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ABSTRACT

This paper presents a new method, called the transfer matrix method for obtaining transfer functions among the state
variables of a linear time- invariant (LTI) system defined in either a block diagram or the corresponding signal flow
graph. The procedures introduced in this paper for obtaining the transfer function require only knowledge on matrix
operations, which are easy to explain and remember. Advanced control engineers can automate the symbolic matrix
operation by using existing software such as Mathematica.
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1. INTRODUCTION

The block diagram and the signal flow graph are the most common tools used to describe a control system and to derive
the gain or the transfer function of the control system [1, 2, 3]. Block diagram reduction is an obvious and direct method
used to simplify control systems. The corresponding shifting rule [4] greatly helped the simplification of block diagrams.
However, block diagram reduction has not been systematized and deriving the transfer function from a multiple-input
multiple-output system remains difficult. Mason’s gain formula [5] was used to derive the system transfer function for
complex block diagrams. Mason’s gain formula provides a systematized method that involves dividing a signal flow
graph into several independent loop gains and analyzing the input-output transfer function as well as the transfer
functions of other signal states. However, Mason’s gain formula is not straightforward, and the system must be separated
into several independent loops and forward paths. Neither determining the exact number of independent loop gains that
should be separated nor recognizing the touching loops in a complex system is easy.

This paper presents a systematic method for determining the transfer function. This method, which is based on the
transfer matrix derived from a signal flow graph is called the transfer matrix method.

2. TRANSFER MATRIX METHOD

Single-input systems are commonly described schematically by using a signal flow graph [5, 6]. The signal flow graph is
a direct graph (or digraph) that contains the set of nodes X and the directed edge set E. Figure 1 depicts a general SI
system with n vertices. There are n-1 tail nodes in the signal flow graph. The various node signals are related according
to the associated equation [7] as follows:

Cll’le + a, X, +..+ a,,x, =X,

amxl + a2’3)€2 +...+ anﬁxn =X3,

a, X + a, X, +...+ a, X, =X, @)

where @, ; denotes the gain from x; to x -
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Figure 1. The signal flow graph with n vertices.

Let A" be a nodal adjacency matrix, X be the node vector, and X" be the tail-node vector. This system of nodal
equations in (1) may be rewritten in matrix form as follows:

*' *
ATX=X (2)
where
a, A, .. a,,
AT = Az Gy e dys |
a, a,, .. a,,
* T
X =[x2 Xy .. xn] ,
T
Xz[xl X, X3 e xn].

Adding a self-sustaining equation to (1), yields an augmented nodal adjacency matrix (or called the transfer matrix)

producing
ATX =X 3)
where
1 0o .. 0 0 |
a, Ayr e A2 a,,
AT =
Ay Dy o Qanmey Aaao
| Qi a,, Atyn Ay |

The transfer function of a LTI system is defined as the ratio of the Laplace transform of the output (response function) to
the Laplace transform of the input (driving function) under the assumption that all initial conditions are zero [7]. The

. . . x(s . .
gain a; . =a, ].(S) can be determined based on the transfer function of L derived from the Laplace transformation.

x.(s)

1

The transfer matrix A" is divided into submatrices as follows:

1 0

A= e p |

where C(s) = [al,2 (s) a;(s) - a, (s)]r must be a non-zero vector to transfer the state from X,(s) to other

states, and
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ay,(s) . a,,(s)
D(s) = :

a,,(s) ... a,,(s)
Theorem 1:
If the control system is a relaxed system, thendet[D(s)—1]#0.
Proof:
The nodal adjacency matrix A" (s) can be divided into submatrices as follows:
AT(s)=]Cs) D) |

Based on (2),

*

AT ()X =[C(s) D(s){;l*} - X

It yields that
x,C(s)+(D(s)-DX =0

The solution of this equation is

‘o ~C'(5)(D(s) - DX’
1 C"(5)C(s)

When (D(s)—I)X" =0 for a non-trivial X", the first element X, of the node vector X can be zero, thus contradicting
the condition of a relaxed system, that is, all states are zero. Q.E.D.

Theorem 2:
Let Q(s) = [ql (s) q,(s) ... g, (S)]T be the eigenvector of the transfer matrix A" (is) associated with a single
unity eigenvalue. The transfer function between nodes x; and X, is m, i=2,3,..,n.
q,(s)
Proof:
T

Let Q(s)=|1 £ 9.0) |, 1/ Itiple of the ei Based on th

s)=|1 S " 2 e a nonzero 1/q,(s) multiple of the eigenvector Q(s) . Based on the

q,\s Qs

eigenvalue theorem that (AT(S)—Ib(S) =0, the non-repeated unity eigenvalue only exists one corresponding

eigenvector. The output at the i-th element in Q(s) attributable to the unit impulse input on the first element in Q(s)

satisfying the equilibrium of the state transfer given in (3) must be the transfer function between the output and the input.
Q.E.D.

The unique eigenvector Q(s) of the transfer matrix A" () associated with a unity eigenvalue is also the null space of
(AT (s)—I) [8]. In the sequel, the procedures used to derive the null space and the eigenvector are introduced. The

derivation is conducted in two steps. First, the first row of (AT(S)—I) is replaced with a row vector

[)Acl X, e )2,1] and, second, the determinant of the resulting matrix is calculated to obtain the normal vector as

follows:
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A A

X, X, X

a,(s) -1 .. a,,(s)
: )
al,n (S) a2,n (S) -1
=a,(8)X, +a, ()X, +...+ a,(5)X,
The eigenvector Q(s) of A" (s) associated with a single unity can be expressed as follows:
T
Q) =[a,(s) () - )]
Based on Theorem 2, the transfer function between nodes X, (§)and X, (i) is
X (S a (S
n ( ) — n ( ) (5)
x(s)  a(s)

Example 1

A block diagram of a single-input single-output system is shown in Figure 2(a) and the corresponding signal flow graph
is shown in Figure 2(b).

G(s) :
3 1 % G N
o—>
H(s) Ai(s)
(@) (b)

Figure2. (a) The block diagram and (b) the signal flow graph of the single-input single-output system.

The node vector and the tail node vector are X(s)= [x1 (s) x(s) x (S)]T and X (5) = [x2 (s) x, (S)]T,

respectively. The transfer matrix A" (s) according to (3) yields

1 0 0
A"(s)=|1 0 -H@)|
0 G(s) O

The first row of (A" (s)—1) is replaced with a row vector |X, X, X , and the determinant yields
p 1 1 3

X% x5
1 —1 —HE)|=(1+GE)H())R, + %, + G(s)3, -
0 G(s) -1

The eigenvector Q(s) of A" (s) associated with a single unity eigenvalue is

Q(s)=[1+G()H(s) 1 G(s)]".

According to (5), the transfer function is then obtained as follows:
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x5(s) G(s)
x(s) 1+G(s)H(s)

Example 2:

Consider the observable system and the controllable system[9] shown in Figure 3.

»

Xs Y (;)

@

Figure 3. (a) The signal flow graph of the Observable system and (b) the signal flow graph of the controllable system.

According to the given signal flow graph in Figure 3(a), the transfer matrix Alis

(1 0 0 0 0 0 O]
bb 0 0 0 0 =-a O
b, s 0 0 0 -aq O
A"=b, 0 s 0 0 -a, O] ©®)
by 0 0 s' 0 -a O
0 0 0 0 s'" 0 0
0 0 0 0 0 1 0]

and the node vector X is

X=[U@s) x x, x, x, x; Y(s)]

According to (4),

ISR
o
=
>
=
=

S
“
L
|
—_
=]
(=)
|
<
S O O O O~

b, 0 s' -1 0 -a,
b, 0 0 s' -1 -a,
0 0 0 st
0 0 0 0 1 -1

= o, (U + 0, ()X, + 0, ()%, + 0, ()%, + 5 ()%, + 0ty ()% + 1, (5)Y
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where
4 3 2
s'+asT+a,sT+as+a,
(Zl(S)= S4 )

3 2
o (s) = b,s” + bzss4+ bs+b, .

The transfer function of the observable system is

o, (s) _ b.s® +b,s* +bs +b,
a,(s) s*+as’+a,s’+as+a,

The first column in (6) denotes the gain from the input U(s) to the other nodes and the sixth column denotes the gain
from x1 which is equal to the output Y(s) to the other nodes. The elements in the matrix are 0 or s-1 except the first and
the sixth columns. According to the matrix, the system's output is possible to determine the behavior of the entire system

in Fig. 3(a).
According to the given signal flow graph in Fig. 3(b), the transfer matrix is

1 0 0 0 0 0 0
1 0 -a, —a -a, —a, O
0 s' 0 0 0 0 0 7
A"=[0 0 s 0 0 0 of
0 0 0o s 0 0 0
0 0 0 0 s 0 0
100 b, b b, by 0]
According to (4),
u % % % & & Y
1 -1 -a, —a, —-a, —a, 0
0 s -1 0 0 0 0
0 0 s' -1 0 0 0
0 0 0 s' -1 0 0
0 0 o0 sTo-1 0
0 0 b b b b -1

= a,(8)U + 0, ()%, + a5 ()%, + a, (8)%, + a5 ()%, + ()%, + at, (5)Y

where
4 3 2
st +ays +ast +a,s+a,
a,(s) = 2 ;
S

3 2
o, (5) = bys +b1SS4+ b,s +b, .

The transfer function of the controllable system is
a,(s) by’ +bs’+bs+b,
a,(s) s*+ays+as’+as+a;
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According to the second row in (7), the state of X, is determined by the input U(s) and the differential of itself.

According to the seventh row in (7), the state of output ¥(s) is determined by the n-order differential of X, . Thus, the
output Y(s) can be controlled by the input U(s).

3. CONCLUSIONS

This paper presents a systematic, symbolic, matrix operational method for analyzing the system gain and continuing
design of control systems. The procedures for deriving the transfer function described in this paper consist of only three

steps: 1) derive the transfer matrix A" from the signal flow graph; 2) calculate the eigenvector X of AT associated with
unity eigenvalue (for this purpose a cross-product derivation method for hyperspace is proposed); and 3) determine the
transfer function based on the eigenvector X obtained in Step 2. Compared with conventional block diagram reduction,
this method is systematic. Compared with Mason’s gain formula method, this method is easier to explain and the result is
easier to visualize.
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