (3.10), and (3.11) are precisely the relations in (ii). Thus,
(H,) implies (11). The converse is a straightforward reversal of the
argument. This proves the corollary.

If there are three independent delays in the equation in Corollary 3.5, the
condition (i) would be replaced by |a,| + |a,] + |a,] < lag| which is a more
restrictive condition on the coefficients than the one for only two indepen-
dent delays.

4. SoME EXAMPLES

In this section, we give some examples illustrating the application of the
results of Section 2 to equations of order >2. These examples will also
show that the resuits in Section 3 do not generalize to systems; that is, one
cannot reduce the discussion of the hyperbolic and stable cones to the dis-
cussion of properties of difference cquations.

ExaMpPLE 4.1. Consider the system
X(t)= B[x()— pux(t—r)] (4.1)
where B is a 2 x 2 matrix with Re A(B) <0, p 1s a scalar, [u| < 1. We want
to determine conditions on B, u so that the matrices (B, —uB)e S, the

asymptotically stable cone. By using the Jordan normal form for B, one
sees that Theorem 2.4 asserts that (B, —uB)e S if and only if

iv—A(BX1 + pue™y#0 forall reR,y#0,0eR

for every eigenvalue A(B) of B. If A(B) is real, this relation is always
satisfied. However, if A(B) is complex, this may not be true. In fact,

14 pue” = (14 2ucos 0+ pu?) 2exp il(y, 0)
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where
tan ' {(p, 0)= (usin )/(1 + pcos 6)
and 0 < [S(u, 0) < m, S(u, 0)=0. If So(p) = max,, [C(u, )|, then {o(u) = 7/2 if

Ogu<l, () <m/2if —1 < pu<0. We can now assert that (B, —uB)e Sif
and only if

n

5 <arg AB)+ {olp)<m

for all eigenvalues A(B) of B. This clearly puts a restriction on the eigen-
values of B and p with the restriction being more severe for x> 0 than for
u<0.

This example shows that the results in Section 3 cannot be generalized to
systems. In fact, the zero solution of the difference equation

By(t)— uBy(t—r)=0

is asymptotically stable for every y, |u| <1, and (B, —uB) may not belong
to S for every B, u.

ExaMmpLE 4.2. Consider the equation

X +agx(t)+a, x(t—r)+a,x(t)+ax(t—r)=0 4.2)

along with the characteristic equation
P4 Mag+ae Ytay+aze =0
If a=(ay, a,, a,, a;), then Theorem 2.8 implies that ae H, the hyperbolic
cone, if and only if
ar+a,#0 (4.3)
| P(iy)| > |Q(iy)] forall y#0, yeR
P(l)=i*+agi+a; (4.4)
Q(A)=a,’ +a;.

The condition (4.4) is equivalent to

def
Sy =02 —a)* +(af—aj) y* —ai>0.
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for all yeR. or. cquivalently, f{r)>0 for r>0. It is easy to show the
quadratic function f(r)>0 for r> 0 if and only if
a; -a;—2a,>0  implies |as| > |a;
L o . (4.5)
ag—ay—~2a,<0  implies a@i>dai+ (a2 —a}—2a,).

Thus, ae H if and only if (4.3), (4.5) are satisfied.
Theorem 2.8 also implies that ae S, the asymptotically stable cone, if
and only if (4.3). (4.5) and Re 2 <0 if i* + ay4+ a, =0; that is,

ay>0,a,>0. (4.6)
If Eq. (4.2) is transformed to a system of order two
X(t)=Agx(1)+ A, x(t—7r)
then the zero solution of the difference equation
Agy()+ A4, y(t—r)=0

is asymptotically stable if |a,| <|a,| which does not imply anything about
H.

5. NEUTRAL EQUATIONS

In this section, we generalize the results of Sections 2 and 3 to neutral
differential difference equations

d N N

— | x()= Y Bix(t—y,r)|=Aox(r)+ Y Apx(t=yr)  (5.1)
dt k=1 k=1

where xeR", each A,, A, B,.k=1,2,... N, is an nxn constant matrix

and the 7..r are the same as before. The characteristic function for

Eq. (5.1} 1s

B N N
g(2,r, A, By=det [/l(l— Y Bie ** ")—A(,— Y Ape ’] (5.2)
ko k-t .
where 4 =(A,, A,..., Ax), B=(B,,..., By).
DERINITION S.1.  System (5.1) is said to be hAyperbolic at (r, A, B) if there
is a 0 >0 such that {Re A: g(4,r, 4, B)=0}n[—9,] = . System (5.1) is

said to be (uniformly) asympiotically stable ar (r, A, B) if it is hyperbolic at
(r.A, B) and {Re i: g(i, r, A, B)=0}n[—-6, x)=(.
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M

DeriNITION 5.2. For a given r°e(R*)™, the hyperbolic cone at r°

designated by H., is defined as

Ho={(A. B)e R™V+ 1 x R™N: Eq. (5.1) is hyperbolic at
(r, A, B) for every r=ar®, 22 0}.

The hyperbolic cone H is defined by
H=(){H,:re(®R* "}

For a given r®e (R )™, the asymptotically stable cone at r°, designated by
Sy, is the set of (4, B)e H,o such that (r, A, B) is asymptotically stable for
every r = ar’, x > 0. The asymptotically stable cone S is defined by

S={S,:re(®R")}.

The set H, is not really a cone in (A4, B) space. In fact, if (4, B)e H,,
then (x4, B)e H, for every x>0, but (x4, aB) will generally not be. The
reason for this is that, if r—ar, tr>at, then the new equation has coef-
ficients (x4, B). In spite of this fact, we retain the term cone for H,, but it
should be remembered that the property of being a cone holds only in the
A variable.

Our objective is to give a classification of the hyperbolic and
asymptotically stable cones. This problem is much more difficult than the
corresponding one for the retarded equation in Section 2 because the set of
real parts of the zeros of the characteristic function

N
e(4, r,B):det[l— Y Bke“"‘“"—‘ (5.3)
kol
of the difference cquation

W)= S Beplt—wer)=0 (54)

k=1

does not depend continuously on r.
For the difference equation (5.4), we need the definitions analogous to
Definitions 5.1 and 5.2 for Eq. (5.1).

DEFINITION 5.3. System (5.4) is said to be hyperbolic at (r, B) if there is
a >0 such that {Re z:e(4,r, B)=0}n[ -3, 8] = . System (5.4) is said
to be (uniformly) asymptotically stable at (r, B) if it is hyperbolic and
{Reie(i,r,B)=0}n[-6, x)=0.
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If Eq. (5.4) is hyperbolic (asymptotically stable) at (r. B). then 1t is
hyperbolic (asymptotically stable) at (xr. B) for every x> 0. If we assume

N
det<l— Y Bk>¢0 (5.5)
k

-0

then it is also hyperbolic at x =0 because [Re 2:e(4, 0, B)y=0! is empty.
Thus, with (5.5). if Eq. (5.4) is hyperbolic at (r°. B) it is hyperbolic for
every (ar, B), 22 0. This means there is no reason to use the concept of
hyperbolic cone at r for Eq. (5.4). It becomes only necessary to discuss
whether or not hyperbolic is or is not preserved under variations in r.
Throughout this section, we assume (5.5) is always satisfied.

DerINITION 5.4, Equation (5.4) is said to be hyperbolic locally at (r°, B)
if there is a neighborhood U(r’) of r’ such that Eq. (5.4) is hyperbolic at
(r, B) for every re U(r°). Equation (5.4) is said to be hyperbolic globally at
B if it is hyperbolic at (r, B) for every re (R*)Y. The hyperbolic set for
Eq. (54) is the set {BeR"™:Eq. (54) is hyperbolic at every (r, B),
re(R* )™} Similar definitions are made for asymptotically stable locally at
(r°, B), asymptotically stable globally at B, and the asymptotically stable set
for Eq. (54).

In Definition 5.4, no mention is made of the variation of the concept of
hyperbolic with respect to variations in the coefficients B. The reason for
this is that if Eq. (54) is hyperbolic at (r°, B"), then there is a
neighborhood V(B”) such that Eq. (5.4) is hyperbolic at (r° B) for every
Be V(BY) (see Avellar and Hale [1]).

We need the following fundamental result from [1].

LeMMA S.1. Fix Be R™. The following statements are equivalent:

(i) There is an r’e (R )™ with rationally independent components
such that Eq. (5.4) is hyperbolic at (r°, B).

(i) There is an r’e (R~ )™ such that Eq. (5.4) is hyperbolic locally at
(r°, B).

(iii) Equation (5.4) is hyperbolic globally at B.

(iv) 1@1(r, B) =*{|u(0)]: det [l — T¥_, Bye™ "1=0,0e RM}.

v) 1f

N
E(p,0.r, B):del[l— Y Bee v#ren V| GeRM peR
3 1

&
and

I'(r, By=1{p:30 with E(p, 0, r, B)=0}, then 0 ¢ I'(r, B).
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The same result holds with hyperbolic replaced by asymptotically stable
and (1v), (v) replaced by
(iv) I(r, B)S [0, 1),
vy I'tr, B)Yn[0, x)=.
With g(4, r, A, B) as in relation (5.2), define

a (r, A, B)=sup{Re 1 <0: g(4,r, A, B)=0}

(5.6)
a*(r. A, B)=inf{Re A >0: g(4, r. A, B)=0}

and define ¢ (r, A, B)= —,a'(r, A, B)y= +x if the corresponding set
is empty.

We nced the following reult which is stated without proof. The proof
uses some special properties of characteristic functions which we have not
used before. The reader can supply the detais following ideas from [4,
Chap. 12].

LemMa 5.2, If Eq. (5.1) is hyperbolic (asymptotically stable) at (r, A, B),
then the difference equation (5.4) is hyperbolic (asymptotically stable) at
(r. B). If Eq. (5.4) is hyperbolic at (r, A, B), then a (ar, A, B), a* (ar, A, B)
are continuous in « for 2> 0.

One can now generalize the results of Section 2 to the ncutral equation
(5.1) (see also Datko [3]).
THEOREM 5.3. (A, BYe H, (or S,) if and onlv if

(1) Re/z[([_z:}?:-]Bk) IZ}:\V_.()AA-]#O((” <0),
(ii) gliy,ar. A, B)#0 for all ye R, y #0, 2 20.

Proof. The proof is the same as the proof of Theorem 2.1, making usc
of Lemma 5.1.

THEOREM 54. If

P( S, v 535 A, B)
N 1 N
=del|:ft—<l— y Bk‘s”,““'s;*f> <A(,+ Y Aks",'“ms';;‘,“)] (5.7)
| k-1

then (A, BYe H if and only if

A

H,) Egq. (5.4) is hyperbolic globally at B,
H,) PO, 1,...1, 4, B)#0,

H.) Py, 8y, Say, A, BY#0,
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Jor all veR, v#0,'s, =1, j=1,2... M. The puir (A, B)e S if and only if
(H)), (Hy) and Re A[(T=3_ B,) 'Y ,A.1<0.

Proof. Suppose (A. B)e H. Then Lemma 5.2 implies (H,). Lemma 5.1,
part (iv), implies there are constants é > 0, # >0 such that |[det(/—3}_,
Besit-oesyim) 2o for | |sf—1<n, j=1.2.., M. Thereforc. P in rclation
(5.7) is well defined for | is,| =1} <#. Theorem 5.3 implies (H.). If (H;) is
not satisfied for some (1, s,.... 5,). ¥ #0, |5, =1. choosc #,€ R so that
se=explif), —v0, >0, k=12 .M Ifr,= -0, then g(iv.r. 4, B)=0,
which contradicts the fact that (A, B)e H. Thus, (A. B)e H implics
(H)-(H;).

Conversely, suppose {H,)-(H:) and (A4, B)¢ H. Then there is an 2>0,
veR, y#0. e (R )Y such that g(iy, 2, 4, B) = 0. This contradicts (H,)
and proves the first part of the theorem.

The condition Re A[(/—3_, B,) '¥V_, A4,]1<0 is equivalent to say-
ing that Eq. (5.1) 1s asymptotically stable at » =0. Thus, the last statement
in the theorem 1s true.

Our next objective is to obtain an alternative characterization of H, S in
terms of Re 4(A4,) as in Section 2.

LemMa 5.5, If Eq. (5.4) is hyperbolic globally at B, then, for any
SV S4yo 191 =1 j= 1, 2,0, M, hypothesis (Hy) implies either

Pliv, s, 255,) #0 for veR. |z <]
or

Pliv, 2505, 25%,) #0 for veR, |z|>].

If Eq. (5.4) is asymprotically stable globally at B. only the first alternative
holds.

Proof. From the hypotheses on Eq. (5.4), there is a ¢, > 0 such that for
any 0 <9 <9, there is an n> 0 such that

21

N
det (1 Y Bysine .s‘?'(;")
A 1

for 1--8<s|<1+9, j=1.2,.., M. Fix s}, |sj’| =1, j=1,2,., M, and
define Q(/, x) = P(4, asY,.... xs%,) for xe C, 4 € C. Designate the zeros of this
function by x(4). Then x(4) is meromorphic, defined on some Reimann sur-
face over the z-planc. As |A| - x, one must have

N
det <1_ Z Bk[l(,")stl)];'u... [1().).8‘%,]“")—»0,
kol
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Thus, for large |4},
ai)e{peC:pl<I=d,juipeCiip|21+9,]

Consider the curve in the x-plane defined by x(iv), y€ R. For 3 very large
and positive. suppose a(ivje {peC:|p|=1+9,]. Then hypothesis (H;)
implies that |x(iv)| > 1 if y#0. Thus, |x(iy) =1 for all y. Consequently,
QUiv, 2) = Piy, asY,... as3,) #0  for Jaf<l.yeR If aliv)e{peC:
lpl <1—4,] for large positive y, then hypothesis (H;) implies |x(iv)| < 1 for
all y#0. Thus, |a(iv)| <1 for all y and Q(iy, as”) 0 for all |« > 1. This
proves the lemma.

COROLLARY 5.6. If (A, B)e H, then

ek [(1—2\‘l Bk> 1 A-ZVO Ak] #0

If (A, B)€ S, then Re i(A,) <0, Re i[(I-Y}_, B,) 'Y A4 <0.
Proof. Let Q(4,5)= P(/, ..., s). For real s, Lemma 5.5 implies either
oy, s)#0 for 0<s<l1,yeR
or

QUiv, s)#0 for 1<s, veR

Hypothesis (H,) implies Q(iy, 1)#0 for all yeR. Thus, Q(-,s) has no
noots on the imaginary axis cnher for 0<s<1 orfor1<s. Smce

Q(J, 1) = det [/:1—(1— 5 BA.) 5 AA}
k=1 k=0

it follows that Re A[(/=Y |, Bi) '3 ,A]#0. This proves the first
part of the corollary.

The last part follows from the last statement in Lemma 5.5 and the proof
of Corollary 2.7.

Remark 5.7. One can have Eq. (5.4) asymptotically stable globally at B
and have (A4, B)e H, (4, B)¢ S. In fact, consider the equation

—[v )—cex(t—r)])=ax(t) (5.8)

with ¢ real, 0 <c¢ <1, a> 0. The characteristic function is

il =ce “VY—a

409/105/2-17
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which is #0 for A=y, ve R. Also. there is a rcal 2> 0 such that £(1 —¢
eXp— Ar) =
Let us now consider in more detail the scalar nth-order neutral equation

N
=Y by —wy) — Z a,y'"

k-1
v
— Z ay ¥ Nr—wi)=0 (5.9)

A—1/7-1

where @, 20, h,eR, a,eR for all jk Let h=(h,...by) a=(ay,
J=luan k=0,1..N), o=(v,.. wy) If we write this equation as a
system of first-order equations,

(—l{x(!) Z B x(t—wm,) [=A,x(t)+ Z A x(t—wy)
d’ hk=1 - k !

for x=(y, y'"... v'" 1), we have

B, = (b}), bl =hy, b =0 for (i, j)#(n. n)

nn

0 1 0---0
0 0 1---0
Ag=| - oo -
0 0 01
Lan() Uy 0 dnono0’ "o |
0 0---0
0 0---0
A= - ——-——-— , k=12.,N
0 0---0

The characteristic function is

gli. w, a, b)= pyl4, a) Z pilia,b)e **

poli.a)=det[; — Ag] = i"— Z api (5.10)
1

!

n
piliva by=b 2"+ Y au it .

;=1
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The corresponding difference equation is

W= Y by(t—w)=0 (5.11)

k=1

with characteristic function

N
e(i, w b)=1-— Z bye ™%, (5.12)

k=1

One can now prove the following generalization of the result of
Zivotovskii [7].

THEOREM 5.8. For Eq. (5.9), (a,b)e H if and only if
Eq. (5.11) is hyperbolic (5.13)

Y a4 #0 (5.14)

kK 0

N
poliv, @)l > 3 Ip(iv,a, b)l  forall yeR, y#0. (5.15)

k=1

The vector (a, b)e S if and only if (5.14), (5.15), and

N
Y <1,  Rei<O0if py( a)=0. (5.16)

k-1

Proof. From Theorem 5.4, condition (5.14) is equivalent to hypothesis
(H,). Hypothesis (H;) is equivalent to

A%
poliv.a.b) -+ 3 piliy, a, b) s, #0
k -

for all veR, y#0, |s,]=1,k=1,2,.., N. But this clearly is equivalent to
(5.15). Thus, the first part of the theorem is true.

If (a, b)e S, then Lemma 5.2 implies Eq. (5.11) is asymptotically stable
at h. Part (v) of Lemma 5.1 implies this is equivalent to X)¥_, |b] < 1.
Corollary 5.6 implies Re 2 <0 if pol(/, a) =0. This proves the theorem.

We can generalize Theorem 5.8 to the case where the delays are depen-
dent, but the result cannot be stated in such a simple fashion. The proof is
the same as before.

THEOREM 5.9. Consider again Eq. (59) with w,=7, r, re(R*)™,
P F O, 7k = (Payoees Yaar)s Ti; 2 0 integer. With po(4, a), pi(4, a, b) defined as
in (5.10), the vector (a, b)e H if and only if (5.13), (5.14) in Theorem 5.8 are
satisfied and
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\
Polived, b)Y+ Y puliv,a b) sit-- sy £0
A

forall veR, v#0.isi=1k=1.2... M. (517)

The vector (a. b)e S if and only if (5.14), (5.17), and (5.16) are satisfied.

6. SCALAR NEUTRAL EQUATIONS

For first-order scalar equations

A"

Y wxlt~yer)  (6.1)

k=1

d

o xX(1) ——Agl by x(t—7y, r)J =a,x(t)+

where ag, a,, b, e R, k=1,2... N, the characterization of the hyperbolic
and asymptotically stable cones can be specified in terms of the properties
of the solutions of the difference equations

M= Y berlt=7r)=0 (6.2)
A 1

agz(t) — Z a (1=, r)=0. (6.3)

Ao

It is the purpose of this section to obtain such a characterization which
generalizes the results of Section 3.
As in Section 3. let b=(hy.... by). a=(ay. ¢y,..., a ),
N
a(l.a)=ag+ Y a,cosy, 0
b (6.4)

v
B, ay= Y a;siny, 0.
ko

Exactly as in the proof of Theorem 3.1, one uses Theorem 5.9 to obtain
the following resuit.

THEOREM 6.1.  For Eq. (6.1), (a, b)e H if and only if
Eq. (6.2) is hyperbolic globally at b (6.5)

N

k-0

either 2(0, u)#0 or 2(6,a)=0, (0, a)=0 (6.7)
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and then necessarily ay# 0. The vector (a, b)e S if and only if
N
Y bl <1, ap<0 (6.8)
k1

and (6.6). (6.7} are satisfied.

For the equation

(—1|:x(1)— S bexti—r) |=aox(+ 3 axtt—r)  (69)
d’ k=1 k=1

the above theorem has a very simple interpretation for the case of stability
globally in the delays. In fact, Eq. (6.9) is stable globally in the delays if
and only if

N

Z bl <1

k=1

N

Y a,<0 (6.10)
k=0
N

Z la] < lag).
k-

REFERENCES

1. C. E. AviLLak aND J. K. HaLe, On the zeros of exponential polynomials, J. Math. Anal.
Appi. 73 (1980), 434452

2. K. L. Cookk anp J. FERREIRA, Stability conditions for linear rctarded functional differen-
tial cquations, J. Math. Anal. Appl. 96 (1983), 480-504.

3. R. DATKO, A procedure for determination of the exponential stability of certain differential
difference equations, Quart. Appl. Math. 36 (1978), 279-292.

4. J. K. Hark, “Functional Differential Equations,” Springer-Verlag, New York/Berlin, 1977.

5. Yt. M. Repin, On conditions for the stability of systems of differential equations for
arbitrary delays, Uchen. Zap. Ural. 23 (1960), 31-34.

6. R. SiLkowskIl, A star shaped condition for stability of linear retarded functional differen-
tial equations, Proc. Roy. Soc. Edinburgh Ser. A 83 (1979). 189-198.

7. L. A. Zivotovskil, Absolute stability for the solutions of differential equations with retar-
ded arguments, Trudy Sem. Diff. Urav. Otklv. Arg. T (1969), 82-91.



