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Modelling system with hysteresis has received considerable attention recently due to the increasing accurate
requirement in engineering applications. The classical Preisach model (CPM) is the most popular model to
demonstrate hysteresis which can be represented by infinite but countable first-order reversal curves (FORCs).
The usage of look-up tables is one way to approach the CPM in actual practice. The data in those tables
correspond with the samples of a finite number of FORCs. This approach, however, faces two major problems:
firstly, it requires a large amount of memory space to obtain an accurate prediction of hysteresis; secondly, it is
difficult to derive efficient ways to modify the data table to reflect the timing effect of elements with hysteresis.
To overcome, this article proposes the idea of using a set of polynomials to emulate the CPM instead of table
look-up. The polynomial approximation requires less memory space for data storage. Furthermore, the
polynomial coefficients can be obtained accurately by using the least-square approximation or adaptive
identification algorithm, such as the possibility of accurate tracking of hysteresis model parameters.

Keywords: hysteresis; Preisach model; polynomial approximation

Notation

uðtÞ signal input
f ðtÞ Preisach model output

�ð�,�Þ Preisach density function
���½uð�Þ�ðtÞ hysteresis operator

�(�) hysteresis operator corresponds

to ‘up’ (‘down’) switching

values of input
�usat divides the range of input data
uð�Þ input signal

fM1,M2, . . . ,Mn�1g peaks of the previous input

signal
fm1,m2, . . . ,mn�1g valleys of the previous input

signal
f��ðM,mÞ polynomial function

ciðM Þ indicates the coefficient corre-

sponding with M

c0ðM Þ, c1ðM Þ, c2ðM Þ polynomial coefficients
fn represents the effect of previous

input
fpðtÞ polynomial approximation
eðtÞ output error
f ðtÞ plant output
fpðtÞ adaptive model output
� update algorithm for the vector

T transpose operation
xðtÞ function of the input
� constant step size
N normalisation factor

1. Introduction

Hysteresis is a nonlinear phenomenon occurring in
many engineering devices, such as the micro-
piezoelectric actuators (PZA), the shape memory
alloys (SMA) and the ferromagnetic elements
(Hughes and Wen 1995; Agrawal, Elshafei, and Song
1997; Bertotti 1988; Mayhan, Srinivasan, Watechagit,
and Washington 2000; Torre 2000; Dlala, Saitz, and
Arkkio 2005). A system with hysteresis is usually
difficult to describe accurately and may result in
unstable behaviours in closed loop without appropriate
feedback control. Therefore, an accurate model of
hysteresis is the key of developing suitable control
algorithms or applications with these systems (Croft,
Shed, and Devasia 2001; Jia, Luo, and Chen 2005).
Several models have been developed to demonstrate
systems with hysteresis, and the classical Preisach
model (CPM) has been known as the most familiar one
to demonstrate hysteresis behaviours (Mayergoyz
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1991); this model can be further represented by an
infinite but countable first-order reversal curves
(FORCs), which can be measured in many experimen-
tal applications. The conventional approach to realise
the CPM with an hysteresis system approximates the
representation by sampling a finite number of FORCs
and preserves the sample data in tables (Ge and
Jouaneh 1996, 2005; Song, Zhao, Zhou, and De
Abreu-Garcia 2005). The model output is then calcu-
lated from the tabled data and the given input by
performing simple linear interpolation. This approach,
however, face two drawbacks. One is that it requires a
large amount of memory space to obtain an accurate
prediction of hysteresis because the number of FORCs
and the sampling resolution should be increased.
Another drawback is that it is difficult or even
impossible to adjust the tabled data to immediately
reflect the parameter variations with ageing or timing
effect. Hence, the resulting accuracy may degrade with
time and eventually needs to rebuild the table.

The purpose of this article is to include an instant
adjustment mechanism which had not been adequately
concluded in the past study. The coefficients of the
proposed approximating polynomial can be obtained
by using the least-square optimisation (Recktenwald
2001; Villien and Ostertag 2009) or the adaptive
identification algorithm (Haykin 2002), so the tracking
of hysteresis model parameters is possible. For a review
of alternate identification approaches, one may consult
Hong et al. (2008) and Taarit, Belkoura, Ksouri, and
Richard (2011). The proposed approach has been
applied in computer simulations of the prediction of
CPM output. We apply the least mean square (LMS)
adaptive algorithm to identify the polynomial coeffi-
cients of the FORCs. The demonstrating results
compared with deduced results from the table look-
up method yields similar performance in model accu-
racy while using less memory size. Furthermore, the
proposed approach combined with the adaptation
feature can reach the goal of modifying the parameters
of CPM instantaneously rather than rebuilding the
tables.

2. Traditional realisations of CPM

This section introduces the mathematical form and the
numerical implement of the CPM – the model of
hysteresis nonlinearity.

2.1. Classical Preisach model

The CPM (Mayergoyz 1991; Jia et al. 2005) represents
an hysteresis system with input uðtÞ and output f ðtÞ in

a double integral equation below:

f ðtÞ ¼

Z Z
���

�ð�,�Þ���½uð�Þ�ðtÞd� d�, ð1Þ

where ���½uð�Þ�ðtÞ is an hysteresis operator with its
value being 1 when uðtÞ � �, or �1 when uðtÞ � �, or
retaining the value of previous moment when
�4 uðtÞ4� and the function �ð�,�Þ, often referred
to as the Preisach density function, serves as the
weighting on the corresponding hysteresis operator.
This realisation, however, is considered to be time-
consuming because numerical implementation of
double integrals is needed. The idea of the CPM,
therefore, is to regard an hysteresis transducer as the
superposition of an infinite set of weighted hysteresis
operators shown in Figure 1 (Mayergoyz 1985; Iyer
and Shirley 2004; Tan and Baras 2005).

The values � and � of an hysteresis operator
correspond to ‘up’ and ‘down’ switching values of
input, respectively. Here, we assume that � � �. The
operator is characterised by its switching values � and
�, and is depicted by a rectangular loop on its input–
output phase diagram in Figure 2. As shown in the
figure, the operator output of ���½uð�Þ�ðtÞ remains to be
�1 until the input is above the value � and the output
remains to be þ1 until the input is below the value �. A
practical anticipation of actual applications is the
limits of integration which require us to set saturation
values of input, that is usat � � � � � �usat.

Another common and numerically more efficient
realisation exploits the property of hysteresis operator
so that the output value f(t) can be realised by a set of
the so-called the FORC, which can be obtained directly
from the measured experimental data and need not
identify Preisach density function. We briefly discuss
this realisation below and the employed notations
which follow closely. To assume that the interested
range of input signals is limited in �usat � uðtÞ � usat,

Figure 1. Interpretation of the CPM.
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an FORC denoted by f��ðM,mÞ is obtained as the
output of the hysteresis system when its input uðtÞ
starts at �usat, then increases to value of M, and finally
decreases to value of m. Note that for a fixed M value
we can obtain a curve f��ðM,mÞ along with varying m.
In terms of FORCs, this approach realises f ðtÞ from
uðtÞ ascending at the moment t below

f ðtÞ ¼ �f þ þ
Xn�1
k¼1

f��ðMk,mkÞ � f��ðMk,mk�1Þ
� �

þ f��ðuðtÞ, uðtÞÞ � f��ðuðtÞ,mn�1Þ
� �

, ð2Þ

where fþ is the value of f ðtÞ for uðtÞ � usat and the
series fM1,M2, . . . ,Mn�1g and fm1,m2, . . . ,mn�1g are
peaks and valleys of the previous input signal uð�Þ,
�5 t conforming to the wiping-out property
(Mayergoyz 1991). Similarly, the output value f ðtÞ
for uðtÞ descending at the moment t is given by

f ðtÞ ¼ �f þ þ
Xn�2
k¼1

f��ðMk,mkÞ � f��ðMk,mk�1Þ
� �

þ f��ðMn�1, uðtÞÞ � f��ðMn�1,mn�2Þ
� �

: ð3Þ

It is important to notice that in demonstration, the
FORCs are experimentally obtained and stored in
memory and retrieved when evaluating f ðtÞ for a given
input uðtÞ. To evaluate f ðtÞ exactly via this approach,
therefore, requires to store countable infinite FORCs;
in practice, approximation is necessary to yield a viable
result of the realisation.

2.2. Table look-up method

The table look-up method for CPM realisation creates
a table for storing samples of several FORCs, it then
employs the linear interpolation technique for evalu-
ating the model output f ðtÞ from the input uðtÞ.

Divide the range of input data from �usat to usat
uniformly into N levels with ui ¼ �usat þ ði� 1ÞD,
D ¼ 2usat= ðN� 1Þ for i ¼ 1, . . . ,N. The table stores
the samples of N FORCs with the i-th FORC having
data f��ðui, uj Þ with i ¼ 1, . . . ,N and j ¼ 1, . . . , i. Note
that these data can be experimentally obtained; for
example, the value f��ðui, uj Þ is the plant output with
the input data uðtÞ increasing from �usat to ui and then
decreasing from ui to uj. It is clear that the number of
data needed for constructing the table is NðNþ 1Þ=2.

In evaluating the model output f ðtÞ using (2) and
(3), we have to compute the sample of FORC, for
example f��ðx, yÞ. If ðx, yÞ perfectly matches ðui, uj Þ,
then an exact FORC sample can be obtained. In most
cases, ðx, yÞ will lie on an area surrounded by sample
nodes ðui, uj Þ. Hence, most table look-up search
approaches the approximate sampled value f��ðx, yÞ
via the neighbouring nodes by linear interpolation (Ge
and Jouaneh 1996). The performance of linear inter-
polation technique, obviously, will be improved if the
number N is increased. The cost, however, is the
increase in the size of required memory for storing the
data. The advantage of table look-up method is its
simplicity. In the following section, we present a
method which requires less memory space and
possesses the capability to solve for the phenomenon
of parameter drift in the hysteresis systems.

3. New realisations of CPM

This section develops a polynomial approximation
(PA) for CPM realisation and derive the adaptive
algorithm for parameter tracking of the hysteresis
systems.

3.1. Polynomial approximation

It is common to investigate the measured data using an
analysable function called curve fitting and the PA.
Our goal is to fit the samples of a finite number of
FORCs by a polynomial. Realisation of the PA,
similar to the table look-up method, also exploits the
FORC approach to realise an hysteresis system.
The difference between the table look-up method and
the PA is that the former stores sample data of each
FORC directly in a table while the latter transforms
sample data of each FORC into a set of parameters by
polynomial curve-fitting techniques and stores these
parameters in the table. In practice, the model’s output
can be obtained by evaluating the corresponding
polynomial and introducing simple linear interpolation
techniques. Detailed procedure and mathematical
expression of the PA are discussed as follows.

Figure 2. The hysteresis operator: the output follows the
trajectory ABCD when the input is increasing, and follows
EFGH when the input is decreasing.
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For simplicity, we consider a second-order polyno-

mial function. Hence, for an FORC f��ðM,mÞ with a

specific M, we find a polynomial for approximation,

denoted as

f��ðM,mÞ � c0ðM Þ þ c1ðM Þmþ c2ðM Þm
2: ð4Þ

Note that approximation with the least-square

error is adopted here (Recktenwald 2001).

Specifically, the FORC f��ðM,mÞ for a specific M

can be experimentally measured for various m values;

these data are used to compute, via the least-square

error technique, the coefficients c0ðM Þ, c1ðM Þ, c2ðM Þ.

Hence, instead of storing the sample data of an FORC

in the conventional table look-up method, the PA

converts the sampled data by a set of coefficients. Each

FORC corresponds to three coefficients through the

second-order polynomial. If one considers N FORCs

with the value of N which has been uniformly divided

among the input range with ui ¼ �usat þ ði� 1ÞD,
D ¼ 2usat=ðN� 1Þ for i ¼ 1, . . . ,N, then only 3N coef-

ficients denoted as cj ðuiÞ, j ¼ 0, 1, 2, and i ¼ 1, . . . ,N

are required for characterising the N FORCs. For an

FORC f��ðM,mÞ with ui 5M � uiþ1, the correspond-

ing polynomial coefficients are obtained by the simple

linear interpolation as follows:

cj ðM Þ ¼
ðuiþ1�MÞcj ðuiÞþ ðM� uiÞcj ðuiþ1Þ

uiþ1� ui

¼
ðuiþ1�MÞcj ðuiÞþ ðM� uiÞcj ðuiþ1Þ

D
, j¼ 0,1,2:

ð5Þ

In realisation of the PA method, we can derive

information from below that a simple linear form can be

obtained. Consider first the ascending input and get a

further explanation of (2) from the following equation

f ðtÞ ¼ fn þ f��ðuðtÞ, uðtÞÞ � f��ðuðtÞ,mn�1Þ
� �

, ð6Þ

where fn represents the effect of previous input and is

fn ¼ �f
þ þ

Xn�1
k¼1

f��ðMk,mkÞ � f��ðMk,mk�1Þ
� �

: ð7Þ

Using the PA (4) to replace f��ðuðtÞ, uðtÞÞ and

f��ðuðtÞ,mn�1Þ in (6) yields

f ðtÞ � fPðtÞ

¼ fnþ c2ðuðtÞÞuðtÞ
2
þ c1ðuðtÞÞuðtÞ þ c0ðuðtÞÞ

� �
� c2ðuðtÞÞm

2
n�1þ c1ðuðtÞÞmn�1þ c0ðuðtÞÞ

� �
¼ fnþ c2ðuðtÞÞðuðtÞ

2
�m2

n�1Þ þ c1ðuðtÞÞðuðtÞ �mn�1Þ,

ð8Þ

where we use fPðtÞ to denote the PA. Note that the

coefficient c0ðuðtÞÞ is not needed in realisation; this

property further reduces the required memory for
storing the coefficients of each polynomial correspond-
ing to an FORC.

Since the input uðtÞmay not be equal to the value of
any ui, i ¼ 1, . . . ,N, the linear interpolation (5), there-
fore, is employed for realisation. If ui 5 uðtÞ � uiþ1,
then we use the simple linear interpolation (5) to
substitute for c1ðuðtÞÞ and c2ðuðtÞÞ in (8), after rearran-
ging, yielding a simple linear form as shown below

fPðtÞ ¼ �
TxðtÞ, ð9Þ

where the superscript T denotes transpose and

� ¼

fn

c2ðuiÞ

c2ðuiþ1Þ

c1ðuiÞ

c1ðuiþ1Þ

2
666664

3
777775, xðtÞ ¼

1

½uiþ1� uðtÞ�½u2ðtÞ �m2
n�1�

D
½uðtÞ � ui�½u

2ðtÞ �m2
n�1�

D
½uiþ1� uðtÞ�½uðtÞ �mn�1�

D
½uðtÞ � ui�½uðtÞ �mn�1�

D

2
6666666666664

3
7777777777775
:

Note that the linear expression of the model output
also makes the derivation of adaptive algorithm easier
for tracking time-varying parameters of an hysteresis
system. This part will be discussed later. For the input
uðtÞ descending at the moment t with ui 5Mn � uiþ1,
via the interpolation technique and the procedure
above, the model output can be similarly derived, and
have the same result as (9). Thus, the difference
between the ascending input and descending input lies
on the determination of FORCs for interpolation, the
former uses the input uðtÞ while the latter uses the
previous peak Mn. The model realisation for either
ascending or descending input results in a simple linear
equation in (9). It is worth pointing out that the
polynomial coefficients indicate the parameters of the
CPM and are suitable for model identification because
they are adjustable and hence exhibiting flexibility in
identification.

In summary, the proposed PA method requires to
store NðPþ 1Þ coefficients of P-th order polynomials
to characterise N FORCs. If the second-order polyno-
mial is used, then the required table size is 3N.
Compared with the table look-up method requiring
NðNþ 1Þ=2 memory, the proposed method is more
efficient. The number of sampled data in the look-up
table realisation, NðNþ 1Þ=2, will be larger than
NðPþ 1Þ when N4 2Pþ 1, i.e. P5 N

2 � 1.
We propose a simple criterion for selecting the

polynomial order P in the following.

Step 1: Set P¼ 1. Set N" as a threshold of order for
the candidate polynomials. Choose the
number N and construct the table as a

International Journal of Systems Science 1645
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baseline for determining the candidate
polynomials.

Step 2: Determine the corresponding error cost
"N ¼ f ðtÞ � fNðtÞ

�� �� where fNðtÞ is the approx-
imation function based on the table look-up
method and �k k is the L2-norm.

Step 3: Determine the error cost "P ¼ f ðtÞ � fPðtÞ
�� ��.

If "P 5 "N then go to Step 7, otherwise
proceed to the next step.

Step 4: P Pþ 1.

Step 5: If P5 N
2 þN" then go to Step 3, otherwise

proceed to the next step.

Step 6: If N" � 1 then N"  N" � 1, otherwise stop
and report ‘no solution’.

Step 7: Output the polynomial order P and stop.

For example, the polynomial order P ¼ 1, and
N ¼ 100 and N" ¼ 1 were set in our simulation and
experimental study.

It is important to notice that the proposed method
may not obtain more accurate approximation than the
table look-up method because the low-order PA may
yield a large error in some regions of an FORC. The
most important advantage of the PA method, in our
view, is that the polynomial coefficients can be
adaptively modified to track a time-varying hysteresis
system. This is developed in the following sections.

3.2. Adaptive PA

Based on PA, we obtain a set of coefficients that can be
use to describe FORC; however, these coefficients may
be inaccurate. A system model with inaccurate param-
eters can be regulated by updating its parameters via
adaptive algorithms: the adaptive model output is
compared with the plant output, and the error is used
to update the adaptive system parameters. The steepest
descent algorithm is an illustration of the most
common and easiest one of adaptive algorithms.
Assume the adaptive model output fpðtÞ ¼ ð�, xðtÞÞ ¼
�TxðtÞ is a function of parameters � and the input x,
and the plant output f ðtÞ is a function of the input t.

Since we have obtained that via the PA, the model
output can be expressed in a linear form (9), the
adaptive techniques such as the LMS or recursive least-
squares (RLS) method (Haykin 2002) can be directly
employed to derive the adaptive algorithm for adjust-
ing the vector � in (9). For simplicity, we elaborate the
LMS algorithm below; the RLS algorithm can be
similarly derived.

The LMS uses the idea of the steepest descending
method. It first computes the error eðtÞ between the

system output f ðtÞ and the model output fPðtÞ as given
below

eðtÞ ¼ f ðtÞ � fPðtÞ ð10Þ

¼ f ðtÞ � �TxðtÞ: ð11Þ

The LMS update algorithm for determining �
becomes

�ðtÞ ¼ �eðtÞxðtÞ, ð12Þ

where � is a constant step size. The effectiveness of the
adaptive algorithm will be demonstrated in the later
simulation study.

4. Simulation results and discussion

Here, we give the computer simulations to demon-
strate our proposed method. The following simula-
tions use a Gaussian–Gaussian Preisach density
function (Henze and Rucker 2002) which is defined
as follows:

�ð�,�Þ ¼ N0 exp �
���
2 �H0

� �2
2	2H2

0

�

�þ�
2

� �2
2	2H2

0

( )
: ð13Þ

The parameters N0 is the normalised factor, the
maximum H0 and the standard deviation 	 are
unknown, note that all the output regions below are
normalised. The reference outputs of CPM are calcu-
lated by numerical integral using Matlab. The problem
is that a double integral must be solved numerically
and hence extra amount of computational time is
needed.

4.1. Polynomial approximation

The first experiment considers the performance of the
PA method when the parameters in (13) are deter-
mined. The parameter settings for this experiment are:
1 � � � � � �1, N0 ¼ 1,	 ¼ 0:5829 and H0 ¼ 0:4251.
To implement the PA method, first we need to identify
the polynomial coefficients. A total number of eight
FORCs are used and are shown in Figure 3. The
fourth-order polynomials (P ¼ 4) are used here and
each polynomial uses 100 samples (N ¼ 100), which
are obtained by uniformly dividing the input range to
the corresponding FORC during the procedure of
polynomial curve-fitting technique. Table 1 lists the
polynomial coefficients and its first column denotes the
values of M of f��ðM,mÞ. Note that the required
number of memory to store the parameters is 40.
Simulation results of the experiment are shown in
Figures 4–6.

1646 V.-T. Liu et al.
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In Figure 4, we compare the FORCs in Figure 3
with their PA values. We can observe that when the
input range of an FORC is large, the differentials
between the FORC and its PA values are apparent.
This is because when the input is approximate to the
saturation values �usat, it has very slight variation of

CPM output and the polynomial is not suitable for the
curve-fitting technique. To improve the accuracy for

realisation of the CPM, we can use the saturation
operation or linear interpolation in the regions that the

PA does not work well. It is easy but tedious, and we
do not include these concepts in this article; even so,

the PA method is useful when the input region of CPM
is not large. Figures 5 and 6 illustrate this fact.

Different sinusoidal signals with various amplitudes 1,
0.6 and 0.3, frequency of 0.5Hz and sampling fre-

quency of 1 kHz are applied to the CPM, see Figure 5

for the results. Excellent coincidences between the

Figure 5. Simulation results for the CPM with the sinusoidal
inputs and amplitudes of 1, 0.6 and 0.3. The CPM outputs
(solid line) vs. those of PA (dashed line).

Figure 6. Simulation results in the first experiment when the
CPM input is a sinusoidal signal with decaying amplitude.
The CPM outputs (solid line) vs. PA (dashed line).
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Figure 3. FORCs with the value of eight uniformly divided
among the input range of the CPM in the first experiment.
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Figure 4. FORCs (solid line) compared with their PAs
(dashed line).

Table 1. Polynomial coefficients.

M C4ðMÞ C3ðMÞ C2ðMÞ C1ðMÞ C0ðMÞ

�0.75 �0.0094 �0.0359 �0.0508 �0.0316 �0.6697
�0.5 �0.0431 �0.1453 �0.178 �0.0902 �0.6769
�0.25 �0.108 �0.3463 �0.3755 �0.1307 �0.6559
0 �0.1078 �0.4629 �0.514 �0.0389 �0.5417
0.25 0.1624 �0.2359 �0.5749 0.1936 �0.2858
0.5 0.5861 0.0416 �0.8154 0.4383 0.0655
0.75 0.7743 0.0146 �1.1124 0.6578 0.3716
1 0.6624 �0.1393 �1.1648 0.821 0.528
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predictions obtained by the PA method and the CPM
reference outputs are observed, except the amplitude of
input is 1. This result is due to the bad approximation
for the FORC and is expectable.

Consider next the CPM input with decaying
amplitude as described below is applied:

uðtÞ ¼ �e�0:15t cosð
tÞ: ð14Þ

The total amount of time is set to be 8 s, and the
sampling rate is 1 kHz. The input–output phase plot of
CPM and its approximation are illustrated together in
Figure 6. The PA method causes a bad prediction in
the wide input range, and the prediction for small input
region will result in a bias. However, the values of
variation of the realised output and reference output
are very close.

4.2. Adaptive polynomial approximation

In the second experiment, the adaptive polynomial
approximation (APA) method possessing the capabil-
ity of tracking time-varying hysteresis system is
demonstrated. We consider that a CPM is a system
which consists of drifted parameters: 	 ¼ 0:47 and
H0 ¼ 0:53. A sinusoidal CPM input with an ampli-
tude of 0.8, a frequency of 0.5Hz and a sampling
frequency of 1 kHz is used to adjust the polynomial
coefficients by the LMS update algorithm (12) with
� ¼ 0:05. Here we use the coefficients obtained in the
first experiment as the initial values of the updated
parameters.

New polynomial coefficients are obtained via the
updating procedure and they are used to realise the
CPM output. We apply the same inputs in the first
experiment to the altered CPM and simulated results of
realisation for the CPM output are shown in Figures 7
and 8. The input–output phase diagram of CPM with
drifted parameters and realisation from the original
polynomial coefficients are plotted together in
Figures 7 and 8. It can be seen that the differences in
the realisation results are improved because of the
parameter updating feature fulfilled by (12) of the
method.

5. Conclusions

A system with hysteresis nonlinearity is often difficult
to precisely describe and the nonlinearity may result in
unstable behaviours in a feedback loop without
appropriate control. In this article, we adopt the
Preisach model to characterise the hysteresis behaviour
and propose to use the PA for model realisation. The
approach is applied to model the motion of a real
micro-PZA. This outperforms the conventional table

look-up method in the memory space utilised and
capability of the parameter tracking of hysteresis
elements.
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Figure 8. Simulation results in the second experiment when
the CPM input is a sinusoidal signal with decaying ampli-
tude. The CPM outputs (solid line) vs. APA (dashed line)
and vs. PA (dotted line).

Figure 7. Simulation results in the second experiment when
the CPM input are sinusoidal signals with amplitudes 1, 0.6
and 0.3. The CPM outputs (solid line) vs. adaptive PA
(ADA) (dashed line) and PA (dotted line).
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