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Abstract

A discrete-time version of Grossberg’s competitive system is studied. We
are interested in how the dynamics of the system reach global consensus.
Analytical arguments are developed to conclude that every orbit converges to
a fixed point point of the system as time tends to infinity, without knowing a
Lyapunov function.

1 Introduction

Global consensus (also named convergence of dynamics, or complete stability) has
been an important dynamical behavior in the theory and applications of competitive
systems and neural network systems. The commonest ways to guarantee convergence
of dynamics is to find a Lyapunov function for the system, that is, a continuous
real valued function V' on state space, which is nonincreasing along trajectories of
the system. One then applies the LaSalle’s invariance principle to conclude the
convergence. For example, Cohen and Grossberg (1983) [1] proved one convergence

theorem for neural network systems of the form

T = al(X)[bl(xl) - Zwijgj(xj)}v L= 17 e,y (1'1)

*Author for Correspondence. This work is partially supported by The National Science Council,
and The National Center of Theoretical Sciences, of R.O.C. on Taiwan.



where a; > 0, the matrix [w;;] of coupling weights is symmetric, and g;» > 0 for all

J. There exists a Lyapunov function

== [ e+ 53 wuntrin o)

’Llj].

They showed that if a; > 0 and g, > 0 for every i, then V is a strict Liapunov
function and therefore the system is quasi-convergent, see also [9]. Forti et. al.
(1995) [2] proved global stability of Hopfield-type neural network of the form

T = —dixi+ZEjgj($j) + I, (1.2)

j=1
where d; > 0, g; is nondecreasing function. Again, the results obtained therein
employed a Lyapunov function of the so-called generalized Lur’e-Postnikov type.
However, it is not always easy to find a suitable Lyapunov function when considering
convergent dynamics. Grossberg (1978) [3] proved a convergence theorem for a class
of “competitive systems” for which no Lyapunov functions are known. He considered

systems of the form
T = a;(x)[bi(z;) — c(x)], (1.3)

where a; > 0, —C > 0, for ¢ = 1,--- ,n. Herein, each b; is a function of only
one variable z;, and the function ¢ does not depend on 7. In this kind of system,
population x; at neuron i competes indirectly with other x; through a scalar ¢(x),
i.e., the interaction among neurons are through function ¢(x). Worth noticed, it is
difficult to find a suitable Lyapunov function for (1.3). In fact, systems (1.1), (1.2)

both can be written in the form

2 = a;(x)[bi(x;) — ¢;(x)],

which has a crucial difference from (1.3).

The “competition” for (1.3) by Grossberg means a; > O,%Cj > 0, for all 7, j§
and therefore has a little different sense from the commonly used one. Usually , a
system 2; = G;(x1,x9, -+ ,x,) is competitive if gTG; < 0, for i # j. The sense of
competition in Grossberg’s paper can be seen if we consider functions a; as positive
constants. The assumption on a; for the studied dynamics is more general though.

Let us give more details to Grossberg’s model. In (1.3), n is any integer
greater than 1, x(t) = (x1(f), z2(t), - , -+ ,x,(t)) € R™ Such a system can have



any number of competing populations, any interpopulation signal functions b;(x;),
any mean competition function, or adaptation level ¢(x), and any state-dependent
amplifications a;(x) of the competitive balance. That work in [3] proved that any
initial value x(0) > 0 (i.e. z;(0) > 0, for any 7) generates a limiting pattern x(oco) =
(x1(00), 22(00), -+ ,xp(00)) with 0 < x;(00) = limy_o xi(t) < 00, under some
conditions on a;, b;, c. We shall summarize the main ideas of Grossberg’s work in
Section 4.

Recently, discrete-time systems have attracted much scientific interests, cf. [5],
[6], [8]. In this study, we consider the following discrete-time version of Grossberg’s

model
zi(k + 1) = xi(k) + Ba;(x(k))[bi(zi(k)) — c(x(k))], (1.4)

where i = 1,2,--- 'n, k € Ny := {0} |UN. Viewing from the §-operator, (1.3) can
be approximated by

wi((k + 1)6) = 2:(k6) + da;(x(k6)) [bi(2:(kd)) — c(x(k6))]. (1.5)

One usually takes x;[k]s := x;(kd) as the k-th iteration of z; and
x[kls := (z1[kls, xo[k]s, - -, xn[k]s) the k-th iteration of x.

In this presentation, we mainly consider (1.4) with § =1, i.e.
zi(k+ 1) = x;(k) + a;(x(k))[bi(x;(k)) — e(x(k))]. (1.6)

We define Az;(k) := x;(k + 1) — x;(k), hence system (1.6) can be rewritten in the
form

Ari(k) = ai(x(k))[bi(zi(k) — c(x(k))]. (1.7)

The main purpose of this investigation is to find out under what conditions on
functions a;, b;, and ¢, systems (1.4) or (1.6) possesses a global limiting pattern
x(00) = (21(00), 22(00), -+ ,x,(00)) With —oc0 < ;(00) = lim;_, x;(t) < oo for
every i, given any initial value x(0).

Below, in Section 2, we state the main results of this presentation. In Section
3, we prove three key lemmas for our main result Theorem 2.2. In Section 4, we
summarize the work of Grossberg [3] and make a generalization. A comparison
of the analysis in deriving the global consensus for the continuous-time and the

discrete-time competitive systems is also made.



2 Main Results

Definition 2.1. (Global Consensus) A competitive system is said to achieve
global consensus (or global pattern information) if, given any initial value x(0), the

limit x;(00) = limy_ x;(k) exist, for alli=1,2,--- n.

The main results require the following conditions :

Condition (I): Each a;(x) is continuous, and

0<a(x)<1, foralx e R"i=1,--- n. (2.1)
Condition (I)": Each a;(x) is continuous, and

0<a;(x) <A forallx e R"i=1,--- n. (2.2)

Condition (II): ¢(x) is bounded and continuously differentiable with bounded deriva-

tives; namely, there exist constants M, My, r; such that

M1 S C(X) S MQ, (23)
dc
0< a—%(x) <75 (2.4)

forall x e R", and j =1,2,--- ,n.
Condition (III): b;(§) is continuously differentiable, strictly decreasing and there
exist d; > 0, [; € R, u; € R such that

—d; <b(€) <0, for all £ € R, (2.5)

and
bl(g) > MQa for 5 S li7 (26)
bi(§) < My, for & > u;. (2.7)

Condition (IV): Fori=1,--- n,

n

0<d;<1=> r;j<l, (2.8)

Condition (IV): Fori=1,--- n,

3

(2.9)



Condition (IV)”: Fori=1,--- n,

1 < 1
d; < — — P < —. 2.1
O<l—Aﬁ ;TJ<A5 (2.10)
Set
d = min{d;:i=1,2,--- n}, (2.11)
M = maz{|M|, | Ms|}. (2.12)

Theorem 1. System (1.6) with functions a;,b;,and c satisfying Conditions (I), (1),
(III), and (1V) achieves global consensus.

The proof of Theorem 2.2 consists of three lemmas stated below. For system

(1.4), the following corollary can be derived.

Corollary 2. System (1.4) with functions a;, b;, and c satisfying Conditions (1), (11),
(III), and (IV) achieves global consensus.

In fact, we only need that function a; is continuous, positive and bounded
above by some real number, say A, for all 4, instead of Condition (I). It is due to

that (1.6) can be rewritten as

b4 1) = 8+ D L 1) — et

We thus derive the following Corollary.

Corollary 3. System (1.4) whose functions a;, b;,and c¢ satisfy Condition (1), (1),
(II1), and (IV)" achieves global consensus.

Remark 2.1. From Corollary 2, we find that the smaller 3 in (1.4) (6 in (1.5)) is,
the weaker restrictions on functions aq, b;, ¢ are. In other words, when we consider
(1.4) in stead of (1.3), and want to have the global consensus proposition, we must

choose sufficiently small 3 in (1.4), basically.

In order to state the key lemmas for our main result, Theorem 2.2, we introduce

some notations and definition as follows:



Notation 2.2.

gi(k) = bi(xi(k) — c(x(k)),
Agi(k) = gi(k+1) — gi(k),

Jmax(k) = max{g;(k):i=1,2,--- ,n},
Jmin(k) = min{g(k):i=1,2,--- ,n},
I(k) = min{i: g;(k) = gmax(k)},
J(k) = min{i: g;(k) = gmin(k)},

2(k) = wig(k),

(k) = $J(k (k),

b(k) = bru(E(k)),

b(k) = bm (#(k)),

Ab(k) = blk—+1)—b(k),

Ab(k) = b(k+1) — b(k),
Abi(wi(k)) = bi(wi(k + 1)) = bi(wi(k)).

Definition 2.3. (i) A jump of type-1 is said to occur from i to j at kth iteration if
I(k) =1, I(k+1)=j, (ii) A jump of type-2 is said to occur from i to j at kth iteration
if J(k) =4, J(k+1)=j.

Lemma 1. Consider system (1.6) with a;, b;, and ¢ satisfying (2.1), (2.3), (2.5),
(2.6) and (2.7). Given any initial value x(0), {x(k)} will be attracted to some
compact cube contained in R"™. Hence sequence {x;(k) | k € No} are bounded above
and below for all i =1,2,--- 'n

If Lemma 1 is valid, consider an arbitrary orbit {x(k)}. Then {|a;(x(k))| |
k € Ny} is bounded below by some positive number, say 0 < p; < |a;(x(k))| for all

k € Ny and {b;(2;(k)) | k € No} are bounded above by some negative number, say
b;(z:(k)) < —€; < 0 for all k € Ny. We define

p:=min{p;:i=1,2,--- ,n}, (2.13)
e:=min{e; :i=1,2,--- ,n}. (2.14)

Lemma 2. Consider system (1.6) with a;, b;, and ¢ satisfying (2.1), (2.4), (2.5)
and (2.8). Then



(1) for function gmax, €ither case (gmax-(1)) or case (gmax-(i1)) holds, where
(gmax-(1)): gmax(k) <0, for all k € No,
(gmax-(i1)): gmax(k) >0, for all k > ky, for some ky € Ny;

(II) for function gmin, either case (Gmin-(1)) or case (gmin-(ii)) holds, where
(gmin-(1)): gmin(k) > 0, for all k € Ny,
(gmin-(11)): gmin(k) <0, for all k > ko, for some ky € Ny.

If Lemma 2 holds, there are only four possibilities to consider.
case (i): Both (gmax-(1)) and (gmin-(i)) hold. This case is impossible from our
definition of gpax and gmin.
case (ii): Both (gmax-(i)) and (gmin-(ii)) hold, then sequence {z;(k)} will always
decrease as k increases, for each i = 1,2,--- ,n. By Lemma 1, {z;(k)} are bounded
below for everyi, hence the limit x;(c0) exists, for i =1,2,---  n.
case (iii): Both (gmax-(ii)) and (gmin-(i)) hold, then sequence {z;(k)} will always
increase as k increases, for all ¢ = 1,2,--- n. By Lemma 1, {x;(k)} are bounded
above for every i. Hence the limit z;(c0) exists, for every i = 1,2,---  n.
case (iv): Both (gmax-(ii)) and (gmin-(ii)) hold.

Accordingly, we are left with the case case (iv) only, for the conclusion of
global consensus for (1.6). We thus assume that ¢umax(0) > 0, gmin(0) < 0, without

loss of generality.

Lemma 3. Consider system (1.6) with a;, b;, and ¢ satisfying Conditions (I), (1),
(II1), and (IV) then,

(i) limg o0 b(K) exists, denoted by B, and limg_o c(x(k)) = B,

(i1) limg_o b(k) exists, denoted by B, and lim_ o c(x(k)) = B.

If Lemma 3 holds, we find that

lim b(k) = lim b(k) =: B, (2.15)

k—o0 k—oo

since limg_oo c(x(k))=B=B. For any i = 1,2, ,n, gumin(k) < ¢;(k) < gmax(k), for

all k € Ny. Equivalently,

b(k) — c(x(k)) < bili(k)) — e(x(k)) < b(k) — c(x(k)),
for all k € Ny. Thus, b(k) < b;(z;(k)) < b(k), for all k € Ny. Therefore

lim b(k) < lim by(z;(k)) < lim b(k).

k—oo k—o00 k—o00



We obtain
lim b(k) = lim b;(z;(k)) = lim b(k) = B,

k—o0 k—oo k—oo

by (2.15). Therefore we conclude that

Jim bi(z;(k)) = B,for all i =1,2,--- ,n. (2.16)
Moreover, limy_,, z;(k) exists, for every i = 1,2,--- ,n, by (2.5) and (2.16). Hence,
global consensus of system (1.6) is achieved, if functions a;, b;, and ¢ satisfy Condi-

tions (I, (IT), (III), (IV).

3 Proofs of Lemmas

Proof of Lemma 1 : For any initial vale x(0), we consider the iteration sequence
{z;(k)} and their components z;(k). We divide the proof into several steps.
(i) By (2.3) and(2.7),

bi(x;) — c(x) < 0, (3.1)

for all z; > u;. Therefore
Azi(k) = ai(x(k))[bi(zi(k) — e(x(k))] <0, (3:2)

if 2;(k) > u;. Similarly, By (2.3) and (2.6),
bi(w:) — e(x) > 0, (3.3)

for all ; < I;. Therefore

Azi(k) = ai(x(k))[bi(xi(k) — c(x(k))] > 0, (3.4)

if 2;(k) < ;. We claim that for all k € Ny,
[bi(i(K))| < dilai(k)] + [b:(0)]. (3:5)

This follows from
bi(wi(k)) — bi(0) = by(-)as(k),

where “” means some real number between z;(k) and 0. Thus, by (2.5),
bi(zi(k)] = 10:(0) + bi(-)ai (k)]
< [0(0)] + [bi ()i (k)]
< [6(0)] + difai (k).

8



(ii) Next, we show that for fixed constant L;, there exist some constants u; and dj,
where u; > 0, 0 < d; < d; < 1 such that

di|xs| + Li < dj|z;|, if |z > u;. (3.6)

Let us verify this. Notably,

d;lx;| + L; L;
&—d‘—k

—d; <1,
| |

as |z;| — oo. Therefore, there exist some u; and d;, where u; > 0,0 < d; < d; < 1
such that (d;|z;| + L;)/ |z < d, if |z3] > u;.

(iii)
[Azi(k)| = lai(x(k))[bi(zi(k) — c(x(k))]|
< bi(wi(k) = e(x(k))| (by (2.1))
< o (R)) ]+ Je(x(F))]
< dilai (k)| + [0i(0)] + |e(x(k))] (by (3.5))
< d;|zi (k)| + |b;(0)| + M (by (2.3), (2.12)).

Hence, by (3.6), we choose |b;(0)| + M = L;, there exist some constants u; and d,
where u; > 0, 0 < d; < d; < 1 such that

|Azi(k)| < difai (k)| < |ai(k)|, if zi(k)] > u;. (3.7)
(iv) Set, for each 1,
q; = max{|u|, |li], u;} (3.8)
Let Q' :=[—q},q] X -+ x [=d,,q,]. @ is a compact set, hence |a;(x)[b;(z;) — c(x)]|
is bounded on ', say
|a;(x)[bi(x;) — c(x)]| < K, (3.9)
for all x € @', for all i. Set
¢ = ¢+K, (3.10)
Q = [—q, @] X X[~n, @l (3.11)

We shall utilize (3.2), (3.4), (3.7), (3.8), (3.9), (3.10) in the following discus-
sions.
(v) If —q; < x;(0) < ¢, then —¢; < x;(k) < g;, for all k € Ny.

9



case (a): If 2;(0) € [—q, —q;], then Az;(0) > 0, due to z;(0) < —q; < [;, and
|Az;(0)| < |2;(0)], due to x;(0) < —u;, hence x;(1) still stays in (—g;, —¢;], or moves
into (—q;,q;). If the former case occurs, we consider z;(1) as case (a) again. If the
latter case occurs, we consider z;(1) as in the following case (b).

case (b): If 2;,(0) € (—q;, q;), then |Az;(0)| < K, by (3.9), hence 2;(1) will stay
in [—q;, —q;] or (—q;,q;) or [¢;,). Then we can still consider z;(1) as in case (a),
case (b), and case (c), respectively.

case (c): If 2;(0) € [q;, ¢], then Az;(0) < 0, by z;(0) > ¢; > u;, and |Az;(0)] <
12;(0)], by ;(0) > wu;, hence x;(1) still stays in [q;,¢;), or moves into (—q;,q;). If
the former case occurs, we consider z;(1) as in case (c) again. If the latter case
occurs, we consider x;(1) as in case (b). From the above arguments, we find that if
—q¢; < z;(0) < ¢, then —¢; < z;(1) < ¢;, and we can prove that —¢; < z;(k) < g;,
for all £ > 2, by induction.

(vi): If ;(0) < —g;, then

case (d): {z;(k)} either increases as k increases and remains bounded above
by —g;, or

case (e): {x;(k)} enter [—¢;,q] at some iteration, and never leaves [—g;, q;]
again.

(vii) if 2;(0) > ¢;, then

case (f): {z;(k)} either decreases as k increases and remains bounded below
by g;, or

case (g): {wz;(k)} enters [—g;, ¢;] at some iteration, and never leaves [—g;, ¢
again.

We find that no matter which case above occurs, {z;(k)} are bounded above
and below for all 7. Therefore, {|a;(x(k))|} are bounded below by some positive
number, say 0 < p; < |a;(x(k))|, and {b;(x;(k))} are bounded above by some nega-
tive number, say b;(z;(k)) < —e; < 0. In fact, it is impossible for the above case (d)

and case (f) to occur. This is due to that if case (d) occurs, then
bi(wi(k)) — c(x(k)) = bi(w;
> bl(fbl

= bi()[wi(k) = 1]

\Y
iy
=

for all z;(k) < —¢; < l; — K, by (2.5), (3.3), where “-” means some real number
between x;(k) and [;. Therefore Ax;(k) = a;(x(k))[bi(x:i(k)) — c(x(k))] > &Kp;.

10



Hence {z;(k)} will increase unboundedly, and this yields a contradiction. Therefore
case (d) never occurs. Similarly, case (f) never occurs too. By the arguments above,

we can find that given any initial value x(0), {x(k)} will be attracted by Q.

Proof of Lemma 2:

For function gmax, if gmax(k) > 0 for some k, say I(k) = i, then g;(k) < ¢;(k),
for all j # . Consider two possibilities |Ag;(k)| < g:(k), and |Ag;(k)| > g:(k).
case (i) |Agi(k)| < gi(k): Tt follows that

gmax(k +1) > gi(k + 1) = gi(k) + Agi(k) = 0.
case (ii) |Ag;(k)| > ¢i(k). Let us elaborate.

Agi(k) = gi(k+1)— g;(k)
= bi(xi(k+1)) —c(x(k+1)) — [bi(z;(k)) — c(x(k))]
= bi(zi(k+1)) = bi(zi(k)) — [e(x(k + 1)) — c(x(k))]

= BOh 1) =k = 3 S+ 1) = (1)

means some real number between x;(k + 1) and z;(k), “®” means some

W

where

vector between x(k + 1) and x(k). Thus,

Agi(k) = B()a(x(k))gi(k) —Zj—gfj(-wx(k))gxk)

v

—d;a;(x(k))gi(k) — > rja;(x(k))gi(k)

(by (2.3), (2.5) and g;(k) < ¢;(k) > 0)

n

—dg;(k) — ngxk) (by (2.1))
= (—di - er)gi(k)
> —gi(k) (by (2.8)).

Hence Ag;(k) > 0, since |Ag;(k)| > gi(k) and Ag;(k) > —g;(k). Therefore, gmax(k +
1) > gi(k +1) = gi(k) + Ag(k) > 0.

v

For function gmin, if gmin(k) < 0 for some k, say J(k) =i. Then g;(k) > ¢;(k),
for all j # 4. Then either |Ag; (k)| < —g;(k) or |Agi(k)| > —gi(k) holds.

11



case (1) |Ag; (k)| < —gi(k): It follow sthat gmin(k+1) < ¢;(k+1) = ¢:(k)+Agi(k) < 0.
case(ii) |Ag;i(k)| > —g:(k):

Agi(k) = gi(k+1)— gi(k)
= bi(zi(k+1)) — c(x(k+ 1)) = [bi(zs(k)) — c(x(k))]
= bi(zi(k+ 1)) = bi(xi(k)) — [c(x(k + 1)) — c(x(k))]
"L Jc

D o (@)y(k+ 1) — (k).

= by( )ik + 1) — x(k)] oz,

j=1

(132 (1))

where means some real number between z;(k + 1) and z;(k), “®” means some

vector between x(k + 1) and x(k). Thus

[Agi(k)| = bi(-)ai(x(k))gi(k) —Za—%(ﬂag‘(X(k))gj(/f)

IA

—d;a;(x(k))gi(k) — Z rja;(x(k))gi(k)

(by (2.3), (2.5) and g;(k) = gi(k) < 0)

n

~digi(k) =Y r9:(k) (by (2.1))

j=1

IN

n

= (di+ Y r)(=gi(k))

i=1

< —gi(k) (by (2.8)).

Hence Ag;(k) < 0, since |Ag; (k)| > —gi(k) and Ag;(k) < —g;(k). S0, gmin(k + 1) <
9i(k + 1) = gi(k) + Agi(k) < 0.

From the above arguments, we find that function g,,.x may keep negative at all
iterations. But once it becomes nonnegative at some iteration, it will always remain
nonnegative after this iteration. Similarly, g..;, may keep positive at all iterations.
But once it get nonpositive at some iteration, it will always be nonpositive after this
iteration. This completes the proof of Lemma 2. With Lemma 2, we assume that
Gmax(0) > 0, gmin(0) < 0, without loss of generality.

Proof for Lemma 3:
We assert that limy_. b(k) exists, and denote it by B; moreover, limy_... ¢(x(k))=B.

Case (i): There exist finitely many jumps of type-1.

In this case, there exist some K3 € N, some 14, say 1, such that gn.x(k) = g1(k) > 0,

for all £ > Kj3. Hence {x1(k)} will be non-decreasing as k increases. By Lemma 1,

12



{z1(k)} are bounded above. Therefore, limy_.o, 1 (k) exists, hence limy_, by (z1(k))
exists, denoted by B. Restated, limy_, b(k) = B.

Next, we justify that lim,_. c(x(k))=B. Assume otherwise, limy,_. c(x(k)) #
B. Tt follows from gmax(k) = gi(k) > 0, for all k > Kj, that by(z1(k)) > c(x(k)),
for all & > Kj3. There exists some ¢ > 0, and subsequence {k;};°, of positive
integer number with &, > Kj such that |e(x(k)) — B| > ¢, for all [ € N. Because
limy,_o0 by (2:1(k)) = B, for such e, there exists K, € N, such that |by (z(k))—B| < 55
for all k& > Kj4. Therefore gi(k;) = bi(z1(ki)) — c(x(k;)) > 5, for all k; > K. We
find that {x;(k)} is always increasing after Kj-th iteration. In fact,

Ay (k) = ar(e(k) b (21 (k) = elx(k)] > 3.

if k; > K4. Hence {x;(k)} will increase unboundedly, and yields a contradiction to
Lemma 1.
Case (ii): There exist infinitely many jumps of type-1.
We shall justify that {b(k)} decreases as {k} T oo. Consider a fixed k € N.
Subcase (ii-a): no jump of type-1 occurs at k-th iteration.

Suppose (k) = I(k+ 1) =i, then g;(k) > 0,¢;(k + 1) > 0. In addition,

~

bk+1) = by
< bi((
= b(k),

(2

wi(k + 1))
k)

S S
&

thank to (2.5), and Az;(k) = a;(x(k))g:(k) > 0. Thus {b(k)} decreases as k in-
creases.

Subcase (ii-b): jump of type-1 occurs at k-th iteration and g;(k) > 0, g;(k) > 0,
where I(k) =i # I(k+1)=].
It follows that

~

b(k+1) =

VASRVAN
S & @‘ S

due to (2.5), Az;((k)) = a;(x(k))g;j(k) >0, and by I(k) =1 # j.
Subcase (ii-c): jump of type-1 occurs at k-th iteration and g¢;(k) > 0, g;(k) < 0,
where I(k) =i # I(k+1) = j.

13



Notably, we still have g;(k + 1) > 0. We claim that
bj(x;(k + 1)) = bj(x;(k)) < bi(wi(k)) — bj(x;(k)). (3.12)

Indeed,

I
o

LHS

IAN AN IA
s | oSS
= & - 0
v$
|/\
x5
S =
—~
=z g
—~ o~~~
T
= >
—~
— -
|93
=
Q. &
_
& =
= =
~
/\/\
o
o ~—
~—
AN
Q
—~
x>
~
~—

— b
= RHS.

Herein, “-” is defined as before. Hence, b(k + 1) = b;(z;(k+1)) < b;(x:(k)) = b(k).
All these cases indicate that b(k) decreases as k increases. By Lemma 1, {x(k)} are
attracted into some compact cube @ contained in R™. Therefore, {b;(x;(k))} are
bounded below, and so are {b(k)}. Hence {b(k)} decreases and converges to some
number B as k tends to infinity (denoted by {b(k)} | B).

Next, we verify that lim,_.., ¢(x(k))=B. Assume otherwise: limy,_.o, c(x(k)) #

A

B. There exist some positive p, subsequence {k;}7°; of positive integers, such that

e(x(k) — B| > £, (3.13)

€p

Where ¢, p are defined in (2.13) and (2.14). Because {b(k)} | B, for i/ := min{Z, u} >
0, there exists L € N such that

B < by (zray (k) < B+ 4, (3.14)
for all kK > L. Moreover
max (£) = bre)(x1(0) (£) — c(x(£)) = 0, (3.15)

for all £ € N. Let k;, > L. By (3.13), (3.14), and (3.15), we have

G (k) = b (1 (k) — e(x(kz)) > ﬂp

14



where, for convenience, we set I(kr)=1 without loss of generality. There are two
possibilities at kp-th iteration, either jump of type-1 occurs or not. If it does not

occur, then

[Ab(kp)| = [b(ks +1) — b(ks)|

= |ba(z1 (b + 1)) = bi(wa(kr))]
= by (a1 (ke +1) = 21(ke))]
= [by(-)l]ax (x(ke )91 (k)|
161 ()l (x(k2)) | gmax (k)|

> 6,0ﬂ

€p

But it is impossible, because of (3.14).

If jump of type-1 occurs at kp-th iteration. Assume that I(k; + 1)=2. Below
we consider three different cases for be(zo(kyr)):

Case (a): B < by(w9(kp)) < by(z1(kz)). Then go(kr) > £ and |Aby(x2 (k)| =
10y () [|az(x(k))| g2 (k)| > epl; = p. It is impossible, due to (3.14).

Case (b): B > by(za(kr)) > c(x(kr)). Then go(kr) > 0, and xo(kr + 1) >
xo(kr). Thus,

~

bk +1) = by(xa(kp +1))
< bo(wa(kr))

A~

B.

A\

It is impossible, since {b(k)} | B.
Case (¢): ba(wa(kr)) < e(x(kr)). Then go(k) < 0, and
Abg(.ﬁlﬁg(k’[)) = bg(.ﬁlﬁg(k’L + 1)) — bg(ﬂ?g(kL))
= by(-)az(x(kz))g(kr)
—dag2(kr)
—g2(krL).
Thus, be(zo(kry1)) = ba(za(kr)) + Aba(xa(kr)) < ba(za(kr)) — ga(kr) = c(x(kr).
Hence b(ky+1) = by(zo(kr +1)) < e(x(kr)) < B. It is impossible, since {bpax(k)} |
B.

IA

IN
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From the above discussions, we conclude that limy_ ¢(x(k)) = B.

The second part of the lemma asserts that limy_.., b(k) exists, denoted by B,
and limy_. ¢(x(k))=B. The proof for the assertion resembles the first part. Let us
elaborate.

Case (i): If there exist finitely many jumps of type-2, there exists some K5 € N
, some ¢, say 1, such that gmm(k) = ¢1(k) < 0, for all & > Kj, then {z1(k)}
will be decreasing as k T oo. By Lemma 1, {z;(k)} are bounded below, there-
fore limy_.. 21 (k) exists, hence limy_ by (x1(k)) exists, denoted by b. (Namely,
1imy,— oo bumin (k) = 0.)
claim : limy_ o c(x(k))=b.

Because gmin(k) = ¢g1(k) <0, for all k > K5, by(z1(k)) < c(x(k)), for all k > K.
Assume otherwise: limy,_.o, c(x(k)) # b.

There exists some ¢ > 0, and subsequence {k;}32, of positive integer number with
ki1 > K5 such that |c¢(x(k;)) —b] > ¢, for all j € N. Because lim,_.o, b1(z1(¢)) = b,
for such ¢ , there exists Kz € N, such that |by(z(£)) — b| < 5, for all £ > K.
Therefore g(k;) = bi(z1(k;)) — c(x(k;)) < —5, for all k; > Kg. We find that
{z1(k)} are always decreasing after K¢ —th iteration, especially at k; — th iteration,
Azy(kj) = ar(x(k;))[b1(z1(k;) — c(x(k;))] < —p5. Hence, {z1(k)} will decrease un-
boundedly, and make contradiction to Lemma 1.

case (ii): If there exist infinitely many jumps of type-2.

claim : {b,,(k)} increase as {k} 1 oc.

For any k,

subcase (i): no jump of type-2 occurs at k — th iteration.

Say J(k) = J(k 4+ 1) = i, therefore g;(k) < 0,g:(k +1) < 0. bpn(k+1) =
bi(zi(k + 1)) = bi(xi(k)) (by (2.5), and Az;((k)) = ai(x(k))gi(k) < 0) = buin(k).
subcase (ii): jump of type-2 occurs at k — th iteration.
Say J(k) =i# J(k+1) = j,
subcase (ii-a): ¢;(k) <0,g;(k) <0,

buin(k +1) = bj(x;(k+1))
> bj(x;(k)) (by (2.5), Az;((k)) = a;(x(k))g;(k) < 0)
> bi(wi(k)) (by J(n) =1 # j)

bmin<k)
subcase (ii-b): g;(k) <0,g;(k) > 0,

16



At first, we check

bj(x;(k +1)) = bj(z;(k)) > bi(wi(k)) — bj(z;(k)). (3.16)

AVARRAY,
S
&
- S~—
&

Vv

9i(k) = g; (k) (by (1 —d;)g; (k) > 0> gi(k))
bi(wi(k)) = b;(z;(k))
RHS (where “-” defined as before).

Hence,

buin(k +1) = bj(x;(k +1))
bi(xi(k)) (by (3.16))
= bmin<k)

After considering all cases, we can find that {by,(k)} increase forever as {k}
1 0o. By Lemma 1, {x(k)} are attracted into some compact cube contained in
R™, therefore {b;(z;(k))} are bounded above, and so are {by,(k)}. Hence {byin(k)}
increase and converge to some number, say b (Denoted by {bmin(k)} T b).
claim : limy_ o c(x(k))=b.
Assume otherwise: limy o c(x(k)) # b.
There exist some positive €, subsequence {k;}22; of positive integer number such
that

€

le(x(k;)) — b| > s (3.17)

Because {bmin(k)} 1 b, for ¢ := min{=, e} > 0, there exists L € N, such that
b> bty (T ;) (k) > b—e¢', forall j > L. (3.18)

Moreover

Gmin(€) = by (2 0)(€) — c(x()) <0, for all £ € N. (3.19)
By (3.17), (3.18),and (3.19)
gmin(kr) = bi(@1(kr)) — e(x(kr)) < =& (For convenience, we say J(k.)=1 without

17



loss of generality).
At kp — th iteration, either jump of type-2 occurs or not

In latter case,

|Abmin (k)| = [bumin(kr + 1) — bmin (kL)
= |bi(z1(kp + 1)) = by (21 (kL))
= by ()l (kp + 1)) = (21(ki))|
10y ()lax (k) g1 (ki)
10, () ar (k)| nin (K1)

e
> Ep;

3

But it is impossible, since (3.18).

In former case, we say J(k; + 1)=2.

Below we consider three different cases for by(z2(kz)) as follows:

case (a): b > by(2y(ky)) > by(z1(kL)), then

g2(kr) < =5, [Aby(wa(kr))| = [b5()llaz (x(k))llg2 (k)| > ep5 = e. Tt is impossible,
since (3.18).

case (b): b < by(xs(kp)) < ¢(x(kz)),then

go(kr) < 0, zo(kp + 1) xo(kyr), therefore byin(krp + 1) = ba(xe(ky + 1)) >
by(x5(kL)) > b. It is impossible, since {byin(k)} T b.

case (c): by(za(kr)) > c(x(kr)), then

g2(kr) > 0, Aby(aa(kr)) = ba(wa(ky + 1)) — ba(wa(kr)) = by()az(x(kr))ga(kr) >
—daga(kr) = —ga(kp). ba(wa(kri1)) = ba(wa(kr)) + Aba(wa(kL)) > ba(wa(k ))
ga(kr) = c(x(ky)). Hence byin(kp + 1) = bo(xa(ky + 1)) > e(x(kg)) > b. Tt i
impossible, since {byin(k)} T 0.

<
<

From above three cases, we can find that “ limy_.. c(x(k)) # b” will make

contradiction, therefore limy_.. ¢(x(k)) = b.

References

[1] COHEN, A. M. & GROSSBERG, S. Absolute Stability of Global Patttern For-
mation and Parallel Memory Storage by Competitive Neural Networks, IEEE
Transations on Systems on Man anf Cybernetics, SMC-13(1983), pp. 815-826.

18



2]

Forti, M. & TEsI, A. New Conditions for Global Stability of Neural Networks
with Application to Linear and Quadratic Programming Problems, IEEE Tran-
sations on Circuit and Systems-I:Fundament Theory and Application, Vol. 42,
No. 7(1995), pp.

GROSSBERG, S. Competion, decision, consensus. J. Math. Anal. Appl. 66,
470(1978), pp..

GROSSBERG, S. Preference order competition implies global limits in n-

dimention competition systems. 1977, preprint.

HANGaGI, M., REpDDY, H. C. & MoscuyTz, G. S. Unifying results in cnn
theory using delta operator, IEEE International Symposium on Circuits and Sys-
tems, 3(1999), pp. 547-550.

HARRER, H. & NOSSEK, J. A. An analog implementation of discrete-time cnns,
IEEE Transactions on Neural Networks, 3(1992), pp. 466-476.

HirsH, M. Convergent Activation Dynamics in Continuous Time Networks,

Neural Netwok, Vol. 2 (1989), pp. 331-349.

SBITNEV, V. I. & CHUA, L. O. Local activity for discrete-map CNN Int. J.
Bifur. Chaos, 12 (6) (2002), pp. 1227-1272.

SHIH, C.-W. & WENG, C.-W. Cycle-symmetric matrices and convergent neural
networks, Physica D 146 (2000), 213-220.

19



