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It was recently shown that, when a converging spherical wave is focused in a diffraction-limited systém of suffi-
ciently low Fresnel numbers, the point of maximum intensity does not coincide with the geometrical focus but is
located closer to the exit pupil. In the present paper both qualitative and quantitative arguments are presented
that elucidate the modifications that the whole three-dimensional structure of the diffracted field undergoes as the
Fresnel number is gradually decreased. Contours of equal intensity in the focal region are presented for systems

of selected Fresnel numbers, which focus uniform waves.

1. INTRODUCTION

In a number of publications that appeared in recent years!-5
it was demonstrated that the classic theory regarding the
structure of the focal region does not predict correct results
under all circumstances. More specifically, it was found that,
when a uniform, converging, monochromatic spherical wave
is diffracted at a circular aperture, the classic theory is ade-
quate for calculating the intensity distribution along the axis
near the geometrical focus only if the Fresnel number of the
focusing geometry [defined by Eq. (2.2) below] is large com-
pared to unity.® Since before the invention of the laser the
Fresnel number of a focusing system was generally much
larger than unity, no discrepancies with predictions of the
classic theory were then found. However, in recent years
systems have been developed, especially for use with laser
beams, whose Fresnel numbers are of the order of unity or
even smaller. Hence it is desirable to extend the classic theory
of focusing to systems of this kind.

In the present paper we present isophotes (contours of equal
intensity) in the focal region in systems of different Fresnel
numbers. We begin with some general qualitative observa-
tions, which indicate why one must expect changes in the
structure of the focal region as the Fresnel number N of the
system changes gradually from large values (N > 1) to very
small values (N < 1). The qualitative arguments also indi-
cate that the classic theory of focusing reaches its limit of
validity for systems whose Fresnel numbers are of the order
of unity and that it breaks down completely when the Fresnel
number is much smaller than unity. The qualitative con-
siderations, which also indicate the general trend of the
changes in the structure of the focal region as the Fresnel
number decreases, are confirmed by results of detailed com-
putations, presented in Section 4.

Only focusing of uniform waves is considered in this paper.
However, the results may be expected to be similar for focused
laser beams in systems in which the size of the diffracting
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aperture is comparable with or smaller than the effective cross
section of the laser beam that is incident upon it.

2. SOME QUALITATIVE CONSIDERATIONS

Let us consider a uniform, monochromatic, spherical wave
converging to a focus F' and diffracted at a circular aperture,
of radius a, in an opaque screen. We denote by O the center
of the aperture and by f the distance OF (Figs. 1 and 2). We
assume that

2
a> A, (@ «1, (2.1)
\f
where A is the wavelength. Let
N =a?/\f (2.2)

be the Fresnel number of the focusing geometry.

It follows from elementary calculations that the maximum,
attained at the edge of the aperture, of the distance A between
the spherical wave front through O and the plane of the ap-
erture is, to a good approximation, given by

Apax = a?/2f. (2.3)
It is seen from Egs. (2.2) and (2.3) that
N = Ana/(N/2), (2.4)

i.e., the Fresnel number is equal to the value of A, expressed
in units of half wavelength. Expressed differently, N repre-
sents the number of Fresnel zones (Ref. 7, Sec. 8.2) that fill the
aperture when the aperture is viewed from the geometrical
focus F. 'To obtain some indication about the order of mag-
nitude of the Fresnel number in some typical cases, let us
consider two simple examples. For a conventional focusing
lens we might havea = 1 ¢m, f = 5 ¢cm, A = 0.5 um, and, ac-
cording to Eq. (2.2), we then have N = 4000. On the other
hand, for a long-focal-length infrared laser system we may
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Fig. 1. Illustrating some qualitative differences in the structure of the far field generated by the diffraction of a uniform, converging mono-
chromatic spherical wave at an aperture in an opaque screen in systems of large Fresnel numbers (upper figures) and low Fresnel numbers (lower

figures).

havea =1cm,f = 3m,\ = 10 um, and, according to Eq. (2.2),
N = 3.3 in this case.

It is well known that for conventional focusing systems
(systems with NV >> 1) the maximum intensity in the diffracted
field is at the geometrical focus F. Moreover, except close to
the axis and in the vicinity of the edge of the geometrical
shadow, the far field has the appearance of a cutoff portion
of a uniform spherical wave, diverging from the geometrical
focus®? F. This “spherical cap” subtends, in each cross sec-
tion through the axis OF, the angle 20 = 2a/f at F; and, be-
cause it is located in the far zone, it subtends (within the ac-
curacy of the asymptotic approximation of large distances
from F) the angle 2¢ ~ 26 at the center O of the aperture:

¢~0=alf ’ (2.5)

(see the top right-hand diagram in Fig. 1). This structure of
the far field is, of course, in agreement with predictions of
geometrical optics.

GEOMETRICAL 2
FOCUS

Fig. 2. Illustrating the notation used in determining the structure
of the focal region. The point Q is located on a spherical wave front
W of radius f, centered on F and passing through the center O of the
aperture.

Let us now consider the other extreme case, N «< 1. For
simplicity we will assume that the radius a of the aperture and
the wavelength A have the same values as before and that the
small value of N is achieved by making the distance f between
the plane of the aperture and the geometrical focus be suffi-
ciently large. According to Eq. (2.4) we now have Ay, < A/2,
and hence we are essentially dealing with the diffraction of a
plane wave at the circular aperture. In such a case the far
field has quite a different structure from that in systems that
we just discussed (for which N >> 1), It can no longer be de-
scribed by geometrical optics but rather must be described by
the theory of Fraunhofer diffraction. According to a well-
known formula pertaining to Fraunhofer diffraction at a cir-
cular aperture, namely, the Airy diffraction formula (Ref. 7,
Sec. 8.5.2), the far field will now have a sharp maximum in the
forward (axial) direction and will rapidly decrease to zero in
an oscillatory manner on each side of it. The effective angular
spread of the radiation is given by the order-of-magnitude
relation

o~ Ma. ' (2.6)

Since, when N « 1, we are effectively dealing with the dif-
fraction of a plane wave at a circular aperture, it seems intu-
itively clear that the intensity maximum will now be located
in the vicinity of the center of the aperture!® and that the
diffracted field, at distances sufficiently far away from the
aperture, will behave as if it had been generated by a radiating
source located in the region of the aperture.

Comparison of the two extreme cases that we have just
briefly discussed indicates that, as we proceed from focusing
systems of large Fresnel numbers N to focusing systems of
small Fresnel numbers, the intensity maximum moves from
its location at the geometrical focus F to some point in the
vicinity of the center O of the aperture. It is clear that this
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transition is accomplished in a continuous manner. If we
assume, as seems reasonable, that the shift of the intensity
maximum from its location at the geometrical focus is a mo-
notonic function!! of N (with a and A being kept fixed), we
may conclude that with decreasing values of the Fresnel
number the point of maximum intensity will move toward the
-enter of the aperture.!2 This is indeed what was found from
explicit calculations® and was readily confirmed by experi-
ment.!3

In Fig. 1 the two extreme situations of systems with large
and small Fresnel numbers N are illustrated by the upper and
lower diagrams, respectively. They may be regarded as rep-
resenting, in a sense, two modes of behavior of the diffracted
field. One of the modes dominates when N >> 1, the other
when N « 1. We may expect, roughly speaking, that in
general there will be a mixture of these two modes of behavior
and that both will significantly influence the structure of the
field when the angles ¢, given by Egs. (2.5) and (2.6), are of the
same order of magnitude, i.e., when

alf ~ Na. 2.7

If we recall the definition (2.2) of the Fresnel number N we
see that Eq. (2.7) is equivalent to the condition

N=1, (2.8)
Hence our rough qualitative arguments indicate that, as the
Fresnel number N of a focusing system is gradually decreased
from large values (N > 1) to small values (N < 1), we may
expect to find discrepancies with predictions of the classic
theory of focusing when N attains values of the order of unity
and that the classic theory will not be applicable when N has
values much smaller than unity.
We will see shortly that these rough qualitative predictions
are in agreement with results of detailed calculations.

3. EXPRESSIONS FOR THE FIELD IN THE
FOCAL REGION

We again consider diffraction of a uniform, monochromatic,
converging spherical wave at a circular aperture of radius a
in an opaque screen (Fig. 2). Let

—ikf

V@, t) = A emiat (3.1)
be the field distribution of the incident wave at a typical point
Q on the wave front through the center O of the aperture. In
Eq. (3.1) A is a constant and ¢t denotes the time. With the
assumptions expressed by Egs. (2.1), the diffracted field at
a point P is, according to the Huygens-Fresnel principle, given
by [with the time-periodic factor exp(—iwt) omitted]

i Ae—ikf eiks
Un(P)=— X 7 ffw? ds, (8.2)

where s denotes the distance QP and the integration extends
over the wave front W filling the aperture. We attached the
suffix N to the symbol U(P) for the diffracted field to stress
its dependence on the Fresnel number N, defined by Eq.
(2.2).

Let (2, r, ) be the cylindrical coordinates of the field point
P, referred to axes with origin at the geometrical focus F and
with the'z direction along OF (see Fig. 2). It is convenient to
introduce the dimensionless variables!* uy and vy, which,
together with v, specify the position of the field point P:
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- 2/f

uy = 27N 42 (3.3a)
_ rla

uN = 27N T+ z/f. (3.3b)

Because the field is rotationally symmetric with respect to the
z axis, the diffracted field will not depend on the azimuthal

angle ¥.
It was recently shown!215 that, throughout a neighborhood
of the geometrical focus, the diffracted field Uy (P) may be

expressed in the form

Un(P) = By (un)expli By (un, vn)]
X f ' Jo(vwp)exp(—iUnp?2/2)pdp, (3.4)
0

where Jp is the Bessel function of the first kind and zero
order,
27i [a

By(un) = — —5\_ \;)2 (l - ;TAI’V) A, (3.5a)

and

1 f\2 1
Sy(un,vy) =— ||~ uy + ——uvn2- (3.5b
NN, o) = T N [(a) N 4N ] (8.5b)
The range of validity of expression (3.4) is discussed in Ref.
15.

Before proceeding further we note that the expression on
the right-hand side of Eq. (3.4) is of the same mathematical
form as the expression obtained by Lommel in his classic
paper on the structure of the focal region,!® viz.,

U(P) = B expli®(w)] j; ! Jo(wp)exp(—iup2/pdp, (3.6)

where

27 [a)2

u= T (;) 2, (3.7a)
2w [a

v= 7 ('f—,) r, (3.7b)

2wi [a\2

B= __)\_ (;) A, (3.8a)

f 2
) = (;) u. (3.8b)

Now the following relations between the quantities uy, vy,
By, and ®y of the present theory and the quantities u, v, B,
and ® of Lommel’s theory can readily be deduced:

u

= ———— 3.9
N 1+ u/27N (3.92)
v
=— 3.9b
N 1+ u/27N ( )
By(uy) = (1 - ;r—NN) B, (3.10a)
1
[ — 2}. 1
Py (un, vn) . uN/27rN[q>(uN) + NN (3.10b)

1t follows at once from Eqs. (3.9) and (3.10) that, as N — «,
with u and v being kept fixed,”
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UN ~U, (3.11)
®n(un, vn) ~ P(u), (3.12)

un~u,
Bn(un) ~ B,

and the expression on the right-hand side of Eq. (3.4) then
reduces to Lommel’s expression (3.6), i.e., as N — =,

Un(P) ~ U(P), (3.13)

where the symbol ~ indicates limit in the asymptotic sense.
Thus we conclude that Lommel’s solution represents the as-
ymptotic limit of our solution for focusing systems of large
Fresnel numbers.

Since the mathematical structure of the integral in ex-
pression (3.4) and in Lommel’s expression (3.6) is the same,
we may develop the integral on the right-hand side of Eq. (3.4)
in the same type of series as that first employed by Lommel
in analyzing consequences of his solution.1® We then obtain
for the field Uy (P) in the focal region the following expres-
sion:

Un(P) = (Y%o)Bn(un)exp[i®n(un, vn)]}
X [Clun, vn) — iS(un, va)], (3.14)
where

cos(un/2)

(un/2)
+ —s‘?::’/“ 2/)2) Us(un, vn), (3.152)
sin(un/2)

(un/2)
_ cos(un/2)

(un/2)

and Uy and U, are two of the Lommel functions:

Cn(un,vn) = Ui(un, vn)

Sn(uwn, vn) = Ui(un, vN)

UZ(uNy UN)) (3~15b)

© un n+2s
Un(uNa UN) = Z (_l)s ( ) Jn+23(vN)’ (3-16)
5=0 UN

Jm (vn) being a Bessel function of the first kind and of order
m.
Although the formulas are valid in the neighborhood of the
geometrical focus F, they are convenient for computations
only when |uy/vn| < 1,i.e., when|z|/r < f/a; this is the region
of the geometrical shadow. When |uy/un| > 1, i.e., when |2|/r
> f/a, the field point P is in the geometrically illuminated
region, and it is then more convenient to use the following
alternative expressions for the functions C(uy,vy) and
S(un,vn) that appear in Eq. (3.14):

2 2 si 2
Clun, vy) = — sin 22— + sin(uy/2)

un  2uy  (un/2) Vol ow)
- %72/)2) Vilun, vn), (3.17a)
S(un, vy) = ;2; cos %\2’ - %2—) Volun, vn)
- % Vilun, vn), (3.17b)
where Vi and V are two of the Lommel functiong!®:
Valun,ow) = 3 (-1)° (Z—Z)””SJMS(W). (3.18)
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4. THE STRUCTURE OF THE FOCAL REGION

The close formal similarity of expression (3.4) of the present
theory and expression (3.6) of Lommel’s theory makes it
possible to draw at once some interesting conclusions.

We note that the variables u and v of Lommel’s theory de-
pend linearly on the two cylindrical coordinates (z, r) of the
field point [Eqgs. (3.7)]. On the other hand, the variables uy
and vy of the present theory are nonlinear functions of z and
r [Egs. (3.3)]. Inthe linear regime, the effect of changing any
of the parameters A, a, or f is equivalent to scaling; i.e., if one
of the parameters is changed, the field distribution U(P) is
modified only in the simple manner of becoming spatially
magnified (with magnification =1) in the longitudinal (2)
direction or the transverse (r) direction or both. This is,
however, not so with the field distribution Un(P). The
nonlinear relationship (3.3) between the cylindrical coordi-
nates (z, r) and the dimensionless variables (uy, vy) implies
amore drastic change. This is illustrated in Fig. 3. In the top
left-hand diagram of Fig. 3 a rectangular mesh formed by the
z- and r-coordinate lines has been superimposed upon the
well-known isophote diagram (diagram formed by contours
of equal intensity I = | U|?) in the region of focus, calculated
from Lommel’s theory. Because of the linearity, the mesh
also represents lines of constant values of u (vertical lines) and
of constant values of v (horizontal lines). The other three
diagrams in Fig. 3 show the corresponding lines uy = constant,
vy = constant in focusing systems of Fresnel numbers N =
100, N = 10, and N = 1, respectively, plotted in the z,r
plane.

In Fig. 4 the isophotes Iy = |Un| 2 = constant, normalized
to unity at the geometrical focus, are shown for focusing sys-
tems of selected Fresnel numbers. We see that with de-
creasing N, the point of maximum intensity moves from its
coincidence with the geometrical focus toward the center of
the aperture and that the isophote diagrams approach more
and more those of a complicated radiation field generated by
a source in the vicinity of the center of the aperture. These
quantitative results are in agreement with the conclusions that
we reached by rough qualitative arguments in Section 2.

Finally we note that, when the point P(z, r, ¥) is located in
the geometrical focal plane 2z = 0, one has, according to Egs.
(3.3), (3.7), and (2.2),

un=u=0, UN =, : (4.1)

1
Bn(0) =B, ®yn(0,vn)=P(0)+—=0v2 (4.2)
47N
On substituting from Eqs. (4.1) and (4.2) into Eq. (3.4) and
on comparing the resulting expression with Eq. (3.6) we see
that

- ,

UN(P)|z=0 = U(P)|z=0 exp( 4:1: N) . (4.3)
This formula implies that, irrespective of the value of the
Fresnel number N, the amplitude of the field at any point in
the geometrical focal plane has the same value as given by
Lommel’s theory and that the corresponding phase factor
differs from the phase factor of Lommel’s theory by the
amount v2/4wN. It is an immediate consequence of the first
of these two results that, irrespective of the Fresnel number
N of the system, the intensity distribution in the focal plane
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is given by the Airy-pattern formula [Ref. 7, p. 441, Egs. (25)
and (22)]

2J 2
IN(P)|:=0=|Un(P)|Z, = [—L(U)] Io, (4.4)
where
_ [ra?lA])2
Ip= ()\_f?') (4.5)

is the intensity at the geometrical focus.
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