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Abstract

In this thesis, We investigate the mosaic patterns and spatial entropy of cellular neural
networks(CNNs). First, we partition the barameter space into finitely many disjoint
regions such that in eaca region the CNN has the same mosaic patterns. The direct
problem is then completely solved. After that, the spatial entropy is investigated
for one-dimensional case and two-dimensional case respectively. In a one-dimensional
case, we propose an algorithm to compute the exact spatial entropy of mosaic pat-
terns for.general templates. This algorithm is based on the feasible local pattern
and the corresponding t-ansition matrix. By computing the maximum eigenvalue of
the transition matrix, t1e exact spatial entropy is then obtained. As for the two-
dimensional case, for which we cannot obtain the exact spatial entropy in general, is
markedly different with she one-dimensional case because of the compatibility prob-
lem between horizontal and vertical transition matrices. Instead of the exact spatial
entropy, we give the upper and lower bound. We present an algorithm to attain the
mosaic patterns in finite lattice and the upper bound is then obtained. On the other
hand, the lower bound is obtained by constructing the maximal set of patching blocks

of minimal size( depend >n the characteristic of the global patterns).

i




Introduction

The cellular neural network(CNN), as designed by Chua and Yang[1988a,b], is an
array of an identical system of cells that are locally coupled. Each Cj; has input u,j,
state z;;, and output y;.. The state equation of a cell Cj; is
ij(t) = =335 ) + Z aktYick j+i(t) + 2, 1,5 € Z% (StateEq)
[kLl<a
where z is a threshold ard d is a positive integer which represent the coupling distance.
The output y;; is a piecewisely linear function of z;; given by the following output

equation:
-1
g = flag) = 5(lzg + 1 =z = 1)), (OutEq)

The coupling parametels a;’s are assumed to be space-invariant, which is arranged

ina(2d+1) x (2d + 1) matrix A called a template.

G2 90 I AT 5 ob e ke e~

The stationary solut:ons x = (z;;) of (StateEq) are prerequisite for understanding

the CNN dynamics. Indeed, when studying the long time behavior of a dynamic
system, the stationary solutions are the simplest objects to be considered. In the case
of CNN with finite cells and symmetric template A, Chua and Yang[1988a], Lin and
Shih[1999] demonstratec. that every trajectory of (StateEq) tends to an equilibrium as

time proceeds. Multiple stationary solutions typically induce complicated phenomena

5’;
|




involving the dynamic system. The stationary solutions x = (z;;) of (StateEq) satisfy
Ty =2+ Z Ui f(Tivijer), 4,5 € Z. (0.0.1)
&)<
A stationary x solution is called a mosaic solution if |Z:5] > 1 forall 4,5 € Z. The
corresponding output y = (f(zy)) is called a mosaic pattern. The mosaic solu-
tion of (StateEq) is alvays stable [Juang and Lin, 1997a(and the references given
therein). Among all stationary solutions, the stable mosaic solutions, which have
been studied before[Juzng and Lin, 1997a), is the most fundamental and Important
applications(finite cells' in image-processing{Chua,1988b; Chua, 1988]. Those inves-
tigations addressed twc problemé directly related to the mosaic patterns: (a) the
directed problem, in wtich the barameter space is partitioned into finitely many re-
gions so that in each region the CNNs have the same patterns and (b) the complexity
of global patterns.

The complexity of mosaic solutions can be examined according to its entropy.
For completeness, the following discussion introduces some definitions and results
concerning spatial entropy. Further details can be found in [Chow et al, 1996a].
Denote by { — 1, 1}22 the set of all y : 22 —» { ~ 1, 1} Le. the set of all mosaic
patterns. Let U be a trarslation-invariant subset of {—1, 1}22 and Z, = { (4,7): 1<
1<m, 1 <5< n} The number of distinct patterns observed among the elements
of U when observation is restricted to subset Z,.,, is denoted by Tmn(U). The spatial

entropy A(U) of U is def ned by

In T (U
AU) = lim 2lmal)

m,n—o0 mn

U is called spatial chaos f the spatial entropy h(U) is positive. Otherwise, i/ is called

pattern formation.




In chapter 1 we consider the case of a CNN with one-dimensional template, i.e.
A=la_g...as1a9a; ... a4

The parameter is partisioned according the feasible local patterns [Hsu et al, 1999],
the directed problem is then solved. For simplicity, we illustrated this process for the
special 1 x 5 symmetric template A = [ r s p s 7). To construct the global patterns, we
introduce the transition matrix associated with the feasible local patterns. Moreover,
By computing the largsst eigenvalue of the transition matrix, we obtain the exact
spatial entropy of mosaic patterns [Lin and Yang, 1999].

A CNN of a two-dimensional template is discuss in chapter 2. The directed prob-
lem is also solved by the method used in a one-dimensional case. However, unlike a
one-dimensional case, the global patterns as well as the spatial entropy cannot be ob-
tained in general by a transition matrix. Up to now, no efficient and general method
is available for two-dimensional templates. In [Juang et al, 2000], horizontal and ver-
tical transition matrices are defined to compute the spatial entropy for some special
case of the square cross template. [Juang and Lin, 1997] and [Shih, 1998] discuss the
symmetric and asymme:ric square cross templates, respectively. In those papers, the
global patterns are classified by building blocks and the corresponding compatible
conditions. In addition, the spatial chaos is confirmed to occur by identifying the
blocks which can be ad: acent to each other. In contrast to the above developments,
we presents a novel algorithm to generate the patterns in the finite lattice, which
gives the upper bound of the spatial entropy. Moreover, the lower bound of the spa-

tial entropy is estimated by finding the maximal set of the patching blocks of some

size(depends on the characteristic of global patterns). This investigation concentrates




mainly on the simplest two-dimensional template, L-shaped liked, i.e.

0 r 0
A=110p s
000

’

although the tools developed herein can also be applied to the general case.




| Chapter 1

One-dimensional CNNs

1.1 Introduction

In this chapter, we consider the CNN with one-dimensional template,
. Az[a-d...aflaoavl...ad]v

In the case, the state equation and output equation become

i(t) = —z(t) + Y wyinkl(t) 42, i€ L, (1.1.1)
lkj<d
and
= (@) = 51+ 1] = fo. - 1). (119)

, respectively. Therefors, the stationary solutions x = (z:) of Eq. (1.1.1) satisfy

Li=z+ Y auf(zi), i€Z. (1.1.3)
[kl<d

Definition 1.1. 1. A stationary solution x = (z;) of (1.1.1) is called a mosaic

solution if |x;| > 1 for all ¢ € Z. In this case, the corresponding output y =

(f(z:)) is called a mosaic pattern.




2. Let Zy = {1,2,..., N} and U be the set of mosaic patterns. Denote by 'y (U)
the number of distinct patterns observed among the elements of I/ when obser-

vation is restricted to subset Zy. The spatial entropy of mosaic patterns, h(l{),

is defined by

h(U) = lim Il (H),

N—c N
Moreover, U is called spatial chaos if h(U) is positive. Otherwise, U is called

pattern formatior.

In this chapter we completely solve the "direct problem” for 1 x 5 symmetric and
anti-symmetric templaie. Moreover, we give a systematical procedure to find the
global pattern and the spatial entropy. This procedure initially investigates the local
patterns for a general template[Hsu, et al 1999]. Then, the global patterns can be
construc't‘ed by using tle transition matrix associated with the local patterns. The
spatial entropy is then cbtained by computing the largest eigenvalue of the transition
maftrix.

The rest of this chapter is organized as follows. Sec. 2 presents a novel means of

partitioning the parameter space. Sec. 3 constructs the global patterns from local

patterns. We illustrate this process with the symmetric template of size 3.
Ass = [7' S p S T ]

Finally, in Sec. 4 the spatial entropy of 1 x 5 symmetric and anti-symmetric templates

is computed.




1.2 Partitioning the Parameter Space

Firstly, we introduces the notation of local pattern[Juang and Lin, 1997a; Hsu et
‘al, 1999]. For a mosaic s$olution x, the output at cell C; is +, i.e., Z; > 1, if and only
if
Z UYivk +ag+2--1> 0, (1.2.1)
[k|<d k30
where a = qj. Similarly, she output at cell C; is —, i.e., Z; < —1, if and only if
Y Gik—ae+z—-1<0 (1.2.2)
|k|<d k50
(1.2.1) and (1.2.2) can be written in a much more compact form by introducing the
following notation.
Denote'i)y

a:(a—d;-" 18-1,01, ... 7a’d)

and

V = (U_d,.‘. y U1, V1, ... zvd)v ,Ujl =1

the off-center template anc off-center outputs, respectively. Denote the configuration

space, Le. the set of all possible loca] patterns, by
X ={V=(u_y,. . v u,. .. VL, Ya) < | = 1 for |j] < d and j # 0} (1.2.3)

Then, for given template A and threshold 2, the family of feasible local patterns with

+ in the center is defined Ly

F(+,4,2) = {(md,... yU-1, vy, oo u) Ve X a-V4+ag+2—-1> O}‘
(1.2.4)
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Similarly, the family of fasible local patterns with — in the center is defined by

f("—,A7Z) = {(v-d7"' ,"U_]_,'—'].,Ul,... )Ud) Ve XZd) a‘V—(lo+Z— 1< O}
(1.2.5)
The set of feasible local patterns is therefore defined by
. F(4,2) = F(+,A,2) UF(= 4, z2). (1.2.6)
The parameter space is

P {(aca, -, 04,2) tay, .. 0y, 2 € R}. (1.2.7)

According to Hsu et al{1999], the parameter space can be divided into finitely many
regions such that in each region (1.1.1) has the sare mosaic patterns. In distinction
from that, ‘we presents an effective means of partitioning the parameter space. For

clarity, we demonstrate with the symmetric template of size 5, represented as follows
As=1[r s p s 7],

then apply to the general one-dimensional template. In the case of A, the parameter

is P* = {(r,s,p,2)| 2,p,7,5 € R} and the stationary solution x = (z;) satisfies
i =2z2+py; +2kr+2ms, 1€Z (1.2.8)

where 2m = y;_; + ;41 ard 2k = yi_y + i, km € I[-1,1]. Here [[j,!] denotes the
set of all integers which are not smaller than j and not greater than /.
Let X2 = {(k,m): k,me I[-1,1]}. Each (k,m) € X? is naturally associated

with two sets of local patterns

P/c,m = {(Z/-z, Y-1, la yl»y?)l Yy-1+y1 = ‘Zm, Yo+ Yo = 2]{;}’




e ——

Nem = {(y_:, y_,, “Lyny)lya+y =2m, y_,+ Yo = 2k}.

Then, the elements in P m and Ni , are feasible if and only if z and p satisfies (1.2.9)

and (1.2.10), respectively.

- 2+ (p~1) +2kr + 2ms > 0, (1.2.9)

X z—(p—1)+2kr+2ms < 0. (1.2.10)

To partition the r-s rlane, we first arrange the elements of X2 according to the
value of &7 + ms. Indeec, given a (r,s), the (r, s)-arrangement of X2 is a function
form X2 into I1,9], which assign the Integer % to (ky, mg) provided that kor + mgs
is the 7th largest among a 1 of kr + ms, (k,m) € X2 As easily verified, the following
half lines, L,, .. ., Lis:

¢

LLZT">O,S=O, Ly: r>0, r=2s, Ly: r>0, r=3,
L4:'r>0,'r:%s, Ls: r=0,5>0, Lszr<0,r:—%s,
Ly r<0,7r = —s, L8:r<0,r=—23, Ly: r<0, s=0,
Ly: r<0,r=2s, Ls: r<0, r=s, L5:7‘<O,r:—;—s,
Lyp:r=0,5>0, L5:r>0,r=—‘—i—3, Le: r>0, r=—g

Lig: 7>0,r = —2s

divide the 7-5 plane into 1€ open regions: Ry,..., Ris with R; the open region being
bounded by L, and Lity, for 1 <4< 15 and Rys the open region being bounded by
Lis and Ly, so that only one (r, s)-arrangement of X2 is induced in L; or R;(see Fig.
1.2). Denote by Jr(J;,) the (r,s)-arrangement of X2 induced on Ri(Ly).

Fig. 1.2 is illustrated as follows: Each element (k, m) of X2 naturally corresponds

to a position in a 3 x 3 lattice as shown in Fig. 1.1. In each R;(L,), there is also
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a 3 x 3 lattice and the /alues of Te, (/c,m)(JL‘ (k,m)) is put into the position of this
lattice, which (k,m) occupies
Comment. Jp, 1s one-tc-one but J,, is not. We refer to (r,s) as degenerate if (r,s)
| lies in some L,.
Now, we demonstrate {he partitioning of the z-p plane for (r,s) in R;. Let Ef and

¢; denote the lines on z-p plane with equation:

z+(p—1) +2kr +2ms =0, (1.2.11)

z—(p~1)+2kr+2ms =0, (1.2.12)

respectively provided that J, (k,m) = j. Then {£}5_; and {¢; }3=1 form two sets of
parallel lines in the z-p plane with K;TH and ¢; lying above Ej and £, respectively.
Denote by, [, 1/]&_, 0 < u,v <9, the open region bounded by e e W, b5,
with 47, 45, &5, ¢, being the empty lines, as observed in Fig. 1.3. Hence, the z-p
plane is partitioned into f nitely many disjoint regions, namely, [y, V] . 0<u,v<9.

As for (r,s) € L;, the process goes on similarly but there appear less parallel lines
since .Jp, is not one-to-one. Assume that q., 1s the maximum value of J;(-) and denote
by [y,, v] L 0<u,v< g, the open region bounded by e, ‘;L, " efl_Li—“—l with

0, 0y, ZJLW, €;L,~+L being the empty lines. Then, we also have a partition on the z-p

plane.
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(k,m)

LD |0 [(I,;l

-L-1) 1 (0,-1) (l,-;{

(

Lg
4
2[3la
2

2

3

4
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5
4
3
5
4
3

1

2
3
3
3

1
1
uf2]3
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e:—%—l Z1.—0—1/
o+ 5,
\
Fig. 1.3

After partitioning the parameter space, Theoreml.1 indicates how the feasible

local patterns are determined on [14, V], -( Similar results hold in V], ).

1

Theorem 1.1. For (z,p) € [u, U}Ri, the feasible local patterns are exactly the union

of U P and U Nem.

,IHI (kym)<up JRi {k,m)>10~v

1

Proof. Assume Ja, (kv,my) = p, o (kayma) = p+1. Let (z,p) € [, V}R{ . According

to the definition of [1, v]g,, z and p satisfy

24+ (p—1) +2(kyr +mis) > 0, (1.2.13)
24 (p = 1)+ 2(kor + mys) < 0, (1.2.14)

which implies that
2+ (P-1)+2kr+ms) >0 if I, (k,m) < Jp, (k1 my) = p, (1.2.15)

z+(p—1)+20kr+ms) <0 if S, (kym) > S, (k2yma) = p+ 1. (1.2.16)

In addition, there is no (k,'n) such that p < Jp(k,m) < p+1. Hence, U Pim

(km)<p
are exactly the feasible loca. patterns with +1 as the center. A similar argument can
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show that U Ngm are exactly the feasible loca] patterns with —1 as the
JR:‘ (k,;m)>10-v

center. The proof is cor plete. 0

The following exampie demonstrates the partition of the z-p plane when (r, s) are

given.

Ezample 1.1. Assume that (r,s) € Ry. The z-p plane is partitioned by two sets of
lines, {£7}7_, and {£7}5..1, Fig. 1.4 provides further details. For each (k,m) e X2,
the associated set of feasile local patterns are listed below. Herein, we have identified

1 with + and -1 with — respectively.

Po={++a++}
Po={++8+—- -+9++)}

- Pl,—1={—+€B+—}
Po={++0-++-0++)
PM:{+—:e——,+—€B+—,—+@—+,——®++}
Pooi={-+8-—~-0+-}
P={+-0-+}

P—1,0={+'—€B——,——EB-+}

P—l,—l:{"‘@-—}
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Ny ={++6++}
le():{-f--‘—e-f——,—'f-@-%-i-}
N_={-+6+-}

My={+-8-++-6++}

Nog={+-8—-—+-++-,—-+0-+,- -0 ++}
Npor={-+6-—---60+-}
Nop={+-9-+}
Nog={+-9-—--—-0-+}
Nojoi={--9--}

The feasible local patterns for a region [4,v], can be easily determined by Theo-

rem.1.1. For example, the set of feasible local patterns for on [5, 5], is

1]
{Pii,Pio, Py, Po1, Pog, Noy -1, N_1 0, N1y, No i, Noo}
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The process to partition the parameter space for (A;, z) can be applied to parti-
tion the parameter space of one-dimensional CNN with a general template of a larger
size, despite the fact that the relevant calculation is much more complicated. For

completeness, we sketch she method for the general template

A:[a_d L. Q-] ag Qp ... ad]-

A mosaic solution x = (z;) satisfies

d
O0=2z~—z;+apy; + Z(a—kyi—k + akYivk) (1.2.17)
k=1
= z—:z:i—}-aoyi-}-a-V (1218)
where o = (a_g,... ,a-1,01,...,0q) and

!’ ,
‘/ = (lU—da cee Uy Uy e 1Ul;vd) = (y—da' B P T :?Jd)-

Each V' is naturally assoc.ated with two local patterns: one has central output +1

and the other has central output —1.
Py = (U-d, vy Uiy, FH1l g, ,Ud),

Ny=(v_g,...,v_1, =L v1,...,u4)

Then, Py and Ny are feasible if and only if (1.2.19) and (1.2.20) hold, respectively.

a-V4+a+z-1>0. (1.2.19)

a-V-gy+z—1<0. (1.2.20)

The elements of X?* are arranged according the value of @ - V. Given «, the

c-arrangement of X** is an function J, : X* — I[1,2"], defined by J,(Vo) = ¢
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provided that a - V; is the ith largest among allof -V, V € X% Unlike to the case

of A, it is complicate to partition the @-space in such the way that each subregion

induce only one a-arrar gement of X2 Nevertheless, we can still do the partition on

the z-ay plane. Denote y &F, ¢, the lines on the z-ao plane with equations

a-Vta+z-1=0, (1.2.21)

a'V—ao-i-z—l:O, (1.2.22)

respectively. For conven: ence, identify 4, and {7 with Z;-” and £, respectively, pro-
vided that J,(V) = ;. Suppose 4o 18 the maximum value of Jo("). Denote by [, V],
0 < p,v < g, the interio- of the region bounded by &L, da—vr Lgumu_y With £F
3 > €;+1, ¢, +1 being the empty lines. Then the 2-ag plane has been partitioned by
two set of parallel lines, {71, {¢7}]2,. The same argument shows that in each

region [u, v]y, the feasible local patterns are determined according to the theorem

below:

Theorem 1.2. On [u, Ve, the feasible local patterns are ezactly the union of U Py

Ja(V)<u
and U Ny

Jo(V)>qa+1—v

1.3 Global Patterns and Spatial Entropy

In this section we present a method to evaluate the spatial entropy of mosaic
patterns for a given (A, z). This method is based on the transition matrix associated
with the feasible local Patterns and can be easily implemented as a computer program.
The idea is very intuitive. For example, when constructing a global pattern for A

38y

a feasible local pattern can glue to another feasible local pattern with overlapping 4
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cells. The transition metrix records the rule which allows a feasible local pattern to

glue to another one. More precisely, suppose that 7 (4, z) ={UL U2, .. ,UY} is the

set of feasible patterns for (4,2). The transition matrigz T associated with F(4, z) is

an N x N matrix, defined by

VU, =0l k=—d,... d—-1,
lij = ‘ (1.3.1)
0 otherwise.

Le. t; = 1if and only if U* can glue U7 on right, with overlapping 2d cells. Without
loss of generality, we car assume that each U; can glue some U; on either right or
left, otherwise removing those useless local pattern can make F (A, 2) satisfy this
assumption. Hence, each row and each column of T has at least one nonzero entity.

An global pattern therefore corresponds to a infinite sequence which.records the

process of-gluing.
Definition 1.2. Given an N x N transition matrix T, Let
Lr={s={(-. »S-1,50,51, ) 15, € {1,2, - -- IV} and ¢, =1Vie Z}.

The map o7 : &p —s L, defined by o(s) = s’ with 8; = Si11, is called the subshift

of finite type for 7.

A 7word” (sq, s, ... »Sm—-1) of length m from ”letters” s;€{1,2,... , N} is said
to be admissible if it is a restriction of an element in Zr. Denote by K,, the number of
admissible words of length n. By introducing a suitable metric on L, the topological

entropy A of or is equal to

In K,
h= lim 2&m

m—00 m

According to Perron-Frober ius theorem, this limit is equal to the maximum eigenvalue

of the transition matrix T[Robinson, 1995]. Denote by i ¢ {—1,1}? the set of mosaic
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patterns for (4, z):
U={w=( .w.,up,w,...):w;=1or —1,wisa mosaic pattern for (4,z)}.

We want to show that the global patterns in I/ are one-to-one corresponding to the
sequences in L. Then the number of admissible words, K., is equal to [',, (), the
number of the restrictions of global patterns. Hence, the spatial entropy of global

patterns is equal to the maximum eigenvalue of the corresponding transition matrix.
Theorem 1.3. There s an one-to-one correspondence between U and Lr

Proof. To prove this theorem, we need to find a bijective map from U to L. Consider
a map h from U into 37 defined by A(w) = s with (wi—g4, ..., wirq) = U%, 1 € Z.
Then, A 'is one-to-one. Indeed, assume that w # w' with w; # w! for some 7. By
doing so'., we have (h(w)); # (h(w"));, which implies h(w) # h(w'). On the other
hand, given a s € L7, take w € U satisfies (wi_g, ..., Wirq) = U™ for all ¢ € Z(Such
w exists since Ty, = 1, for all ¢ € Z). This shows that h is onto. The proof is

complete. O

The computation of spatial entropy of mosaic patterns can be implemented by

writing a spatial entropy program, via a high-level language, to execute the fow

chart shown in the following:




PRI G

SPATIAL ENTROPY PROGRAM

1. Generate the configuration space X%, i.e. the set of all possible local

patterns.

I

Generate the «-arrangement of X%, i.e. J,(-).
3. Determine the feasible local patterns F (A, z) according to Theorem1.2.

4. Form the transition matrix T according to F(A, z).

Ul

Evaluate the m.aximum eigenvalue Ayq of 7 and In(Ane.) is the spatial

entropy.

Example 1.2, continue with Example 1.1, demonstrate the computation of spatial

+
entropy. °

Ezample 1.2. In Example 1.1, under the assumption (r,s) € Ry, we have listed the

feasible local patterns for (z,p) in the region [5, 5]&. To compute the spatial entropy

h([5,5]p,), we numerate hem as follows:

++P++ ++D+— —+D++ —+D+— ++D—+

1 D 3 4 5
+=P++ ++B—-— +-P+—- —+P—-+ ——D++
Vs ~ J\—'\r -\ — r— -~ “~\

6 7 8 9 10
-—-0-- ++9 -+ +-0-- +-0-+ ——-O+—
1 2 3 4/ 5
-+8—-——- --0++ -+8-+ +-6+—- ++6——
6’ 7 8 9 10

The transition rules for these local patterns, shown in Fig. 1.5., are represented by

a number-edge graph eact. of whose directed edge from 7 to j denote that the local

” N

pattern 7" can glue to the local pattern ”;” on the right with overlapping 4 cells. The
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number whose corresponding local pattern can not be constructed as a global pattern
does not appear in Fig. 1.5. Thereafter, the transition matrix T, obtained according

the transition rule, is givan (1.3.2). The maximum eigenvalue is about 1.4656.

7'<——2'<—-1Q
Fig. 1.5

1234710123 4 7 10
1 110000 0000 0 o0
2 00001 0 0000 0 o
3110000 00000 o
4 00001 0 00000 0
7 00000 0 000 0 0 1

T 1001100 00000 0 (1.3.2)
1 300000 1100 0 o
2 30000 0 000 0 1 g
3 0000 0 110 00 0
4 000000 0000 1 0
T 000001 0000 0 0
10000000 0 001 1 0 0
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Similar to th region [3, 5], , we calculate the spatial entropy for all regions [u, ],

O
0 < u,v <9 and show tae regions which give positive spatial entropy, see Fig. 1.6
Example 1.2 demonstrates that for fixed r and s, the regions which give spatial
chaos has a boundary sheped like a sawtooth. These ”convex corners” of the boundary
characterize the region entirely. Restated, the regions which gives the spatial chaos
can be determined from the knowledge of the convex corners. For example, the
region of spatial chaos in Fig. 1.6 can be determined by giving [5,5}R1, 4, 9}31,
[4,9], . Furthermore, tae feasible local patterns of [u,v] and those of [v, 4] have
opposite sign. Hence it is sufficient to find the corners [u, v] with 4 < v. For (r,s) in
various regions, Ry,..., Ris, we list these convex corners , the corresponding spatial
entropy and the characteristic polynomial for the symmetric template A, the anti-
symmetric templates A;, = [=r s p s 1}, 4das = [ —s p s 7], and A, =
[-r —s p s 7], respe:tively. Table 1.1 provides further details. The complete list

of spatial entropy of eaca region can be found at http://www.math.nctu.edu.tw/~

sslin.
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characteristic maximaum L . maximaum
. . characteristic polynomial :
polynomial eigenvalue eigenvalue
P(z)=z>—2"-1 | 14556 Pz)=2°-2°—z*+2* -1 | 1.3931
Py(z)=z*-z°~1 | 13303 Pyz)=z" -2 -2 +z* -1 | 1.3549
Pi(x) =z -z +1 |1.3247 Pi(z) =z -2’ +2° -z -1 |1.2906
Prz) =28 —2° -1 | 1.2652 Py(z) =28 -2 ~z* - 23 +1 | 1.2806
Py(z) =zt -2 -1 [ 12720 Po(z) =1 -zt +2° -2 - 1| 1.2499
Pi(z)=z° -2 — 1] 1.2¢65 Py(z)=1zt -z -1 1.2207
Pl;g(l') = IS - I2 - 1]1.1¢39
Table 1.2:

s ’;"%/* o

sav
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| Chapter 2

Two-dimensional CNNs

2.1 Introduction

In this chapter, we mainly concentrate on the CNN with the simplest two-dimensional

template . ‘
0 r o0

A=101p s |,
000,

although the tools developed herein can also be applied to the general case. The direct
problem is solved like in sec. 1.1, i.e. the parameter space is partitioned according
the feasible local patterns Based on the feasible local patterns, we presents a novel
algorithm to generate the patterns in the finite lattice, which gives the upper bound
of the spatial entropy. Moreover, the lower bound of the spatial entropy is estimated

by obtaining the maxima. set of the patching blocks of some size(depends on the

characteristic of global patterns).

25
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2.2 Partitioning the Parameter Space

First, we introduce th: notation of local pattern[Juang and Lin, 1997a; Hsu et al,

1999] for the template
0r 0
A=10p s
000

The state equation (StateEq) now becomes
T,(t) =z + TYi-1j + PYij + SYij+1- (2.2.1)
For a mosaic solution x = (z:5), the output at cell Cij is +1, Le. zy; > 1 if and only if
Vielg tSYij+p+2z—-1>0, (2.2.2)
and, simila'r‘ly, the output at cell Cy; is -1, i.e. z;; < —1 if and only if

“Yi-1; + SYij+1 — P+ 2+ 1<0. (223)

Denoted by X* = { -1, 1}2 the set of all possible (yi-1;, %:,j+1). Each (k,m) € X2 is
naturally associated with wo local patterns Pg , and Ny ., which has yij ‘+1" and

y;; ‘=1, respectively. Visually, the ‘+1’ and ‘~1’ are represented by black and white

squares, respectively.




27

Obviously, for a given‘ternplate A and threshold z, Py m and Ny, are feasible if and

only if (2.2.4) and (2.2.5) hold, respectively.

z+(p—1)+2kr +2ms > 0, (2.2.4)

z—(p—1)+2kr +2ms < 0. (2.2.5)

The set of the feasible local patterns, denoted by F(4, z), is defined to be the collec-
tion of all feasible Py n's and Ny ,'s.

The parameter space, P* = {(r,s, p, z)lz,p,m,5s € R}, can be partitioned ac-
cording to the feasible local patterns. To partition the r-s plane, we first arrange
the elements of X* according to the value of kr -+ ms. Denoting by I[4, ] the set
of the integers not smaller than j and not larger than J- Given a (r,s), the (r,s)-
arrangement of X? is a finction form X2 into I[1,4], which assigns the integer 7 to
(Ko, mo) provided that kor +mgs is the ith largest among all of k7 +ms, (k, m) € X2.

It can be verified that the following half lines, L, ..., Ls,

Ly: r>0, 5=0, Ly: r>0, r=s, Ly: r=0, s>0,
Ly: r>0,r=-s Ls: 7<0, s=0, Lg: r<0,r=3s,
Ly r=0,8<0, Ly: 7>0, r = —s,
divide the r-s plane into 8 open regions, Ry,...,Rg. Here R; is the open region

bounded by L; and L;i, ‘or 1 < ¢ < 7 and Ry is the open region bounded by Lg and
Ly such that only one (r, s)-arrangement of X2 is induced in each Ri(see Fig. 2.2).

Denote by J;, the (r, s)-arrangement of X? induced in R,.

R S




L (LY

L-D (LD

Fig. 2.1
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1 3 R R, ¢ 3
2 | 4 4
Ry @
Rs Ry L
2| 4
R6 RT A 4
1 3 A
3
3| 4 41 3
Ls Lg
1 2 2 1
L,
Fig. 2.2
p—1
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Fig. 2.2 is illustrated as follows: Each element (k,m) of X® corresponds to a
position in a 2 x 2 lattice as shown in Fig. 2.1. On each R;, there is also a 2 x 2 lattice
and the value of J;(k,m) «re put into the position of this lattice, which corresponds
to (k, m).

Now, we partition z-p dlane when (r,s) in R;. if Ji(k,m) = j, let £ and £ be

the lines on z-p plane with equations:
z+ (p—1) + 2kr +2ms =0, (2.2.6)
and

z—(p—=1)+2kr +2ms =0,

—~~
bO
E\.’)
~1

N’

respectively., Therefore {£7 }4_, and {£7 }%_, form two sets of parallel lines in the z-p
: J1i=1 7 Ji=l

plane with £

, and £ lying above Ej and £, |, respectively. let [u, ”L’* 0< pu,v <4,

denote the open region bounded by €7, 27, &5_,, &_, with £, £7, ¢F, £5 being the
empty lines, as observed in Fig. 2.3. Hence, the z-p plane is partitioned into finitely
many disjoint regions, i.e., [u, z/]i, 0 < u,v < 4. After partitioning the parameter

space, Theorem 2.1 indicates how the feasible local patterns are determined for each

region [u, vl;.

Theorem 2.1. For (z,p) € [u,v);, the feasible local patterns are ezactly the union of

U Pmand |J Nem.

Ji(k,m)<p Ji(k,m)>5—1
Proof. Assume J;(ky,mq) = p, Ji(k2,ms) = p+ 1 and (2,p) € [, v]; . According to

the definition of [y, v];, z ard p satisfy

z+(p—1)+2(kyr +mys) >0, (2.2.8)

o}
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and

z2+(p—1) + 2(kor + mys) < 0, (2.2.9)
which implies that
s+ (p-1)+2kr+ms)>0 if Jilk,m) < Ji(ky,my) = 4, (2.2.10)
and
z+ (-1 +2kr+ms)<0 if Jilk,m) > Ji(ky,my) = p + 1. (2.2.11)

In addition, there is no (k,m) such that u < Jilk,m) < pu+1. Hence, U Pim

(km)<p
are exactly the feasible local patterns whose left-lower cell is +1. A similar argument

shows that,s U N,m are exactly the feasible local patterns whose left-lower cell
.],;(/s:,m)zs—-l/
is —1. The proof is complete. a
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2.3 An Algor:ithm to Generate the Patterns in the
Finite Lattice

Herein, the patterns in the finite lattice can be constructed based on the feasi-
ble local patterns. Indeed, assume that we have the set of feasible local patterns
F(4,2) = {Uy,...,Us} where U; has the shape like {%D . We dilate U; to the min-
imal rectangular block c¢ontaining U; by adding a black or white block in the upper
right corner. By doing s, we obtain the set of patterns of size 2 x 2 corresponding
F(4,2),say G = {V,..., Var}. Starting from G, we use the technique of by gluing
right or below to obtain the patterns of larger size. The patterns in finite lattice can

be obtained by executing' the following algorithm.

Algorithm:

Initially set ¢ = {Vi,...,Vo;}. Repeat executing (A) and (B) in suitable orders.

The patterns in the lattice of any finite size are then attained.
(A) One step horizonta. extension.

(i) Assume that each pattern in G is of size m x n. From G, take all pairs
(Vi,V;) such that V; can glue to Vj in the right with overlapping m — 1
columns, i.e. she last m — 1 columns of V; must equal to the first m — 1
columns of V}, respectively. Such a pair is referred to herein as a horizontal

compatible pair of patterns.

(i) Refresh G as the set of the patterns obtained by gluing the horizontal

compatible pairs of patterns in (i) together with overlapping m—1 columns.

Then, G is now the set of patterns of size m x (n + 1).

R —
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(B) One step vertical extension.

(i) Assume that each pattern in G is of size m x n. From G, take ajl pairs

(Vi, V;) such ttat Vi can glue to V; below with overlapping m — | rows, i.e.

the last m — 1 rows of Vi are equal to the first m—1 rows of V}, respectively.

Such a pair are referred to herein as a vertical compatible pair of patterns.

(ii) Refresh G as tte set of the patterns obtained by gluing the vertical com.-
patible pairs of patterns in (i) together with overlapping m —1 rows. Then,

G is now the ser, of patterns of size (m + 1) x n.

For fixed 4 and z, let fzm,n = l’ir;’:—'"—), which can be obtained by executing (A) m

times and (B) n times. Prop. 2.2 shows the properties of }—Zm,n-

Proposition 2.2. {Egkm)yn}:il is a decreasing sequence and converge to the spatial

entropy of mosaic patterns.

Proof. First, we claim that 52m,2n < fzm,n. Ina2mx2n lattice, there are 2 x 2 disjoint

blocks of size m x n. Wher. constructing the patterns in the lattice, each block has

at most I'(m, n) choices i.e. [(2m,2m) < (T(m, n))?*2. Hence Rom,on < Prnn follows

immediately. The standard induction argument shows that { /—lgkmygkn} . 1s decreasing

and its limit follows from the definition of the spatial entropy of the mosaic patterns.

The proof is complete. a

Prop. 2.2 suggests the upper bound of the spatial entropy f_zm,n. However, the compu-

tation of I'(m, n) consumes 1>ts of times and memories as the spatial chaos happens.

Therefore we need a procedure to confirm the spatial chaos for some regions.

et e o,
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2.4 Global Patterns and Spatial Chaos

In this section, we construct the global patterns for each region [u,v]; of the
- parameter space. According to the feasible local patterns for each region, we induce
- and describe the class of the global patterns. However, once the spatial chaos occurs,
the number of restrictions of the global patterns in the finite lattice grows too fast to
compute even though the class of the global patterns can be characterized. Instead of
computing the exact spatial entropy, we give the maximal set of the patching blocks
of some size(depends on the characteristic of the global patterns). Restated, the set
contains the largest num ser of the blocks of some size, which can be adjacent to each
other. Though this process, we give the lower bound of the spatial entropy.
First, we introduce some special subsets of Z?, which are necessary to describe

the global' patterns.

Definition 2.1. 1. A subset U of Z? is called semi-connected if (4, j) € U implies

one of its nearest cells also belong to U.
2. A semi-connected siibset of Z? is called connected if the followings hold:

(a) if (4,7) and (7 + 1,5 + 1) belong to U, then at least one of (i + 1,5) and
(1,7 + 1) belong to U. ‘
(b) if (4,) and (¢ - 1,7 + 1) belong to U, then at least one of (i — 1,j) and

(4,7 +1) belonz to U.

3. The subset U defined by U = {(4,7y) : 1 € S C Z} is called a horizontal line,

half line, segment if S = Z, S = I[i;,00] or I[—00, %3] and S = I[iy, 73] for some

iy,i2 € Z, respectively.
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4. The subset U defined by U = {(i9,5) : j € S C Z} is called a vertical line,
half line, segment if S =Z, S = I[1}, 0] or I[-00,15] and S = I[iy, %3] for some

i1,% € Z, respectively.

. 9. A semi-connected subset U of Z? is called a path if U does not contain a 2 x 2
lattice i.e. with width one. if, in addition, (2, ;) belongs to U implies (i+1, j+ 1)
does not belong to U, then U is said to be a non-increasing path. Similarly, U

is sald to be a non-decreasing path if (z,7) belongs to U implies (i + 1, ~ 1)

does not belong to U.

Since the patterns fo: [u,v]; and for [, u]; have opposite color, it is sufficient to
discuss only the cases of [v, u|; with u > v and 1 <i < 4. Herein, we first state the

result of this section.

v

Theorem 2.3. (2.2.1) ’as spatial chaos if and only if r,5,p and z belong to the

following regions of P*:
1.[4,4];,1<i<8,

2. 4,3;,1<1<8.

D
——
N

[UV)
el

L 1<i<8.

6. [3,2];, i = 4,5,6,7.

Furthermore, we observe that [y, v]; with min(y, v) > 3 always has spatial chaos for

- each 1 .
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The proof of theorem 2.3 is proceeded as follows. The class of global patterns for
each case of theorem 2.3 is first described. The lower bound of the spatial entropy
1s then obtained by findi 1g the the maximal set of patching blocks of minimal size.

Next, for the remaining regions of the parameter space, only finite types of global

patterns appear. Therefoe, it is easily seen that they are pattern formation.

case 1: [4,4],, 1 <4< 8.

All possible local patterrs are feasible and, therefore, each position can have two

choices: B or 0. Hence, the spatial entropy is In 2.

case 2a: [4,3],.

.t

Only M_ is infeasible, The global patterns are obtained by allowing some connected
0om g
path of Z* to be white and the reminders are black.

Patching blocks of size 2 » 2:

Ul mEm Om
ud: agd: ol

Hence, on the 2n x 2n latt.ce, we have n2 disjoint blocks of size 2 x 2 and each block

have 3 choice. Therefore,

In 37xn In

h[4, 3]1,2 Z hm

3
2n x 2n 4

case 2b: [4, 3]3'4.

Only %. is not feasible. The global patterns is obtained by allowing some semi-

connected, non-increasing paths U be white, whose each downward step is at most
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one, Le. if (4,7) and (v - 1,5) belong to U then (4, + 1) must belong to /. For

example,

And the remainders are black.

Patching blocks of size 2 x 2:

CH NN ON =uE
NN EN’ NO: NO-

Hence, a similar argumen; shows that

Ind
hi4,3]34 > HT.

case 2¢: (4,3]s.

In this case, only g O 1s 10t feasible. The global pattern is obtained by letting some

semi-connected paths of Z2, containing no ED , to be white and the remainders to
be black.
Patching blocks of size 2 x 9

W O
n N

O
| !
Om

|| H B
O mm' n

Spatial entropy:

h[4 3]5,6 > T

case 2d: [4,3];.

- A A 1

Only 5[-_-] is not feasible. It is the reflection of the 8. , the only infeasible local

pattern for [4,3], 5, about she axis {(1,9) : i € Z}. Hence, the global patterns are

—
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obtained by reflecting those of the case 2a with respect to the axis {(,2) : i € Z}.

Patching blocks of size 2 x 2:

HEE (R EER (N .
HO N EN° ER
Spatial entropy:
In4
h{4, 3]7s > i;—

case 3a: [4,2]4;.

%. and %D are infeasible, i.e. more than one consecutively vertical white cells

are forbidden. Hence, the global patterns are obtained by letting some horizontal
lines, half lines or segmen:s to be white and the remainders to be black.

Patching blocks of size 2 3¢ 2:

CcR OO ENHE NJ
AN AR NN’ AN
Spatial entropy:
Ind
hi4, 245 > 5’4—

case 3b: [4,2]s7

55 and ED are not feasible, i.e. more than one consecutively horizontal white
cells are forbidden. Hence, The global patterns are obtained by allowing some vertical
lines, half lines or segments to be white and the remainders are black.

Patching blocks of size 2 x 2:

mCl
L]
L]
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Spatial entropy:

]
B4, 2s.r > %ﬁ

case 4: [4,1]5..

{ 55 , %. : %D } are not feasible. This is the union of the infeasible local pat-
terns of the case 2d and case 3a. Hence the global patterns are the intersection of
those of the case case 2d and case 3a. Indeed, the global patterns are obtained by
allowing some semi-connected non-increasing paths whose each downward and right-

ward step is at most one.

Patching blocks od size 2 x 2:

a

| BN B |
EC' AR N

20 mm-

In eack; ‘case [3,3]i, 1 <{ 1 < 8, the set of feasible local patterns has the property:
if a local pattern is feasible then its color-reversed pattern is also feasible. Therefore
we say that global pattern for [y, v]; has the symmetric property in [y, v]; if its color-

reversed pattern is also fcr [u,v];. Obviously, every global pattern of (3, 3]; inherits

the svmmetric property from its feasible local patterns.

case 5a: (3,3]1,.

5. and E}D are not feasible. Due to the one more infeasible local pattern 9 0

than in the case 2a. The global patterns are obtained by taking those from case 2a,

which have the symmetric property in (4, 3] 2-

Patching block of size 4 x 5:

R

o e s W el — 6

B = T,
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RO
Omm]
oMM
W]
L [

MO0
Ommm
O
NOON
RO

] | [
Ommn
UOomm
mOOE
mmo0

CmmC]
Qoo
| |
moOm
| [/

] | [m]
oomm
UOmN
NOOw
NEO

CmOoO
UNER
.|
ROOw
| [

| | [
Uomm
O
HNCR
UmOo

Cmmc
Uomm
HOIEN
HECN
Oomo0

] | [
oMo
OOmm
mOO.
RO

m_| =
COomm
gOomms
mOOom
L | [

]| I
. |
0o0Om
NOON
mmoo

OmoO
Cmm0)
oOomm
BOON
RROO

Lm0
Cmme
LJoC.
RN
Omoo

UmEQO
UNNE
LoOom
=] |
oMo

Spatial entropy:

case 5b: [3,3]34.

are not feasible. Due to the one more infeasible local pattern =

g

2b. The global patterns are obtained by taking those from case 2b,

and

g

Om
than in the case

' WO

which have the symmetric property in [4, 3]3 4.

Patching block: Patching blocks of size 3 x 4:

JE
nom
oom
Cm]

mog
]
CJmm
OmO

/e
L[]
L[

)
]
Uom
OomO]

LIl
]
Omo

mm0
]
Omnm
HED

mOO
0OCm
rm
0mio

|
|
Cnm
0]

BOO
Uom
|
REC

Spatial entropy:

S 1n9'
- 20

h[3,3]5,

case 5c: [3,3]s.

d

and =. are not feasible. Due to the one more infeasible local pattern =.

Qg

than in the case 2c. The global patterns are obtained by taking those from case 2c

7
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which have the symmet:ic property in [4, 3]s .

Patching block of size 3 x 3:

COmC OO EHRD ERED ENC EERO ORQ
ECR, ECE, Wm0, ROO, ECR, BEOR, BOC, BO0C , R0 .
Omm OO Ome 0OOe Omm COOR Came 0O OOs
Spatial entropy:
l
B3, 3]s > -’;i’-

case 5d: [3,3]7s-

E-]D and %- are not feasible. Due to the one more infeasible local pattern %.
than in the case 2d. Tte global patterns are obtained by taking of case 2d those
which have the symmetric property in [4, 3]7 5.

Patching blocks of size 4 x 3:

CEE COEE CONER OOR OCOR OO QOO OOR OOR
ECN EUN ROF NN BN EON ENOOO EOO EOO
ERL ' EEC EROUC ' END ERO RO0O NED ERC > EOO
Cmm (Om0 OUCmC OCem Omd Um0 UO=m (OO0 Omd
Spatial entropy:
In9
h[3,3]75 > 55

case 6a: (3, 2[,.

{ [D]. , =E] , %E] }are not feasible. This case has one more infeasible local pattern

% 0 than in the case 5b. Therefore, the global patterns are obtained by taking those

of the case 5b such that each semi-connected white subset is a white path containing

O
no DD .
Patching block of size 3 x 4:

JOne (JEEE (JEEn
SRLN, EUUN, ERUER
RERU RERC EROO
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Spatial entropy:
In3

case 6b: (3, 2.

{ =. ; g[] ) S. }ara not feasible. This case has one more infeasible local pattern

[E]] m than in the case 5¢, so the global patterns are obtained Dy taking those from

the case 5¢, which contain no g. .

Patching blocks of size 7 « 3:

HCN NON NOEN EmOR ECN NON EON EON
NN ONC CONE COEE UNO COEE  OmRQ (NN ,
NEL EEC NOO ENO NON NOO EON mOQ
OUN, OUN, CEE, CEN, UNN, ONN, NN, DOEN .
ENL NN ENEO ENO REC NNO ROO 0 mOQ ;
oUN OUN COOR OOm NLN NEUN (ONE ONE ‘
ENC] NERC aEC EERQ URC OEC mmQ NEC

Spatial entropy:

5
co

k(3,2

[+]

v
|
—

case 6c: (3, 2.

{ =. : EI]D , ED } are not feasible. The global patterns are obtained by reflecting

those patterns for [3, 25 atout the axis {(4,9) ;i e 2},

Patching block of size 3 x 7-

CEONCNN [(NOEROE CNCEONE OEROERCONER

BONUNND , SONNOND NOUNEUND, RONOEND ,

RUNCECR mOENOROE RURORON  OmECOEROCE ‘
Y
al

CURONNCE CEONCES CNCONNCON OEOECOEE i

NONNORD), BONNON( ENCNCND, ENOEOND i

LUNRCOECON  CEENOEOE NUROERCR EONOROE }
|

Spatial entropy: !
h‘[37 2]6 2 ln‘s




42

case 6d: (3,2];.

{ [E. , 5[] , %D } are not feasible. The global patterns are obtained by reflecting
- those patterns for (3, 2]4 about the axis {(1,1) : i € Z}.

Patching block of size 4 x 3:

gEm (NN (BN
E(E NN [(/EN
NN NN NN
ER_ NEJ] ER(O
Spatial entropy:
In3
h(3,2]; > —.

The remaining regions of the parameter space are all pattern formation. Only
finite types of patterns appear. Therefore Table 2.1 lists the results for each case,

where x means no global patterns exist. The Appendix contains the patterns which

P/s represent.
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2.5 Discussion

In Sec.3, we use the maxima] set of patching block of minima] size to estimate
the lower bound of the spatial entropy. The reason for using the minimal size is that
It requires less time to find them. However, the set of patching blocks of a larger size
will give the more precise estimate of lower bound. Indeed, denote by B(m,n) the

number of elements in the maximal set of the patching blocks of size m x n. Define

InB(m,n)_

—m,n mn ’

the lower bound of the s>atial entropy given by the maximal set of patching blocks.

Prop. 2.4 indicates the siperiority of the patching blocks of large size.
Proposition 2.4. {Egkm’an}:il IS an increasing sequence.

Proof. First, we claim thet hmn < h2m 2n- In a2mx 2n lattic e, there are 2x 2 disjoint
blocks of size m x n. When constructing the patching blocks in the lattice, each block
has at least B(m,n) cho.ces ie. B(m,m) < (B(m, n))*2. Hence Pnn < Pigp on

follows immediately. The standard induction argument shows that { Pk zkn} . 1S

decreasing. The proof is complete. O

Combining the Prop 2.2 and 2.4 we get the inequality:

ﬁm,n S é?m,;’.n S ﬁ‘.."zm,?n S S h S : S '422m 22q fg E?m,2n S 7’:




AppendixA

P1: the pattern of all black.
P2: the pattern of all white.

P3: The Z? is divided into two parts: all black and all white. The boundary of

the two parts is a vertical line.
)
...m0---
NC

P4: The Z? is divided into two parts.: all black and all white. The boundary of

the two parts is a horizortal line.

...0o0. .-
. R

P5: Each vertical line is either all black or all white.
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P7- Each vertical line ic either all black or all white and the vertical white line is

adjacent to only black lires.

P8: Each horizontal line s either all black or all white and the horizontal white line

is adjacent to only black lines.

NNEEN
oooug- -
TLLLE
ENEEN
oooog- -
AEENER-

P9: Each vertical line is either all black or all white and every two adjacent vertical

. 1
lines have different colors.

horizontal lines have different colors.

EOROR
mOEON
EOmOn
Cm

P11: The vertical lines has only two types: (a)whole black or white and (b) upper
half white and lower half black.

1 T T AR L YRS A R - S
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P12: The horizontal lines has only two types: (a)whole black or white and (b)
left half black and right half white.

EEEEN-
mECO0-
11 [umil
0ooag. -
RCOO0--

P13: The vertical lines have two types: (a) all black or white. (b) upper half white

and lower half black. Anc. (b) is adjacent to vertical black lines.

P14: The horizontal I'nes has two types: (a) all black or white. (b) upper half

black and lewer half black. And (b) is adjacent to the horizontal white lines.

1111 B
| 1 [minjmEe
L 11 1] B
Qogag. -
oonoa. -

P15: The Z? is divided into two parts: the left part is whole white and the right part

is whole black. The boundiry of the two parts is a non-decreasing path.

000
0ogg
CONER
11

0000
EEEN

P16: The Z* is divided int> two parts: he left part is all black and the right part is

all white. The boundaries ¢f the two parts are a non-decreasing path.

1111 Im
EEEERC---
amoaog
_|mmiwinin
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P17: The Z2? is divided into two part. The left part is all black and the right part

is all white. The boundaries of the two parts are a non-increasing path.

EEEE
TT =
T T
0000

00
0g
00
1]

P18: The Z? is divided into two part. The left part is all white and the right part
1s all black. The boundary of the two parts is a strictly decreasing path whose each

downward step is at most one.

T
CO00

0oQg
" [mjm
1 im
11

P19: The Z? is divided into two parts. The left part is all white and the right
part is all black. The bour.daries of the two parts are a strictly decreasing path whose

each righaward step is at most one.

EENNC
- MO0000
CO0000--

P20: This is 2 mixed type of P15 and P5. Indeed, the pattern consists of (a) P15
with finite width and (b) vertical lines of all black or all white. And (a) is adjacent
to a vertical white line in the right and a white or black vertical line in the left,

respectively.
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P21: This is a mixed type of P16 and PS. Indeed, the pattern consist of (a) P16

with finite height and horizontal lines of all black or all white. And (a) is adjacent

above to a horizontal black line and below a horizontal white line, respectively.

Cmmmm
COmmm
OO0 mm
COOC
DO0Cm

P22: This is a mixec type of P17 and PS. Indeed, the pattern consists of (a)
P17 with finite height ard (b) horizontal lines of all black or all white. And (a) is

adjacent above to a horizontal white line and below a white or black horizontal line,

respectively.
oaogog--
. mUo00n--
NENCOO -
[ 11 | [mimEne
L1111 | Bee

P23: This is a mixed type of P18 and Ps. Indeed, the pattern consist of (a) P18
with finite width and (b)vartical lines of all black or all white. And (a) is adjacent to

vertical lines.

Oomgaoang
omoog- -
UNRO0
1 Imle]
CUNENO
m 1]
P24: Checkerboard. 7
P25:
EECOEONONE
RROROROER
RECECALAN

—
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