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Abstract

Mixing time is the crucial time for a Markov chain converging to its equilib-
rium. Several tools have been developed to analyze this important quantity, such
as analytic techniques in Hilbert space, coupling methodology. In the last decade,
computer theorists Goldberg and Jerrum purposed a special Markov chain, called
Burnside process which is an important probability model for Pélya’s theory of
counting. P. Diaconis 2005 discusses the mixing time of Bose-Einstein Markov
chain. However, we still know little about Burnside process. Hence, in this article
we want to discuss mixing times for general Burnside processes.



1 Preliminaries

A Markov chain on a finite state space X can be specified by a kernel K : X xX — R,
which satisfies

K(z,y) >0 forallz, ye X and ZK(m,y):l for all x € X.
yeX

By the Chapman-Kolmogorov equations, we define the iterated kernel

K"(z,y) = Z K(z,2) K" (z,y).
ZEX

A probability measure 7 define on X is stationary if > 7w(x)K(z,y) = w(y) for
all y € X. Throughout, we assume that the Markov chain is rreducible, that is, for
every x, y € X, there exists some n = n(x,y) > 0 such that K™ (z,y) > 0. Under
this assumption K has a unique stationary distribution 7 with min, 7w(x) > 0.

The Markov operator associated with K is defined by

=Y K(z,9)f(y)
yekX
and similarly the iterated Markov operator is formulated as
K"f(x Z K"(z,y)f
yekX

The chain is reversible if K satisfies the detail balance condition

m(x) K (z,y) = m(y) K (y,z) for every z, y.

A state z € X is aperiodic if K™(xz,x) > 0 for all sufficiently large n, and the chain
is aperiodic if every state is aperiodic. For irreducible chains, aperiodicity of a single
state implies aperiodicity of every state.

Given a kernel K we can then have a discrete-time Markov chain. With the
kernel K, we can also consider the continuous-time Markov chain identifying by the
kernel H! which waits an exponential time before moving. Precisely, let X,, be a
given Markov chain. Suppose that N; is the Poisson distribution with rate 1 and
Ny is independent of {X,,} . Define Y; = Xy, then

et
H'(x,y) = E [Lyy—pYo=a] =¢™' Y K" (z,y)
n=0

is called the transition kernel of the continuous time Markov chain associated with
the kernel K. Consequently, the operator is defined by

St
If we define u(t,z) = H!f(z), then it solves the heat equation

{ (Or+ (I —K))u(t,z) = 0on (0,00) x X,
uw(0,2) = f(x).



Proposition 1. Let (K, ) be an irreducible Markov chain on a finite state space
X with stationary distribution w. Then

lim H'(z,y) = 7(y) for all z, y.

n—oo

Furthermore, if we assume that K is aperiodic, then

lim K"(x,y) =n(y) forallx,vy.

n—oo

With the weak conditions on K, we obtain that the Markov chain converges to its
stationary distribution. However, this classic result does not tell us any information
about the rate of convergence. Hence, the aim of this thesis is to present the general
techniques for analyzing the behavior of convergence and several examples will be
involved.

In order to quantify the distance between the chain and its stationary distribu-
tion, we firstly need to introduce a metric. The most natural and useful one is the
total variation distance.

Definition 1. The total variation distance between two probability distributions p
and v on X is defined as

lw—viry = max |n(A) —v(A)].

Proposition 2. Let p and v be two probability distributions defined on X, then
1
I =vlirv =5 > @) = v(@)].
reX

Proof: Let S = {z € X : pu(x) > v(z)}. For any A C X,
H(A) — (4) =p(ANS) — UANS) — (AN S) - p(ANS°))
= > (@) —v(@) = Y W) - pul)).

T€EANS T€EANS®

Since pu — v is positive on § and v — p is nonnegative on S¢, it follows that
H(A) = v(4) < u(S) - U(S).

Similarly,
V(A) — u(4) < (S°) - u(S°),

Since p and v are probability measures, u(S) — v(S) = v(S8°) — pu(S¢). Thus,

1
I = vlizy =5 [1(S) = v(S) +v(S) — u(S)]

5 | sl + 3 0t — )| = 3 3 Ine) = o).

€S TES® TeX

This completes our proof.
O
The techniques in Hilbert space will be very useful in our analysis. Hence, we
define the L, distance.

Definition 2. For any two measures y and v with densities f(x) = p(z)/m(x) and
g(x) = v(x)/m(x) with respect to the positive measure m, their LP(w) distance is

dr,p(p, v) = || f _g||LP(7T) Jor 1 <p < oo.



From proposition 2, we could see that dr 1(u, m) = 2||p — 7||rv. By Jensen’s
inequality, the function p — dr, ,(u, v) is non-decreasing.

Next, we want to define the mizing time which measures the time that the chain
needs to go to its equilibrium.

Definition 3. The total variation mizring time is given by
T(K) = inf {n > 0:sup || K"(z, ) —7()|lrv < 1/6} .
@
Definition 4. The LP mixing time is given by
Tp(K) = inf {n > 0:supdy p(K"(x,-),m) < 1/6} .
x

Analogous definitions can extend to the continuous time Markov chain H; and
we use the notations 7" and 7}, to denote the mixing times of total variance distance
and the L, distance, respectively. We should note that because of the following
proposition, the constant 1/e in the definition is chosen for convention.

Proposition 3. For 1 < p < oo, then n — sup,cy dx p(K™(x,),m) is a nonin-
creasing sub-additive function. In particular, if

sup dﬂ,P(Km(l'a ')a 7T) < ﬂ
TEX
for some fized integer m and some 3 € (0, 1) then
sup dﬂ',p(Kn(ma ')a 7'[') < ﬁlﬂ/m] .
zeX

Proof: Use Jensen inequality, we have

n+1m_ 7_‘_p_ 7.2 Kn(zvy)_ pﬂ_
oK ) = 3|5 K (52 1) w)
< Z Z K(z,z) ’K:T((;y) 1| n(y) = Z dr p(K™(2,-), )P K (z, 2)
YyEX zEX 2€X
and
n+m .. 1 — K”(:c,z) o Km(z7y) o (2 pﬂ_
o5 )7 = 3|5 (R 1) (K220 ) age)| )
< K"(l‘,Z) 1 pdﬂ_’p(Km('% ')’ﬂ_)pﬂ_(z)‘
zeX 7'('(2)

Now, taking the supremum, we prove that d, ,(K"(z,-),7)P is nonincreasing and
subadditive. Next, suppose that n is any nonnegative integer then there exists some
k such that km <n < (k+ 1)m. So

sup dr (K" (z,-),m) < sup dﬂjp(Kkm(:c, ), m) < sup dy (K™ (z, '),7T)k < ﬂk = ﬂLn/mJ‘
reX reX reX

Hence, we prove our assertion.
O
Assume that K is an irreducible and aperiodic Markov chain on a finite state
space X. We say that K satisfies the so-called Doeblin condition if there exists an
integer ng and a positive constant ¢ such that

K™ (z,y) > cen(y) for all z, y.

The first result of the rate of convergence involving with Doeblin condition is stated
in the following.



Theorem 1. If (K, m) is an irreducible and aperiodic Markov chain, then

sup | K™(z,-) — 7()|lzv < (1 — ¢)L7o]
reX

where ng is a nonnegative integer such that K™ (z,y) > 0 for every x,y and ¢ =
] K™o (Z7y)

ming { =) } .

Proof: From the aperiodicity, we have that K™ (z,y) > 0 for every z, y and some

ng. Define the matrix M with each row equal to the stationary distribution 7. Then

it is clear that MK = KM = M. Take ¢ = min, yex {Kj\;(éxﬁ)} > (0 and define

K™0—cM
l—c

if0<e<1,
N =
0, if c=1.

If ¢ = 1, then M(z,y) < K™(x,y) for each z, y. If M(z,y) < K™ (z,y) for some
z,y, then 1 = 37 M(z,y) < >, K™ (x,y) = 1, this is a contradiction. Hence,
M = K™ and we are done.

If 0 < ¢ < 1, it is easy to check that N is a Markov kernel and MN = NM = M
such that

n

(N_M)n: - (_1)l n Nn—lMl: (_1)1 n Nn—lMl+Nn

(i =3 (i)
_Z(—1)1<7>M FN'=(1-1)}=M+N"=(N—M)N"!
=1

and
" /n
K™ —M=>" <Z>K”0lM”_"Ol = (K" — M)" = (1—¢)"(N - M)".
=1
Now, if we set a matrix norm || - [| by [|A[| = max; }_ |A(z,y)| for any matrix A

and recall that ||AB|| < ||A]|||B]|, then
[ — M| < (1= o)"|[N = M|[IN|"™" = (1= )" [N = M| < 2(1 - )",

Finally, for every m > 1, there exists some n > 0 such that non < m < ng(n + 1),
and it follows that

K™ = M| = Km0 (R0 — M| < [ = M| < 2(1 = o) = 2(1 - ¢) 7o,

So we prove the announced result.

O

We can get an upper bound of the total variance distance via the constant ¢ in
theorem 1. Usually, it is easy to apply theorem 1. Nonetheless, the estimation is
always not sharp enough. From the elementary result in the matrix analysis, we
can express our Markov kernel by using its eigenvalues and eigenfunctions. It turns
out the bounds for eigenvalues is related with our convergent rate.



Lemma 1. Consider a reversible Markov kernel K with stationary distribution .
Let{\; :i=0, ..., |X| — 1} be the set of all eigenvalues of K and {¢;|i =0, ..., |X|—1}
be the corresponding orthonormal basis and eigenfunctions in L?(w). Without loss

of generality, we assume that \g = 1 and ¢9 = 1. Then the eigenvalues of K are all
real and

|S|—1

Kz,y) = X Al 1)

R SUCN ) N P
dra (K" (), m)* = 3| = = > @) (@)
yeS i=1
and H(e.y) |S|—1 -
I = 57 e )y () (), (3)
m(y) par
t(y 2 IS|-1
dra (H'wm) = S| ) 1l ny) = Y e MO M @R, ()
yeS =1

2 Spectral gap
Now, we introduce the L? techniques to bound eigenvalues.

Definition 5. For a Markov chain (K, ) on X. The Dirichlet form is given by
where (f,9) . = > pex f(x)g(x)m(z).

Proposition 4. A simple calculation yields that

(1)
et 0) = ((1- 3K +K)) 1.7) =5 3 1@ F0)PE@ (), 5

T,yeX

(2) As a function of t, the derivative of |[H'||3 is given by

d
I H flz = —2€ (H'f, H'f) (6)

'E\'—‘

where || fllp = X es |f(y)Pr(y)7.
The spectral gap is defined in terms of Dirichlet form.

Definition 6. The spectral gap A associated with K is given by the formula

(£, f) .
ar(f)

Here Var(f) = ¥ pex lo — Exlf2(2) and Bxlf] = ¥pen f@)m ().

/\:/\(K)_mf{v (f);éo}



We emphasize some fact on the spectral gaps. Recall that the adjoint operator
K* of K defined by K*(z,y) = w has the same stationary distribution as

(T

K. Hence, from the definition of spectral gap, it follows that A(K) = A(K™*). More
important,

Proposition 5. If K is reversible, then X\ is the smallest non-zero eigenvalue of
I — K. In general, \ is the smallest non-zero eigenvalue of I — %(K + K*).

Proof: We only prove for K being reversible. Assume that K is reversible and let
A; be the eigenvalues of K with

—1§>\‘,ﬂ_1§"‘§)\1<)\0:17

and ¢; be the corresponding orthonormal basis and eigenfunctions of \; in L?(r).

For any f € L*(w), Vary(f) # 0, f can be expressed as f(z) = Z'S‘ lczwi(x)
where co, -+, ¢/5-1 € C. So

EFf) _Ef—cof—co) _ SETelPO-N) ST ePa-n)

Vars(f) — Varz(f—co) — ¥ 2 - Hf—COII2 DY =T

Hence, A > 1 — A;. Now, let W be the subspace generated by {¢g, ¢1} and for any
element f € W, ||fll2 = 1 and 7(f) = 0. Again, any f € W can be expressed as
f(z) = covo(z) + c1¢1(x). Therefore,

A <inf{&€(p,¢0):p e W} <E(f, f)= Zm\ 1=X) =]’ (1= A1) <1— AL

Thus, A =1 — A1 and this completes our proof.
O

The following theorem establishes the relationship between the rate of conver-
gence and the spectral gap.

Theorem 2. For every vector f in CISI, we have
15 f =7 ()5 < e Var(f).
Proof: Let u(t) = |H'f — n(f)|13 = ||[H!(f — = (f))|3. Hence we have, by (6),

u'(t) = —26(H' (f =7 (f)), H'(f — =(f)))
—2\Var (H'(f — n(f)) = —2)u(t).
This implies that u(t) < e~?*u(0). Hence, we are done. O

Proposition 6. Let K be a Markov kernel with the spectral gap A\. Then we have
—At

dro(H'(z,-),7) = |1t (z,-) — 1|, < :(l_) (7)

|HY (2,y) — 7(y)| < 1/ = z—”. (8)

and

—A1.



Proof: Due to the fact (K*)"(z,y) = %, the associated semigroup H' =
e tU=E") has kernel
m(y)H' (y, x)

ﬁt(x7y) = 7_‘_(1‘)

= (H')"(2,y).

Consider the densities of H'(z,y) and H'(z,y) with respect to m,

H'(z,y)

~t . I .
) and h'(z,y) = ——

ht(xa y) =

Note that hi(z,y) = ﬁ;(é’)x) — H'f(y), where f(z) = =1-6,(z). Hence, use the fact
AK) = A(K™),

. |1 —7(x) < e M

7T(1,‘) - 77(;[*)

Hht(x,-) — 1H2 = Hﬁtf — 7r(f)H2 < e*’\t\/Var(f) —e

Moreover, we have

P

27 Va(@)n(y)

Hence, we finish our proof.
O
Proposition 6 is one of the fundamental results of finite Markov chain theory. In
particular, it tells us

Theorem 3. Let K be an irreducible Markov chain and

w=min{Re(§) : £ #0 is an eigenvalue of I — K} .

Then )
.= t
V1< p < oo, lim —=log (Igggcdﬂ,p (H(x, '),W)) = w. 9)
For 1 <p <2, we have
Lop <L (241 (10)
w = P72 &)
whereas, for 2 < p < oo,
1 1 1
—<T,<—-(1+4Ilog— 11
Dersg (1), (1)

where T, = mingey 7(x).

Proof: We may prove (10) and (11) easily by using inequalities (7) and (8) and
Jensen inequality. To prove (9), we need a fact in real analysis. Suppose that
1§p,q§oowith%+%:1,then

HHt - HH(]—>00 - rxnea;((dmp (Ht(xa '),7T) )



where the matrix H' — II with II(z,y) = 7(y) is regarded as a linear operator
from L(m) to L>®(7) and ||H® — I||jm00 = sup {|[(H" =) flloc : [|fllq < 1} is the
corresponding operator norm. Hence the left hand side of (10) and (11) are obtained
by noting that the spectral radius of operator H! — Il is e ! and the fact

[(H" = D) vl La(r - V]| () -
V]| La(m) V1l La(m)

[H' = Tlgmoo > [ H" = T[lg—g >

)

where v is the eigenvector associated to e=*.

Now, we turn to prove (9). Note first that the limit can be rewritten as

.o —1 ‘
tlggo 5 log (HH - H||q—>00) =w,

1

where p~! + ¢! = 1. Again the previous fact, |[H! — I||;—c0 > e, shows that

-1
lim sup — log (|[H" — II||q—00) < w.
t—o0 t
It remains to show that
N | ¢
htrgg)lf - log (|[H® =11l g—o00) > w.

We recall the following fact in matrix analysis: for any € > 0 and any matrix A,
there exists a submultiplicative matrix norm || - || such that || Al < p(A) + €, where
p(A) = max{|¢| : € is an eigenvalue of A}. Let A = H' — I, then we have

| HY =T < p(HY —TI) + .
Then
1 -1 < |EY - )| E Y < o)(H - W < O (p(H —10) + €)1,

where C' = maxgep 1] |[H®||. Note C indeed exists because ||H'|| is a continuous
function, this can be proven by using the equivalence of matrix norm.
Therefore,

—logC —|t]

-1
lim inf — log || H® — TI|| > lim inf + log (e_“’ + e) > —log(e™ +¢).
t—oo T t—o0 t t

Since any two matrix norm are equivalent, the above limit also holds for the operator
norm || - |lg—oo- At last let € — 0, we get (9) and we finish our proof.
O

Remark 1. In general, A\ < w. Furthermore, if K is reversible, then the equality
holds.

3 Coupling

In this section, we want to develop the elementary idea and result of coupling
method to bound our total variance distance. Suppose that (Xy,)n>, be a discrete
time Markov chain defined on a finite state space X. Let K and 7 be its kernel and
stationary distribution, respectively.

Proposition 7. |K"(z,-) — 7|7y < maxycx [|[K™(z, ) — K™(y,-)||7v

9



Proof: Since 7 is stationary, m(z) = >, cp m(y)K"(y,2) for every € X and
n €N,

1K™ (,) = 7llry =max |} n(2) (K" (x, 4) = K"(=, 4))

<3 () mag K7z, ) = K™ (3.l = mae | K7 (2, ) = K7 (3 )rv-

zeX yex
O
For any z, y € X, a coupling is a joint process (an,Xgn) >0 such that
P(X, € [Xo=2)=P(X{,€-) and P(X,€-[Xo=y)= P(ngn €-)
for every n > 0. If there exists a stopping time T}, < oo, such that
Xi, =X5,, forT,, <n<oo,
and we call that T}, is a coupling time.
Proposition 8.
|P(Xp €| Xo=2)—P(X, €| Xo=y)|lrv <PTpy>n+1)
Proof: For every A,
P(X,€AlXy=2)— P(X, € Al Xy =1y)
=P(X{, € A) -P(Xj, € A)
=P(XY, € A, X7, #X3,) - P(X3, € A, X7, #X3,)
<P(X{, € A, X7, # X)) <P(Tpy >n+1).
Now, similarly,
P(X,cAlXo=y) - P(X,€A|Xo=2) <P(Ty >n+1).
Thus, by the definition of total variance distance, we are done.
O

In applying coupling methodology there are two issues.
(i) First we need to specify the coupling.
(ii) Second we need to analyze the coupling time.

The most common strategy for constructing coupling is via Markov couplings. We
describe this procedure as follows. Suppose that the underlying chain has state
space X', and kernel K. Let K be a new Markov chain on X x X satisfying the
following conditions. For each pair (z,y) with z # y,

K((z,y),(2',9)) has marginals K(z,-) and K (y,-),

in other words } , K((z,y),(«',y)) = K(z,2') and Yo K((z,y), (@, y) = K(y,).
And suppose that

- K(l‘,l‘/), if x/:y/a

K((‘Tv x)? (l'/?y/)) =
0, if o’ #4/.

10



Let (X{,,X3,,) be the Markov chain on X' x X’ associated with Markov kernel K
and initial position (x,y). Then this defines a coupling on K. We can see that if

Tn=X5,=2then X{, = XJ  forevery m >n+1.Indeed, for every m > n+1,
P (XF 0 X3,0) = (2, 2)(XE, XE,) = (2,2)) = K7 ((2,2), (2, )) = K7 (2, 2).

Therefore, T, , = min {n >0: X7, =XJ n} is a coupling time. This construction

gives a natural Markov coupling.

4 Mixing Times for Burnside Processes

In this section, we want to introduce a special Markov chain, called Burnsider
process, purposed by computer theorists. Some convergent behaviors will be given
by using the techniques we established above. Firstly, we give a background of this
chain.

Assume that we have a cube and want to paint its faces with two colors red and
blue. A natural question to ask is how many distinguishable configurations are 7
In this case, we can easily check out the answer. However, how about a n regular
polyhedron painted with k different colors for arbitrary n and k? It seems very hard
to figure out, even for k = 2 and any n. Let G be a permutation group, the cycle
index polynomial is defined by

1 c 161(9)
Pa(z1,--52q)) = @ Zzll(g) . 'Z|C‘JC\;‘ 9.
geG

where ¢; means the number of i-cycles. Pdlya theory of enumeration says that the
number of distinguishable configurations is equal to

where G is the permutation group induced by the rigid motion of the given n
regular polyhedron. Nevertheless, Goldberg [4], a computer theorist, proved that
to calculate the cycle index polynomial is intractable even when G is an abelian
2-group.

Instead Goldberg and Jerrum, [5] purposed a Markov chain, called Burnside
process, to sample an orbit uniform at random. Let X be a finite state space and
G be a finite permutation group. Assume that G is a group action on X, that is,
there exists a map (+,) : X x G — & by

(1) (z,e) = x for every x € X and e the identity of G;
(2) ((z,9),h) = (x, gh) for every g, h € G.

Throughout, for simplicity we denote (x,g) = x9. This action splits X into disjoint
orbits,
X=0;,, U0, U---UQO,_,

where O, = {29 : g € G} and O, N O, = O for every i # j. Here, the number is
given by Burnside lemma,
1
Z =50 ’X |’
|G| Z 9

geG

where X; = {z € X' : 29 = z} the fix-point set of g. Now, Burnside process is de-
scribed by the following. Let z be the underlying state, we choose g € G with

11



9 = x uniformly at random and then for this g we choose y with y9 = y uniformly
at random. Thus, the chain moves from z to y. Therefore, the transition matrix
and its stationary distribution is formulated by

1 1 1
K(z,y) = en ‘geGZmG A and 7(z) = —— (12)

where G, = {g € G : 29 = z} is called the stabilizer of x. This was the genesis of
Burnside process. Throughout, we assume further

K(z,y) = K(29,y9) for each z,y € X and g € G.
Iteratively, it implies that
K"(z,y) = K"(2%,y9) foreach z,y € X and g € G.

Let X be the collection of G-orbits of X. Then we have a corresponding lumped
Markov chain K defined on X x X by setting

OI,O ZK:{:Z

z€0y

where O, stands for the the orbits containing the state x. This definition is un-
ambiguous, since for every z1, z2, € Oy, K(x1,y) = K(2f, y") = K(x9, y") for
some h, and Oy = Oyn. It is clear that K is a reversible Mavkov chain with uni-
form stationary distribution 7 = 1/z. For simplicity, write K'(y) = K"(x,y) and

K¢, (0) = K™(O,, O) and we arrange the distinct orbits in order X = {O;}7_, .

Lemma 2. In general, frg)z(@) = .co K} (2). Furthermore, if x € X such that
K(x,z) = K(x,29) for every g € G and z € X, then

Ko,(0) = 0K (y)
some y € O andn > 0.

Proof: Firstly, we prove the first equation. Clearly if n = 1, it is just the definition
of Ko,. Assume that F?%(O) =2 yeo K (y) some n > 1, then

Ky o ZKO K(0;,0) Z S KMy [Z K(y, z)]

=1 |yeO; z€O
z
= DD KWK, )| =) ) EKrwK(y,2) =Y Eit(2),
z€0 | i=1 yeO; ze0Q yeX z€O

By induction we prove the first equation. Now, assume that O = {y9:g9 € G}.
Since K™ (z,y) = K"(x,y9) for each g, it follows that

K3, (0) =) K"(z,z) = |O|K"(z,y).
z€O

So we are done. O

Proposition 9. Suppose that x € X such that K(x,z) = K(x,29) for every g € G
and z € X. For any n € N,

IK} = wllrv = Ko, — 7llrv. (13)

12



Proof. From lemma 2. and the fact that 7(-) is constant on every orbit, this propo-
sition is easy to check. Indeed,

. _ 1< B 1<
1Ko, —7lrv =5 > Ko, (0) —7(0;)| = 5 > 105K (2, y5) — 1017 (y;)
j=1 7=1
1 z
=3 YD 1K M wy) —w(y)| = 1K; —wlrv.
Jj=1ye0;
where y; € O;. This completes our proof. O

4.1 General Burnside Process

Suppose that X is a finite state space and G is a finite group acting on X. Let (K, )
be the corresponding Burnside process and (K,7) be the lumped chain defined as
before.

Lemma 3 (exercise 9, section 1.8, [6]). For any two subgroups G1, G2 of a finite
group G,
|G1]|Ga|

G ian e

where G1Gy = {gh : g € G1, h € G2} .
n
Proposition 10. For every n > 1, max; ||K) — 7|y < (1 - ‘—él)

Proof: Consider the Doeblin bound, by using Cauchy-Schwarz inequality and

lemma 3.,
K(,y) 1 G|
: o)
) 1Gi) GG > |X| |G|§ G,

1 |G=NGy| |GzNGy| 1
e VRIVaR | X, |
|Ga| |Gyl ; ! ; ||
|G, NGy ? _GanGyl 1
— |Ga|Gy] G2Gyl —IGI
where G, NGy = {g }lG =NGy| . Hence, from theorem 1, we have for every n > 1,

1 n
max KD — 7|y < <1 - |G|> .

Proposition 11.

1\"
max HFZ) —WHTV < <1 — >
0eX ‘X‘

Proof: We use the methodology of coupling to prove this. Define
K((Oz, Oj), (Oi/, Oj/)) = F(Oz, Oi/), if Oz = Oj and Oi’ = Oj/,
0, otherwise.

In other words, O; and O; move independently until they hit and then move to-

gether. It is easy to check that K is a Markovian coupling. Therefore, suppose that
(Xn,Yn) = (0;,0;), we may observe that

13



(i) if 0; = Oj, Xn+1 = Yn+1-
(ii) if O; # O,

P(Xny1 = Yoi1|(Xn, o) = (04,0;)) ((0:,05),(0,0))

K(0;, 0)K(0;,0).

ot
>

Consequently, we have

P; j(X2 # Y2) ZZP(Xz #Y5|(X1,Y1) = (05, 0;)) P, ; (X1, Y1) = (O, Ojr))

_ZP X2 #YVQKXlaYl) (O’Lao )) ((Xla}/l) (O’L’aojl))
i'#g’

= Z [1 - P(Xa = Y2|(X1,Y1) = (Oy, 051))] P j((X1,Y1) = (O, Oyr))
i1

< 1-— ?Oy,@?@u@ .
glgg{( EO: ( JK(O; ))

Inductively, it implies that

On the other hand, for x € Oy and y € Oy,

|0 N X, 1
E 7>7
K(0r,0) = |G \ X, Tl

and
1-) K(0y, 0O)K(0;,0) = Y K(0y,0)(1-K(0;,0)) < e, (1-K(0;,0))
@ @

then by the proposition 8, it implies

1 n
max HK(% - 7THTV S <1 - )
OeXx | X

Assume that G is an abelian group. Since |G,| = 0a] = Sl — G, and
Gz C Gy, it follows that G, = G¢. Hence,

1 1 1 1
*gec.nG, 'Y T geGuena Y

and for every n > 1, and x € X,
1Kz = 7llrv = [[Ko, — 7l7v.
Furthermore, from lemma 2. K is symmetric.

Corollary 1. If G is an abelian group, then

1 n
K" — <(1-—
o |2 = allry < (1 )

14



4.2 Bose-Einstein Markov chain

Suppose that n balls put into k& boxes. Put X = {1, ..., k}" the state space. In
other words, if x = (x1, ..., z,) € X, it means that the i-th ball is put in the z;-th
box. Assume that G = 5, is the symmetric group acting on X by y = x9 where
y; = x; whenever j = g¢(i). Hence, we have a Burnside process defined on X" by
following eq. (12). In particular, the stationary distribution of the lumped chain is
given by the well-known Bose-FEinstein distribution,

.
("

m =

which is used to described the distribution of the energy of state in statistical physics.
As we can see that the formula of transition kernel K of Burnside process is very
complicated. It seems hard to calculate every single term of K exactly. However, it
turns out in Diaconis [3] that Pélya theory of counting prides a crucial bridge for
doing that. Based on his idea, the following presents a formula for the kernel of the
lumped chain.

Definition 7. A partition A of a nonnegative integern is a sequence (A1, Ao, ..., Ag)
NF so that Zle Ai =n and A\; > Ajy1. Here, we shall write A= n to denote A is a
partition of n. We use the notation b;(\) to denote the total number of i appearing
in \. Precisely, 1b1(\) 4+ 2b2(X) + - - - 4+ nbp(N) = n.

Lemma 4. Suppose that Pg, is the cycle index polynomial of the symmetry group
Sn, then

i)
b1, b2 bn

Tzl x
1 Lo
Ps, (z1, z2, ..., Z

(14)
A-n ITi- 1b'l

oo o
ZPSn(xl, To, ..., Tp)2" = H exp (2"zp/n). (Ps, =1) (15)
n=0 n=1

Proof: These two results are classical and can be found in many textbooks of
combinatorial mathematics, for example, chapter E. ”Pélya theory of counting” in
[2]. O

Suppose that f : R¥ — R can be expressed as a Taylor series. We define the
notation

(Gt - ) [f(tste, o )]
to be the coefficient of ¢t7¢52 - - - t,* of f(t1, ta, ..., t) where 1, 2, ..., 2 € NU

{0}

Theorem 4. Consider the Burnside random walk with S,, acting on X = [k]" . Let
x and y be two states in X. Suppose that x and y have x; and y; balls in box i,
respectively. More precisely, 1 + xo + -+ =y1 +y2 + -+ Yy = n. Then the
transition matriz of its lumped chain can be formulated as the following

ko1 E 42 Eun
¢l 2 ¢
P (ng”az"” zj_u)] "

K(O$7 Oy) = (tiflt§2 t tik) k ’ ’ k

where Pa, s the cycle index polynomial of Sy, X Sy, X -+ xSy, .

15



Proof of Theorem: Recall that the lumped chain is originally defined by

— 1 1 1
K(0,, 0,) = — - o | =
0= | X X Gl 2\ 25 1o | g

2€0y geGNG, z2€0y

If 29 = z then z is constant on every cycle of g. On the other hand, since z € O,,

Sy = > H( ;g?..,bek))'

2€0y NiFyi,Vi=1,2,.

Therefore, the transition matrix can be expressed as

c(g)

> e S Gownon” o)

iy, Vi=1,2, ..k geGy i=1

To attain our purpose, from ii) in lemma 4, we use the identity,
k 9] [%S) k
H [Zt;PSi(ul, Uy v ey uz)] = Hexp %Zt; . (18)
j=1 Li=0 i=1 j=1
Now, for each \; - y;, let A = (A1, A2, ..., Ag), and define the differential operator

o\ Hi= 151 bi()
<8u> B 8u125:1 bl(Aj)afLLQZ:?:l b2(%;) --8un2?:1 bn(A;)

Thus, on the one hand,

(8u) Pa, (u1, ug, ..., up) = x1'$2 ! Z H( 'bi(Ak))Ui

gGGz i=1
(19)
where ¢y (u) = []_ 1HJ 1 ;b ()‘j)bi()\j)!. And on the other hand,
9 A oo k 00 k Zl 15:(A)
Ui i | _ Ui i i
() Hew (30 ) = [Tew (%306 | |11 zt
i=1 j=1 i=1 j=1 i=1
(20)

Therefore, combine eqs.(19), (20) together, it follows

D Dl | [ NN MY P= >

gGG =1
a Ak o
—1 /414 x ]
=ca(1/k, 1)k, ..., 1K) (#5152 %) <8u> Hz%tgstu/k, 1/k, ..., 1/k)
L =)=
r 9 A oo Zkzl n
_ —1/4x1 2 x J J
—C)\(l/k‘, l/k, ey l/k’) (t11t22 tkk) <8u) EeXp <’Lk‘
_TL 1 k Zl*lbi(Al)
—1 /42147 T i
=cx(1/ky 1)k, ooy 1/R) LT 452 - 13%) H thj
i=1 7j=1
k n Zk’ tl- bi(Ai) 1 7
_(4T14T2 | 4Tk Jj=17
=(t1't5 t") 21;[”];[1 < k ) br( )16 (X)




Finally, from i) in lemma 4, we are done if we rearrange eq. (16) suitably. O
Remark 2. Particularly, if £ = n and x; = 1 for each ¢, then
_ n 1
K(O;,0,) = —.
(O Oy) (ylyz yn>n"
For general n and k, suppose z is constant then

1

— B yzk
K©.0)=(, " )mll

Proposition 12. The transition matriz K is symmetric.

Proof: From the representation of K in theorem 4 and eq. (4), this property holds
clearly, indeed,

F(Om Oy) = Z

AiFx;,Vi=1,2,.. .k
:X(Ow Ow)

(g) 1
Y1 y2 ' ZH< ,bz()\k)>k;c(9)

g€Gy i=1

O
We can easily check that if x is constant, then for every y € & and g € .5,

K(z,y) = K(z,y7).
By proposition 9, 10 and 11, it follows that

155 = mllrv < <1 - 1})l : (21)

min {n!, k"
Diaconis [3] proved that
1 l
It =l < (1) - (22)

If k is large, then (21) is better than (22). Aldous [1] gives a remarkable upper
bound of this chain by using an inspired coupling method. Precisely, he proved that

Theorem 5 (Aldous). For every state x € [k]"

rmﬂa»—wwmvsn(l_iy.

In other words, this means that the spectral gap A of Burnside process is bounded
below by +. Recall that equation (9) says

A-M@@@W(%mm)

Therefore, for each x,

208 (@) = (Vlrv = Y |H! (@) = 7(y)]
Y
in t!
yez;“k%m;mﬂ
00 ]
<e 3 Y |Klwy) - ()|
=0 Y

l l
<2ne”t Z% (1 - i) = 2ne tet(=1/k) — gpe—t/k




Plug this result into eq. (9), we have

—log (2ne_t/k) _ —log2n+t/k  —log2n 1
t B t ot k’

1
~1og (2500 '@, = 7Ol ) =

and now, passing to the limit, it follows A > %
Hence, with the upper bounded of the spectral gap, we can immediately get the
mixing time for LP distance from theorem 3.

Corollary 2. For this Burnside process K, the mixing time has an upper bound,

E@2+nlogk), ifl<p<2
T, <
E(1+nlogk), if2<p< oo,

where

reX

T, = inf {t >0 maxdy ,(H'(z,"), ) < 1/6} .

4.3 Other Burnside Processes

Suppose that S,, be the symmetry group and G = (h) where h = (1,2, ..., m)
and m < n is a prime. Consider the Burnside process with the group G acting on
the state space X = [k]". Observe that x9 = z for some ¢ in G if and only if x is
constant on h, i.e. 1 = x2 = --- = x,,. This observation is easy to show. Indeed,
since |g| = m and

T1="Tg(1) = Tg2(1) = 7" = Lgi(1) = Lgitti(1) = 0 = Tgm(y = T
it follows that 1 = 29 = - - - = 2.
Lemma 5. Let x = (21, 22, ..., ) € X and g € G, then

{ G if x is constant on h,
Gy =

{e}, otherwise,

1, if x is constant on h,
|Ox’ = :
, otherwise,

and

krmif g #e,
|Xg|_{ k™, if g=e.

Lemma 6. The transition matrices of Burnside process and its lumped chain are
given respectively by

(m—1)k™ Y +1, if both x and y are constant on h,

1
K(z,y) = 1, if T is constant on h and y is not constant on h,
mkn e
m, if x is not constant on h.
and
1 (m —1)k™ L 41, if both = and y are constant on h,
K(Oz,0y) = e : if there is exactly one of x and y be constant on h,

me, if neither x nor y are constant on h.

18



Proof: Recall that the transition matrix of the Burnside process is formulated by

Ko=) 3

gEG NGy, |l

And the lumped chain is K(O,, 0y) = |Oy|K (z,y). From lemma 5, we can easily
get what we want.
O
With this transition matrix K, we can calculate several important quantities of
this chain. Let A be the spectral gap of this Burnside process.

Proposition 13.
1 1
fem—1 - mkm—1"

Proof: Firstly, from proposition 4. we see that

<A< —+

1 1
m m

!
1

Kt — <(1-=1).
I:glea/%;” x 7THTV_< m)

Hence, by using 3 and following the same argument as above we could see that the
spectral gap A of K is bounded below by 1/m. On the other hand, set a test function
f: X —>Rby

1, if x is constant on h,

flz) = { 0, otherwise.

and the number of disjoint orbits is

1

Z=—
G|

Z x| = s (" + (m — 1)k" "] = i {1 - m_l}
v m m

then it follows that
E(f, f) ;%n 11 1
1

= k,mfl - mkmfl :

Var(f)

km —1
W[H anfl]

From the definition of spectral gap, we get the assertion. O
Next, we turn to calculate the lower bound for the total variation distance.

Proposition 14. If x is constant on h and k > 8, then for each 1 <1 < m,
!
8 1 —
1-2) (1- = <HK - H .
(-3) () <I®eal,
Proof: Define a square matrix A of dimension £" x k" by

mk;nfm+l

A — _mol o+ ﬁ, if both z and y are constant on h,
10 otherwise
, )

It is easy to see that K' > Al for every [ > 1, and a simple calculation yields

l l
I pemry-ny | M1 Ly 1 N PR
A:cy k |:mk,nm+1 + mkn:| fen—m~+1 1 m 1 km—1 ’

whenever both z and y are constant on h. Set A = {x : = is constant on h}. Then

I =l 2 3 K - 2] 2 3[4, - 2]

yeA yeA
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(use binomial formula)
1) l m 1)/ m
>(1- = 1-—) -
- < m> T <m— 1) < m) km—1
1) l 1\ m
>(1- =) +——(1-2) - .
- < m> T ( m) fm—1

Assume that | < m. The last inequality becomes

4m2—l+mkm_1+l—4m2 1_il+ l 1_l l_ m
mkm—1 mkm—1 m mkm—1 m km—1

_(mkm T i am?N 0 1N dm (0 1D m
- mkm—1 m m—1 m fem—1

mk™= 1 41 — 4m? 1\ 4m 1\™ m
> _ = _ _
() () e () e

mk™ 1 4+ 1 — 4m? 1\' 4m 1) 2
> 1— = 1-=) -
—< mkm—l >< m) + km—l( 2) km—l
_(mkm T L= am? [ 1Y\
N mkm—1 m

4dm 1\!
>(1- 1— —
> (1) (1-5)
l

We note that (1 — %)m and —kfn—”fl are increasing in m. Hence, we complete our
proof.
O
As a conclusion, if k is large, then from proposition 13, the spectral gap of K is
almost equal to % Therefore, theorem 3 tells us that the mixing time of the total
variation distance of the continuous time Markov chain is bounded below by m.
While in proposition 14, the discrete time Markov chain also have the same lower
bound m for the total variation distance.
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