
COMMUNICATIONS 101 

h 
4 ) I f A f O , B f O :  

L J 

The descriminant of (16b) is never negative so that  two real 
roots always exist. 

As a  specific  example, let x 0  = x p  = 0 so that  both 0 
and P lie  in the yz  plane. Then, from (1  1)  and (1 2), B = C = 
0 so that  (14a)  and  (14b) yield X R I M  = 0 and yRI,M = 

Having, again, as in  the previous section,  demonstrated  the 
existence of a  specular point  for  the  nonplanar case, many dif- 
ferent search techniques are available for locating it. However, 
should the simple evaluation of F a t  the  two  points  on  the re- 
flector ring defined by  (9) indicate that  no specular point 
exists,  a  search procedure  has been  eliminated. 

P R I M ,  as expected. 
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Transient and Time-Harmonic  Dyadic  Green’s Functions 
for a  Perfectly  Conducting  Cone 

K. K. CHAN AND L. B. FELSEN 

Abstract-New  representations  for  the  timedependent  dyadic 
Green’s functions  for  a  perfectly  conducting semi-infiite  cone are 
presented.  For  the  special case of small cone angles and an on-axis 
source,  simplified  expressions are given  for both the  timedependent 
and time-harmonic  regimes. 

In a  separate  paper, new representations for  the  timede- 
pendent scalar Dirichlet and Neumann Green’s functions  for a 
semi-infiiite  cone were developed [ 1 1.  It was shown  that these 
formulations can be simplified substantially when the  cone 
angle is small and the  source is located on  the  cone axis. It was 
also shown  that new closed-form time-harmonic solutions can 
be obtained by Fourier  transformation of the  transient fields. 
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The present communication  extends these  results to the 
dyadic Green’s functions generated  by  vector  dipole excitation. 

Consider an electric  dipole of vector strength J situated  at 
the  point r = rr outside  a perfectly  conducting  cone defined by 
the surface 8 = e o .  The  components of J in the (r, 8 ,  Q) di- 
rections  are J,, Je  , and Jo ,  respectively. The  total field can be 
regarded as a  superposition of the  separate responses,due to 
J,, J g ,  and .Io. The response to a  radial  electric  dipole source 
may be obtained  from  the scalar Dirichlet Green’s function 
discussed in [ 1 1. The electric field due to a transverse dipole 
source of vector  strength J t  can be  represented  in terms of 
functions S’ and S” as follows [ 21 : 

E = ErrO + EeOo + (1) 

where 

The scalar functions S’, S” can be decomposed into a free- 
space portion  and a perturbation  term  accounting  for  the  effect 
of the cone. Since the free-space portion of the  solution is 
known, only the evaluation of the  perturbation fields  (distin- 
guished by subscript s) need concern us here.  Suitable  repre- 
sentations  for  the  latter are [3] 

s,’ = SSlr  + s,’ 
i 

SSl = - - jo(kr@o(l)(kr)) 
- cos m(Q - Q r )  

2nk m = l  m 

- tan - tan - tan2 - 1 : :  ke) l  
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s," = S,," + Ss2" (3a) 

s,, I' = - s,, ' (3b) 

r(v- m + 1) d 
- ~ , - m ( ~ ~ s  e,) 
dB0 

subject to  the  restriction 6 4- 8' < 280 - n. The inversion of 
these  results into  the time-dependent regime can be accom- 
plished by  following the procedure in [ 1 1 .  Instead of presenting 
the general formulas, we pass on to  the special cases that yield 
substantial simplification. 

For a transverse dipole  located on  the  cone axis 0' = 0, we 
may assume, without loss of generality, that Jf = $J, Jd. It 
follows that 

In  addition, we assume a  narrow angle cone so that a closed- 
form result can be obtained. 

In the evaluation of the electric  fields, we make use  of the 
following  relations: 

L 

1 

and for small-angle cones (8, % x) [ 2, p. 7081 

Consequently,  for e' = 0, eo= 

ar 
sin (@ - @') - s ine '  a@' 16 a6 ( 7 4  

where 

Also 

Ob) 

One may,  therefore,  show  that 

l a  
7 sin (@-@') [- - 

E 16 rr (-io) a6 

+--(T) rr 
,cos (G-9') [- 

E 16 (-iw) 

J~ 1 n-e, 1 1 

whereL(0) = ( sin (a/ae) sine(a/aO).Thetime-dependent 
solution can be recovered from  (10) as in [ 11. The inversion 
of the first terms in 1 Ob) and ( 1 0 ~ )  is trivial and yields 2 delta-  
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function pulse. For  the remaining terms  one  notes  that  the in- 
tegral I in (8) can be evaluated  by  proceeding as in [ 1,  eqs. (4)- 
(6)1, with 8‘ = 0 and [ 1,  eq. (6a)J  approximated in the small 
cone limit.  Following the  steps leading to [ 1, eq. (19)], one 
finds 

2c 1 1 r + r’\ 
n b 2 + d 2 - \  

where V(a)  is the Heaviside unit  function  and 

b =[ 4rrl ] d = c o s - .  
c2r2 - ( r  + r‘)2 e 

2 
(1 1 4  

Furthermore,  the  factor (-io) in (IO) can be replaced by  the 
differential operator a/at  in the  time  domain. 

As a  result of these  considerations, one  obtains  for  the 
time-dependent electric  fields initiated  by  the impulse 6 ( t  - t ‘ )  

1 a a  
& C 2 K  12 sin (@-@’) 7 d t  F(r, r’; t )  (12a) 

r r  

1 a2 1 + K 7 sin (@-@’) - F(r, r‘; r )  i- c2K 7 
rr arae rr 

F(r, r’; t )  (12c) 

where 

1 

b 2  + d 2  
F(r, r‘; r )  = ~ *(r - +). 

The  differentiations to be performed  in (1  2a)-(12c) are 
straightforward but  cumbersome. Because of the  occurrence 
of the  unit  step  function  in  (12e),  one generates thereby a 
delta-function  singularity across the wavefront. When the 
dominant term  near the wavefront, so obtained, is compared 
with the Laplace transform of the high-frequency asymptotic 
solution [ 3 1 , one verifies agreement of these results. 

By Fourier inversion of F in (12e),  one may generate  a 
time-harmonic solution F ,  valid for all frequencies.  Referring 
to [ 1, eq.  (32)]  one finds 

F,  (r, r’) = - ~ I [eQ1E1(Ql) - eQ2E1(Q2)1 (13) 
2nrr’ eik(r+r’)  

c I r - r  I 

where 

and 

Ql = -ik(r r’ - I r - r’ I )  Q2 = -ik(r + I‘ + I r - r‘l). 

(1  3b) 

The time-harmonic dyadic Green’s function  for 8’ = 0, Bo n, 
0 < 28, - T is then inferred from  the inverted form of (1 2a)- 
( 12c). 
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Circumferential Distriiution of Scattering  Current and Small 
Hole  Coupling for Thin Finite Cylinders 

H. K. SCHUMAN, MEMBER,  IEEE 

Abstract-The scattering current induced on a  thin finite  con- 
ducting cylinder  immersed in a ‘%”-polarized E-field is studied. Par- 
ticular attention is paid to the  circumferentially  nonuniform mode as 
the E-field ,angle of  incidence varies. This nonuniformity is shown 
significant (peak-to-average ratio of 3 dB at cylinder  midlength) at  
certain  incidence angles for wavelength long cylinders  with diameters 
as small as 0.067h. Also investigated is the relationship  between  scat- 
tering current  and cavity response patterns  for m o w  thin-walled 
cylindrical cavities with small holes  through which energy is coupled. 
It is demonstrated theoretically, with experimental verification, that 
the circumferential variation of scattering current strongly affects  the 
fields within thin cylindrical cavities having apertures with small cir- 
cumferential  extents. It is noted, however, that  for most  thin-body 
radiation and scattering  problems (in contrast with aperature coupling) 
only  the uniform current  mode is significant. 

I. INTRODUCTION 
The penetration of electromagnetic fields through small 

apertures in rotationally  symmetric cavities (approximating 
cables, missiles, etc.)  presents  a  problem of considerable 
interest.  Theoretical predictions of  the cavity fields are usually 
obtained  with variations of ‘‘Bethe” Small-Hole Theory [3] -  
[61. In these methods an equivalent cavity excitation, com- 
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